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Abstra
t

In this proje
t we analyti
ally 
ompute Csisz�ar's random-
oding lower bound for the

joint sour
e-
hannel 
oding reliability fun
tion of dis
rete memoryless systems using

basi
 Lagrange optimization te
hniques. Given a dis
rete memoryless sour
e (DMS)

with generi
 distribution Q and alphabet S, and a dis
rete memoryless 
hannel (DMC)

with transition probability W , input alphabet X and output alphabet Y, the lossless

joint sour
e-
hannel reliability fun
tion E

J

(Q;W ) is uniquely determined by Q and W,

and when some 
onditions in terms of Q andW are satis�ed, it is shown that E

J

(Q;W )


an be 
omputed exa
tly. The rate that a
hieves E

J

(Q;W ) is also provided. The

expurgated lower bound to E

J

(Q;W ) is also studied. A byprodu
t of our results is the

surprising observation that Csisz�ar's joint sour
e-
hannel random-
oding lower bound

is identi
al to Gallager's bound obtained in 1964. We also examine Csisz�ar's upper

bound based on the sphere-pa
king upper bound to the 
hannel reliability fun
tion to

E

J

(Q;W ) using a similar approa
h. We then 
ompare the reliability fun
tion E

J

(Q;W )

with the tandem 
oding exponent E

T

(Q;W ) and give suÆ
ient 
onditions for whi
h

E

J

(Q;W ) is stri
tly larger than E

T

(Q;W ). Numeri
al examples show that E

J

(Q;W )


an be substantially larger than E

T

(Q;W ). Finally, we investigate the 
omputation of

the lossy joint sour
e-
hannel exponent E

�

J

(Q;W ) with distortion threshold � under

the Hamming distortion measure. For a binary DMS fq; 1� qg and a DMC, lower and

upper bounds for E

�

J

(Q;W ) are given.
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Chapter 1

Introdu
tion

In this 
hapter we present a review of the arti
les upon whi
h our resear
h is based.

We then spe
ify the main 
ontributions of the proje
t. Finally, we outline the general


ow of the proje
t.

1.1 Literature Review

The joint sour
e-
hannel 
oding theorem was �rst introdu
ed by Gallager [4, Prob-

lem 5.16℄ as a take-home quiz in 1964; also see Jelinek [6, Se
tion 6.8℄. This result

also indi
ates that the joint sour
e-
hannel 
oding 
an lead to a larger exponent than

the tandem 
oding exponent, i.e., the exponent obtained by 
on
atenating optimal

sour
e and 
hannel 
odes. In 1980, Csisz�ar [1℄ established a lower bound (based on

the random-
oding 
hannel exponent) and an upper bound for the joint sour
e-
hannel


oding reliability fun
tion E

J

(Q;W ). He showed that the upper bound, whi
h is ex-

pressed as the minimum of the sum of e(R;Q) and E(R;W ) over R, where e(R;Q) is

the sour
e reliability fun
tion [1, 6, 7, 8℄ and E(R;W ) is the 
hannel reliability fun
-

tion [1, 4, 6℄, is tight if the latter minimum is attained for an R not less than the


riti
al rate of the 
hannel. Two years later, Csisz�ar [2℄ showed that the lower bound

1




an be improved by an expurgated one under some 
onditions. He also extended his re-

sults to the joint sour
e-
hannel 
oding with a distortion threshold. The sour
e 
oding

reliability fun
tion with general �delity 
riteria was studied in [1, 9, 11, 12℄.

1.2 Contribution

The 
ontributions of this proje
t are as follows:

� Computing Csisz�ar's lower and upper bounds for the joint sour
e-
hannel reli-

ability fun
tion for memoryless systems. A parametri
 solution is provided for

arbitrary dis
rete memoryless sour
e (DMS) and dis
rete memoryless 
hannel

(DMC) pairs.

� Establishing the 
ondition for whi
h the joint sour
e-
hannel exponent 
an be

exa
tly determined.

� Providing the 
ondition for whi
h the sour
e-
hannel lower bound 
an be im-

proved by an expurgated bound, and determining the parametri
 solution for the

improved bound.

� Revealing the relation between Gallager's joint sour
e-
hannel 
oding theorem

and Csisz�ar's lower bound.

� Comparing the joint sour
e-
hannel exponent with the tandem sour
e-
hannel


oding exponent.

� Computing the lower and upper bounds for the joint sour
e-
hannel reliability

fun
tion for memoryless systems with a distortion threshold. A parametri
 so-

lution is provided for binary DMS over DMC under the Hamming distortion

measures.
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1.3 Proje
t Overview

We �rst review some fundamentals su
h as basi
 
on
epts, important properties

and useful results for the sour
e and 
hannel reliability fun
tions in Chapter 2.

Joint sour
e-
hannel 
oding theory is brie
y introdu
ed in Chapter 3. Here we

mainly 
on
entrate on introdu
ing Csisz�ar's result about the (lossless) joint sour
e-


hannel exponent and the more general exponent with �delity 
riteria.

In Chapter 4, we study the analyti
al 
omputation of the joint sour
e-
hannel reli-

ability fun
tion based on Csisz�ar's work [1, 2℄. Our main obje
tive is to give a general

solution for arbitrary DMS and DMC pairs. Some interesting byprodu
t results are

obtained su
h as exa
t exponent expressions for DMS's over quasi-symmetri
 DMC's.

We also apply Arimoto's [10℄ algorithm for the numeri
al 
omputation of the lower

bound to the joint sour
e-
hannel exponent. After 
omputing the lower bound, the

expurgated lower bound and the upper bound of the joint sour
e-
hannel exponent, we

relate Gallager's joint sour
e-
hannel 
oding theorem with Csisz�ar's lower bound, and

we evaluate and 
ompare the joint sour
e-
hannel exponent with the tandem sour
e-


hannel exponent. In the last part of the 
hapter, we study the 
omputation of the

joint sour
e-
hannel exponent for binary DMS and DMC pairs under the Hamming

distortion measure.

In Chapter 5 we give a summary of the proje
t.

Note that throughout the proje
t, the blo
k lengths of sour
e messages and 
hannel


odewords are assumed to be the same merely for the sake of 
onvenien
e. The results


arry over in an obvious way to the 
ase when these lengths are k and n, respe
tively,

with k=n 
onverging to an arbitrary positive 
onstant. Furthermore, all logarithms

and exponentials are in base 2.

3



Chapter 2

Preliminaries: Reliability Fun
tion

for Sour
e and Channel Coding

In this 
hapter, some basi
 and 
lassi
al results on the sour
e 
oding and 
hannel


oding reliability fun
tions are reviewed.

2.1 Sour
e Reliability Fun
tion

Shannon's �rst 
oding theorem states that for a DMS with distribution Q only

H(Q)+" bits per sour
e symbol are needed to en
ode the sour
e with arbitrarily small

probability of error, provided the blo
k length n of en
oded sour
e symbols is allowed

to be suÆ
iently large. The sour
e 
oding exponent was developed to determine the

asymptoti
s of the smallest possible probability of in
orre
t de
oding as a fun
tion of

the 
oding rate

R ,

logM

n

where M is the number of 
odewords.

4



2.1.1 Sour
e Coding Exponent

De�nition 2.1 An (n;M) blo
k 
ode for a DMS with generi
 distribution Q and al-

phabet S is a pair of mappings:

f : S

n

�! f1; 2; :::;Mg and ' : f1; 2; :::;Mg �! S

n

:

The average error probability of the 
ode is

P

e

(n;M) ,

X

s

n

:s

n

6='(f(s

n

))

Q

n

(s

n

); (2.1)

where s

n

, (s

1

� � � s

n

) 2 S

n

. The 
ode rate is de�ned as

R(n;M) ,

1

n

logM bits/sour
e symbol:

De�nition 2.2 (Sour
e Reliability Fun
tion) For any R > 0, the sour
e reliability

fun
tion e(R;Q) of the sour
e Q is de�ned as the largest number e for whi
h there

exists a sequen
e of n-length blo
k 
odes (n;M) with

e � lim inf

n!1

�

1

n

logP

e

(n;M) (2.2)

and

R � lim sup

n!1

1

n

logM: (2.3)

Theorem 2.1 [8℄ Given a DMS with generi
 distribution Q, the sour
e reliability

fun
tion satis�es

e(R;Q) = min

P :H(P )�R

D(P k Q); (2.4)

whereH(�) is the entropy andD(� k �) is the relative entropy (or information divergen
e).

Theorem 2.2 e(R;Q) is stri
tly in
reasing, 
onvex and hen
e a 
ontinuous fun
tion

of R for H(Q) � R � log jSj, and is zero for R � H(Q), where jSj is the size of the

sour
e alphabet.

5



Proof: Suppose H(Q) � R

1

< R

2

� log jSj, then,

fP : H(P ) � R

2

g � fP : H(P ) � R

1

g.

It dire
tly follows that e(R

1

; Q) � e(R

2

; Q), and e(R;Q) is an in
reasing fun
tion of

R. Now suppose that in e(R

1

; Q) = min

P :H(P )�R

1

D(P k Q), the minimum is attained

when P = P

1

, and that in e(R

2

; Q) = min

P :H(P )�R

2

D(P k Q), the minimum is attained

when P = P

2

. Then for 8� 2 (0; 1),

�e(R

1

; Q) + (1� �)e(R

2

; Q) = �D(P

1

k Q) + (1� �)D(P

2

k Q)

= �

X

s2S

[�P

1

(s) + (1� �)P

2

(s)℄ logQ(s)

�[�H(P

1

) + (1� �)H(P

2

)℄

� �

X

s2S

[�P

1

(s) + (1� �)P

2

(s)℄ logQ(s)

�H(�P

1

+ (1� �)P

2

)

= D[(�P

1

+ (1� �)P

2

) k Q℄;

where the inequality follows from the 
on
avity of entropy fun
tion H(�). Moveover,

H(�P

1

+ (1� �)P

2

) � �H(P

1

) + (1� �)H(P

2

) � �R

1

+ (1� �)R

2

:

Sin
e P

1

a
hieves e(R

1

; Q) and P

2

a
hieves e(R

2

; Q), by de�nition of e(R;Q), we thus

obtain that e(R;Q) is 
onvex:

�e(R

1

; Q) + (1� �)e(R

2

; Q) � e(�R

1

+ (1� �)R

2

; Q):

When R � H(Q), letting P = Q, yields that e(R;Q) = 0. Sin
e e(R;Q) is in
reasing

and 
onvex and is zero when R � H(Q), we then 
on
lude that e(R;Q) is a stri
tly

in
reasing and 
ontinuous fun
tion of R when H(Q) � R � log jSj. �

Corollary 2.1 For a DMS with generi
 distribution Q and alphabet S, the sour
e

reliability fun
tion satis�es

e(R;Q) =

8

<

:

min

P :H(P )=R

D(P k Q); if H(Q) � R � log jSj;

0; if 0 � R � H(Q):

(2.5)

6



Proof: Here we only need to explain the part when H(Q) � R � log jSj. If e(R

1

; Q)

is a
hieved for a P su
h that H(P ) = R

2

> R

1

, then e(R

1

; Q) = e(R

2

; Q), whi
h


ontradi
ts Theorem 2.2. �

We also give Jelinek's sour
e reliability fun
tion.

Corollary 2.2 For a DMS with generi
 distribution Q and alphabet S, the sour
e

reliability fun
tion satis�es

e(R;Q) = max

��0

[�R� E

s

(�)℄; (2.6)

where

E

s

(�) , (1 + �) log

X

s2S

Q(s)

1

1+�

is 
alled Gallager's sour
e fun
tion.

Remark: It has been shown that the parametri
 form (2.6) is an equivalent expression

of (2.5), see Blahut [8℄.

2.1.2 Sour
e Coding Exponent with Fidelity Criterion

De�nition 2.3 Let S be a �nite set and d(�; �) be a distortion measure, i.e.,a nonneg-

ative valued fun
tion de�ned on S � S and extended to S

n

� S

n

by setting

d(s

n

; es

n

) ,

1

n

n

X

i=1

d(s

i

; es

i

);

where s

n

, (s

1

� � � s

n

) 2 S

n

and es

n

, (es

1

� � � es

n

) 2 S

n

.

De�nition 2.4 For a given distortion measure (nonnegative valued fun
tion) d(�; �) on

S �S, a n-length blo
k 
ode (f; ') for sour
es with generi
 distribution Q and alphabet

S is a pair of mappings:

f : S

n

�! f1; 2; :::;Mg and ' : f1; 2; :::;Mg �! S

n

:

7



The probability that the n-length message s

n

of a DMS with generi
 distribution Q is

not reprodu
ed within distortion � is

P

�

(n;M) ,

X

s

n

:d(s

n

;'(f(s

n

)))>�

Q(s

n

); (2.7)

where s

n

, (s

1

� � � s

n

) 2 S

n

. The rate of the 
ode is de�ned as

R(n;M) ,

1

n

logM bits/sour
e symbol:

De�nition 2.5 The rate-distortion fun
tion of a DMS with generi
 distribution Q and

alphabet S under distortion measure d(s; bs) is de�ned as

R(Q;�) , min

P (bsjs):

P

s;bs

Q(s)P (bsjs)d(s;bs)��

I(S;

b

S); (2.8)

where I(�; �) is the mutual information, and � is the distortion threshold.

De�nition 2.6 (Sour
e Reliability Fun
tion with a Fidelity Criterion) For any R > 0,

the sour
e reliability fun
tion F (Q;R;�) of the sour
e with distribution Q under a

distortion threshold � is de�ned as the largest number e

�

for whi
h there exists a

sequen
e of n-length blo
k 
odes (n;M) with

e

�

� lim inf

n!1

�

1

n

logP

�

(n;M) (2.9)

and

R � lim sup

n!1

1

n

logM: (2.10)

Theorem 2.3 [9℄ Given a DMS with generi
 distribution Q with distortion measure

d(�; �), the sour
e reliability fun
tion under a distortion threshold � satis�es

F (R;Q;�) = inf

P :R(P;�)�R

D(P k Q): (2.11)

Corollary 2.3 F (R;Q;�) is an in
reasing fun
tion in R.

Remark: Unlike e(R;Q), F (R;Q;�) is not ne
essarily 
onvex or even 
ontinuous in

R.

8



2.2 Channel Reliability Fun
tion

By Shannon's Channel Coding Theorem, blo
k 
odes with arbitrarily small proba-

bility of blo
k de
oding error exist at any 
ode rate smaller than the 
hannel 
apa
ity

C. However, the result does not 
arefully des
ribe the relation between the rate of


onvergen
e or de
ay for the error probability and the 
ode rate (spe
i�
ally for rates

R � C).

Like the sour
e 
oding reliability fun
tion e(R;Q), a 
hannel 
oding error exponent

(resulting in the de
ay of the error probability) is needed in order to know how large

the 
ode length should be in order to a
hieve a 
ertain level of error probability.

For a 
hannel with input alphabet X and output alphabet Y, let W (y

n

jx

n

) ,

P

Y

n

jX

n

(y

n

jx

n

) denote the 
onditional probability that sequen
e y

n

, (y

1

; :::; y

n

) is re-


eived given sequen
e x

n

, (x

1

; :::x

n

) was transmitted.

De�nition 2.7 An (n;M) blo
k 
ode for a dis
rete 
hannel with input alphabet X ,

output alphabet Y and blo
k transition probability W (y

n

jx

n

) , P

Y

n

jX

n

(y

n

jx

n

); fn =

1; 2; :::g is a pair of mappings:

f : f1; 2; :::;Mg �! X

n

and ' : Y

n

�! f1; 2; :::;Mg:

The average error probability of this 
ode is

P

e

(n;M) ,

1

M

M

X

m=1

X

y

n

:'(y

n

)6=m

P

Y

n

jX

n

(y

n

jf(m)) (2.12)

and the 
ode rate is de�ned as

R(n;M) ,

1

n

logM bits/
hannel use:

De�nition 2.8 (Channel reliability fun
tion) For any R > 0, the 
hannel reliability

fun
tion E(R;W ) of the 
hannel W is de�ned as the largest number E for whi
h there

9



exists a sequen
e of (n;M) blo
k 
odes with

E � lim inf

n!1

�

1

n

logP

e

(n;M) (2.13)

and

R � lim inf

n!1

1

n

logM: (2.14)

The properties of E(R;W ) are as follows:

� From the above de�nition, we dire
tly obtain that the asymptoti
 behavior in n of

P

e

(n;M) is upper bounded by

P

e

(n;M) � 2

�nE(R;W )+o(n)

where o(n)! 0 as n! 0.

� for R > C, E(R;W ) = 0, where C is the 
hannel 
apa
ity. For a DMC, C =

max

p(x)

I(X;Y ), where the maximum is taken over all possible 
hannel input distribu-

tion p(x).

� Like 
hannel 
apa
ity C, E(R;W ) is a quantity that depends on the 
hannel 
har-

a
teristi
s.

But unlike the sour
e reliability fun
tion, the reliability fun
tion of a DMC is not

known for all R. The most familiar bounds to E(R;W ) are the random-
oding and

expurgated lower bounds, and the sphere-pa
king upper bound due to Fano (1961) and

Shannon-Gallager-Berlerkamp (1967), respe
tively (see [4, 6℄).

2.2.1 Random-Coding Exponent

De�nition 2.9 (Random-Coding Exponent E

r

(R;W )) The random-
oding exponent

for a DMC with generi
 distribution W , P

Y jX

is de�ned by

E

r

(R;W ) , max

0���1

[��R + E

o

(�)℄ ; (2.15)

10



where

E

o

(�) , max

P

X

2

4

� log

X

y2Y

 

X

x2X

P

X

(x)P

1

1+�

Y jX

(yjx)

!

1+�

3

5

(2.16)

is 
alled Gallager's 
hannel fun
tion.

Remark: If we denote E

o

(�; P

X

) , � log

P

y2Y

�

P

x2X

P

X

(x)P

1

1+�

Y jX

(yjx)

�

1+�

, then

E

r

(R;W ) = max

0���1

�

��R +max

P

X

E

o

(�; P

X

)

�

= max

P

X

max

0���1

[��R + E

o

(�; P

X

)℄ ;

sin
e the fun
tion [��R + E

o

(�; P

X

)℄ is 
on
ave over � and P

X

, whi
h are independent

of ea
h other, see [4, p. 143-144℄.

Theorem 2.4 [4℄ (Random-Coding Lower Bound) For a DMC with generi
 distribu-

tion probability W , P

Y jX

,

E(R;W ) � E

r

(R;W ) (2.17)

for R > 0.

Lemma 2.1 [4℄ (Properties of E

r

(R;W ))

1. There exists a 
riti
al rate R


r

su
h that for 0 � R � R


r

, E

r

(R;W ) is a line with

slope equal to -1, and with E

r

(0;W ) = E

o

(1).

2. When R


r

� R � C, E

r

(R;W ) is stri
tly 
onvex and de
reasing in R, where C is

the 
hannel 
apa
ity su
h that E

r

(C;W ) = 0, and E

r

(C�Æ;W ) > 0, for all 0 � Æ < C.

3. The 
riti
al rate R


r

and the 
hannel 
apa
ity C 
an be related to E

o

(�) by

R


r

=

�E

o

(�)

��

�

�

�

�

�=1

and C =

�E

o

(�)

��

�

�

�

�

�=0

:

11



2.2.2 Expurgated Exponent

The proof of the random-
oding exponent is based on the argument of random 
od-

ing, whi
h sele
ts 
odewords independently a

ording to some input distribution. Sin
e

the 
odewords sele
tion is unbiased, the \good" 
odewords (i.e, with small P

ejm

(C

M

n

),

where P

ejm

(C

M

n

) is the 
onditional error probability given that message m is sent for

a 
ode with 
odebook C

M

n

and M

n


odewords.) and \bad" 
odewords (with large

P

ejm

(C

M

n

)) 
ontribute equally to the overall average error probability. Therefore, if,

to some extent, we 
an \expurgate" the 
ontribution of the \bad" 
odewords, a better

bound on the 
hannel reliability fun
tion may be found.

Instead of randomly sele
ting M

n


odewords, the expurgated approa
h �rst draws

2M

n


odewords to form a 
odebook C

2M

n

and sorts these 
odewords in as
ending order

in terms of P

ejm

(C

2M

n

) to form a new 
ode book C

M

n

. It 
an be expe
ted that for

1 � m � M

n

and M

n

� m

0

� 2M

n

,

P

ejm

(C

M

n

) � P

ejm

(C

2M

n

) � P

ejm

0

(C

2M

n

)

provided that the Maximum-Likelihood (ML) de
oder is always employed at the re-


eiver side. Hen
e, a better 
odebook is obtained.

De�nition 2.10 (Expurgated Exponent E

ex

(R;W )) The expurgated exponent for a

DMC with generi
 distribution W , P

Y jX

is de�ned by

E

ex

(R;W ) , max

��1

[��R + E

x

(�)℄; (2.18)

where

E

x

(�) , max

P

X

2

4

�� log

X

x2X

X

x

0

2X

P

X

(x)P

X

(x

0

)

 

X

y2Y

q

P

Y jX

(yjx)P

Y jX

(y j x

0

)

!

1=�

3

5

:

(2.19)
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Remark: The maximization of E

ex

(R;W ) is quite similar to that of the random-
oding

exponent. The order of the two maximizations in E

ex

(R;W ) 
an also be ex
hanged,

see [4, p. 155℄.

Theorem 2.5 [4℄ (Expurgated Lower Bound) For a DMC with generi
 transtion prob-

ability W , P

Y jX

,

E(R;W ) � E

ex

(R;W ) (2.20)

for R > 0.

Lemma 2.2 [4℄ (Properties of E

ex

(R;W ))

1. There exists an R

0


r

(R

0


r

� R


r

) given by

R

0


r

=

�E

x

(�)

��

�

�

�

�

�=1

;

su
h that for R

0


r

� R � E

x

(1), E

ex

(R;W ) is a line with slope equal to �1, where E

x

(1)

is the smallest rate where E

ex

(R;W ) = 0, i.e, E

ex

(E

x

(1);W ) = 0, and E

ex

(E

x

(1)� Æ;W ) >

0, for all 0 � Æ < E

x

(1). Furthermore, E

x

(1) = E

o

(1).

2. E

ex

(R;W )) is stri
tly 
onvex and de
reasing in R 2 (R

x;1

; R

0


r

), where R

x;1

is the

biggest rate where E

ex

(R;W ) is in�nite, given by

R

x;1

= lim

�!1

�E

x

(�)

��

:

3. If R

x;1

= 0, lim

R!0

E(R;W ) = lim

R!0

E

ex

(R;W ), i.e., the expurgated bound is

tight as R goes to 0.

Remark: By the �rst property, we observe that the expurgated bound E

ex

(R;W )


annot improve the random-
oding lower bound E

r

(R;W ) for R � R

0


r

.

13



2.2.3 Sphere-Pa
king Exponent

De�nition 2.11 (Sphere Pa
king Exponent E

sp

(R;W ))The sphere-pa
king exponent

for a DMC with generi
 transition probability W , P

Y jX

is de�ned by

E

sp

(R;W ) , max

��0

[��R + E

o

(�)℄ ; (2.21)

where E

o

(�) is de�ned in (2.16).

It should be noted that the sphere-pa
king exponent is de�ned in almost the same

way as the random-
oding exponent, the only di�eren
e being in the range of � over

whi
h the maximization is performed.

Theorem 2.6 [4℄ (Sphere-Pa
king Upper Bound) For a DMC with generi
 transition

probability W , P

Y jX

,

E(R;W ) � E

sp

(R;W ) (2.22)

for R > 0.

Lemma 2.3 [4℄ (Properties of E

sp

(R;W ))

1. E

sp

(R;W ) is in�nite for all rates less than a 
onstant R

1

, if R

1

> 0, where

R

1

= lim

�!1

E

o

(�)

�

:

2. E

sp

(R;W )) is stri
tly 
onvex and de
reasing in R 2 (R

1

; C).

3. E(R;W ) = E

sp

(R;W ) = E

r

(R;W ) for R


r

� R � C, i.e, the 
hannel reliability

fun
tion is exa
tly known at R � R


r

, where R


r

is the 
riti
al rate of the 
hannel and

C is 
hannel 
apa
ity.
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Chapter 3

Reliability Fun
tion for Joint

Sour
e-Channel Coding

The results of this 
hapter are obtained from Csisz�ar's work in [1, 2℄.

De�nition 3.1 A joint sour
e-
hannel 
ode for a DMS with generi
 distribution Q

and �nite alphabet S and a DMC with transition probability W , P

Y jX

input alphabet

X and output alphabet Y with blo
k length n is a pair of mappings:

f : S

n

�! X

n

and ' : Y

n

�! S

n

:

The average error probability of the 
ode is

P

(n)

e

(Q;W ) ,

X

(s

n

;y

n

):'(y

n

)6=s

n

Q(s

n

)P (y

n

jf(s

n

)): (3.1)

De�nition 3.2 (Joint Sour
e-Channel Reliability Fun
tion) The joint sour
e-
hannel

reliability fun
tion E

J

(Q;W ) for sour
e Q and 
hannel W is de�ned as the largest

number E

�

for whi
h there exists a sequen
e of n-length joint sour
e-
hannel 
odes

(f; ') with

E

�

� lim inf

n!1

�

1

n

logP

(n)

e

(Q;W ): (3.2)

15



We know from the joint sour
e-
hannel 
oding theorem that E

J

(Q;W ) 
an be

positive if and only if H(Q) < C. Note that E

J

(Q;W ) is a quantity that only depends

on the sour
e and 
hannel distributions.

3.1 Csisz�ar's Joint Sour
e-Channel Coding Theo-

rems

Theorem 3.1 [1℄ Given a DMS with generi
 distribution Q and �nite alphabet S

(denoted by fQ : Sg) and a DMC with transition probability W , P

Y jX

input alphabet

X and output alphabet Y ((denoted by fW : X ! Yg)), the joint sour
e-
hannel

reliability fun
tion satis�es

E

J

(Q;W ) � min

H(Q)�R�min(log jSj;C)

[e(R;Q) + E

r

(R;W )℄ (3.3)

and

E

J

(Q;W ) � min

H(Q)�R�min(log jSj;C)

[e(R;Q) + E(R;W )℄

� min

H(Q)�R�min(log jSj;C)

[e(R;Q) + E

sp

(R;W )℄; (3.4)

where e(R;Q) is the DMS reliability fun
tion and E(R;W ) is the DMC reliability

fun
tion. By Lemma 2.3 (3), if the minimum in (3.3) or (3.4) is attained at a rate R

m

su
h that R

m

� R


r

, where R


r

is the 
riti
al rate of the 
hannel, then the lower bound

in (3.3) and the upper bound in (3.4) 
oin
ide with ea
h other, and we 
an determine

the joint sour
e-
hannel 
oding reliability fun
tion exa
tly:

E

J

(Q;W ) = e(R

m

; Q) + E

r

(R

m

;W ) = e(R

m

; Q) + E(R

m

;W ): (3.5)

Of 
ourse, the two bounds are nontrivial if and only if H(Q) < C.

The proof of (3.4) involves a method of types approa
h, and the proof of (3.3) is

based on a method of types and a random-
oding argument, see [1, 3, 12℄.
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Remark: We will 
all the lower bound to E

J

(Q;W ) in (3.3) the \random-
oding lower

bound" sin
e it is based on the random-
oding lower bound to the 
hannel reliability

fun
tion; Similarly, we will 
all the upper bound in (3.4) the \sphere-pa
king upper

bound".

De�nition 3.3 (Bhatta
harya Distan
e d

B

)The Bhatta
harya distan
e for a DMC

P

Y jX

between elements x and ex is de�ned by

d

B

(x; ex) , � log

X

y2Y

q

P

Y jX

(yjx)P

Y jX

(yjex): (3.6)

With the de�nition of Bhatta
harya distan
e, we 
an re-write

E

ex

(R;W ) = max

P

E

ex

(R;P;W ); (3.7)

where

E

ex

(R;P;W ) , max

��1

(

��R � � log

X

x2X

X

ex2X

P

X

(x)P

X

(ex) exp

�

�

1

�

d

B

(x; ex)

�

)

:

Csisz�ar and K�orner [3℄ showed that E

ex

(R;P;W ) is equivalent to

E

ex

(R;P;W ) = min

I(X;

e

X)�R;P

X

=P

e

X

=P

h

Ed

B

(X;

e

X) + I(X;

e

X)� R

i

; (3.8)

where

Ed

B

(X;

e

X) =

X

x;ex

P

X

e

X

(x; ex)d

B

(x; ex):

De�nition 3.4 (Zero-error Capa
ity) The zero-error 
apa
ity of a 
hannel is de�ned

as the largest rate at whi
h data 
an be transmitted over the 
hannel with zero error

probability (as opposed to arbitrarily small error probability).

From [1℄ we know that for a DMS fQ : Sg and a DMC fW : X ! Yg with positive

zero-error 
apa
ity, we have

E

J

(Q;W ) = min

R

[e(R;Q) + E(R;W )℄:

17



In the rest of the se
tion, we suppose that fW : X ! Y g is a given DMC with

zero-error 
apa
ity equal to 0. Then d

B

(x; ex) is �nite for every x and ex in X , and so

is E

ex

(R;W ) for every R > 0, i.e., R

x;1

= 0 (R

x;1

is des
ribed in Lemma 2.2).

Theorem 3.2 [2℄ Given a DMS fQ : Sg and a DMC fW : X ! Yg, for an arbitrary

input distribution P on X , the joint sour
e-
hannel reliability fun
tion satis�es

E

J

(Q;W ) � min

0�R�min(E

x

(1);log jSj)

[e(R;Q) + E

ex

(R;P;W )℄: (3.9)

The above inequality also holds with E

ex

(R;P;W ) repla
ed by

e

E

ex

(R;W ) , max

P

min

I(X;

e

X)�R;P

X

=P

h

Ed

B

(X;

e

X) + I(X;

e

X)�R

i

; (3.10)

where the minimum is taken for a �xed X with P

X

= P , with respe
t to all random

variables (RV's)

e

X with values in X .

The proof of Theorem 3.2 is similar to that of (3.3), and di�ers only in the 
hoi
e

of de
oder, see [2℄.

From (3.7), (3.8) and (3.10), we note that

e

E

ex

(R;W ) � E

ex

(R;W ). Thus we have

the following result.

Corollary 3.1 [2℄ If E

ex

(R;W ) = max

P

E

ex

(R;P;W ) is attained for a P not depend-

ing on R then

E

J

(Q;W ) � min

H(Q)�R�min(E

x

(1);log jSj)

[e(R;Q) + E

ex

(R;W )℄: (3.11)

Remark: We will 
all the lower bound to E

J

(Q;W ) in (3.11) the \expurgated lower

bound" sin
e it is based on the expurgated lower bound to the 
hannel reliability

fun
tion.
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3.2 General Fidelity Criteria

De�nition 3.5 Suppose the message s

n

2 S

n

is to be transmitted over a DMC with

input alphabet X and output alphabet Y and transition probability W , P

Y jX

with a

threshold � of tolerated distortion. Assume a joint sour
e-
hannel n-length blo
k 
ode

with

f : S

n

�! X

n

and ' : Y

n

�! S

n

:

The average probability of the 
ode of ex
eeding the threshold � is

P

(n)

�

(Q;W ) ,

X

(s

n

;y

n

):d('(y

n

);s

n

)>�

Q(s

n

)P (y

n

jf(s

n

)); (3.12)

where d(�; �) is the distortion measure des
ribed in De�nition 2.3.

Note that when d(s

n

;

e

s

n

) = 0 if and only if s

n

=

e

s

n

and � = 0, then we write

P

(n)

e

(Q;W ) instead of P

(n)

�

(Q;W ), and the former one is the probability of error.

De�nition 3.6 (Joint Sour
e-Channel Reliability Fun
tion with a Distortion Threshold)

The joint sour
e-
hannel reliability fun
tion E

�

J

(Q;W ) of sour
e fQ : Sg over 
hannel

fW : X ! Yg under distortion threshold � is de�ned as the largest number E

�

for

whi
h there exists a sequen
e of n-length joint sour
e-
hannel 
odes (f; ') with

E

�

� lim inf

n!1

�

1

n

logP

(n)

�

(Q;W ): (3.13)

We know from the joint sour
e-
hannel 
oding theorem that E

�

J

(Q;W ) 
an be

positive if and only if R

Q;�

< C.

Theorem 3.3 [2℄ Given a DMS fQ : Sg and a DMC fW : X ! Yg, the joint

sour
e-
hannel reliability fun
tion under distortion threshold � satis�es

E

�

J

(Q;W ) � inf

R(Q;�)�R�min(log jSj;C)

[F (R;Q;�) + E

r

(R;W )℄ (3.14)
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and

E

�

J

(Q;W ) � inf

R(Q;�)�R�min(log jSj;C)

[F (R;Q;�) + E

sp

(R;W )℄: (3.15)

If the in�mum in (3.14) or (3.15) is attained for R

m

� R


r

, where R


r

is the 
riti
al

rate of the 
hannel, then the lower bound and the upper bound 
oin
ide with ea
h other,

and we 
an determine the joint sour
e-
hannel 
oding reliability fun
tion exa
tly:

E

�

J

(Q;W ) = F (R

m

; Q;�) + E

r

(R

m

;W ) = F (R

m

; Q;�) + E

sp

(R

m

;W ): (3.16)

Of 
ourse, the two bounds are nontrivial if and only if R(Q;Delta) < C.

Theorem 3.4 [2℄ Given a DMS fQ : Sg and a DMC fW : X ! Yg, for an arbitrary

input distribution P on X , the joint sour
e-
hannel reliability fun
tion under distortion

threshold � satis�es

E

�

J

(Q;W ) � inf

R(Q;�)�R�min(E

x

(1);log jSj)

[F (R;Q;�) + E

ex

(R;P;W )℄ (3.17)

The above inequality also holds with E

ex

(R;P;W ) repla
ed by

e

E

ex

(R;W ) de�ned in

(3.10).

Corollary 3.2 [2℄ If E

ex

(R;W ) = max

P

E

ex

(R;P;W ) is attained for a P not depend-

ing on R then

E

�

J

(Q;W ) � inf

R(Q;�)�R�min(E

x

(1);log jSj)

[F (R;Q;�) + E

ex

(R;W )℄: (3.18)
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Chapter 4

Computation of the Joint

Sour
e-Channel Coding Exponent

In this 
hapter, we will employ Csisz�ar's results to analyti
ally 
ompute the sour
e-


hannel 
oding exponent. Without loss of generality, we express the sour
e distribution

Q(s), s 2 S, as Q =

�

q

1

; q

2

; � � � ; q

jSj

�

.

4.1 The Joint Sour
e-Channel Random-Coding Lower

Bound

De�nition 4.1 Consider the twi
e di�erentiable fun
tion of n real variables

f(x

1

; x

2

; :::; x

n

) = f(x):

The point with 
o-ordinates (x

1

; x

2

; :::; x

n

) in the n dimensional Eu
lidean spa
e is

denoted by the 
olumn ve
tor x. f(�) has a lo
al minimum at x

0

if there exists a

neighbourhood of x su
h that f(x) is at least as large as f(x

0

) for all points in the

neighbourhood, i.e., there exists a positive Æ su
h that for jx� x

0

j < Æ, f(x) � f(x

0

).

Furthermore, f(�) has a global minimum at x

�

if f(x) � f(x

�

) for all x.
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Lemma 4.1 [5℄ The ne
essary 
ondition for f(�) having a lo
al minimum at x

0

is

Of(x

0

) = 0; (4.1)

where Of(�) is the gradient of the fun
tion. The point x

0

satisfying (4.1) is 
alled a

stationary point.

Note that (4.1) is not a ne
essary 
ondition for a global minimum. For example, for

the one variable fun
tion f(x) for whi
h the variable x is de�ned on [a; b℄, the global

minimum of f(x) is min ff(a); f(x

1

); f(x

2

); :::; f(x

n

); f(b)g, where x

1

; x

2

; :::; x

n

are all

the stationary points or lo
al minimum points within [a; b℄. Spe
ially, if f(x) is 
onvex,

then it has at most one stationary point in [a; b℄, and the global minimum is

min

a�x�b

f(x) =

8

<

:

f(x

0

); if there exists a stationary point x

0

in [a,b℄;

minff(a); f(b)g; if there is no stationary point in [a,b℄:

4.1.1 A General Derivation

We begin by re
alling some useful properties of the random-
oding lower bound for

the 
hannel reliability fun
tion of a DMC fW : X ! Yg. Sin
e

E

r

(R;W ) = max

0���1

[��R + E

o

(�)℄;

by setting the derivative of [��R + E

o

(�)℄

1

with respe
t to � to zero, we obtain para-

metri
 expressions for R and E

r

(R;W ) in terms of �

�

(�

�

maximizes [��R+E

o

(�)℄ in

[0,1℄, see [4, p. 142℄). When

R


r

=

�E

o

(�

�

)

��

�

�

�

�

�

�

�

=1

� R � C =

�E

o

(�

�

)

��

�

�

�

�

�

�

�

=0

;

1

We remark that there is a slight di�eren
e from Gallager's textbook [4, p. 142℄, where he takes the

derivative of [��R+E

o

(�; P

X

)℄ instead of [��R+E

o

(�)℄, where E

o

(�; P

X

) is de�ned in Se
tion 2.2.1.

We note that this 
hange does not e�e
t our results sin
e the following manipulations generally hold

for any given P

X

, and in Se
tion 2.2.1 we have mentioned that the order of the two maximizations

(over � and over P

X

) in E

r

(R;W ) 
an be ex
hanged. In fa
t, E

o

(�) 
an also be seen as E

o

(�;P),

where P maximizes E

o

(�; P

X

).
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R(�

�

) =

�E

o

(�

�

)

��

�

is a de
reasing fun
tion of �

�

(0 � �

�

� 1) and

E

r

(R;W ) = E

o

(�

�

)� �

�

�E

o

(�

�

)

��

�

: (4.2)

In fa
t, ��

�

is the slope of E

r

(R;W ) sin
e

�E

r

(R;W )

�R

=

�E

r

(R;W )

��

�

�R

��

�

=

��

�

�

2

E

o

(�

�

)

�

2

�

�

�

2

E

o

(�

�

)

�

2

�

�

= ��

�

:

Remark: We noti
e that E

o

(�

�

) and R(�

�

) =

�E

o

(�

�

)

��

�

are di�erentiable

2

with respe
t

to �

�

, and (4.2) implies that E

r

(R(�

�

);W ) is also di�erentiable with respe
t to �

�

. It

immediately follows that E

r

(R;W ) is di�erentiable with respe
t to R.

A spe
ial 
ase o

urs if

�

2

E

o

(�

�

)

�

2

�

�

= 0, then

�E

o

(�

�

)

��

�

is 
onstant and R


r

= C.

When 0 � R � R


r

, the slope is -1 and hen
e

E

r

(R;W ) = E

o

(1)� R; (4.3)

whi
h implies that for the spe
ial 
ase of

�

2

E

o

(�

�

)

�

2

�

�

= 0, E

o

(1) = C.

The sour
e reliability fun
tion for a DMS fQ : Sg is given by

e(R;Q) =

8

<

:

min

P :H(P )=R

D(P k Q); if H(Q) � R � log jSj;

0; if 0 � R � H(Q):

(4.4)

Now our goal is to 
ompute

min

H(Q)�R�min(C;log jSj)

[E

r

(R;W ) + e(R;Q)℄: (4.5)

Sin
e E

J

(Q;W ) = 0 when H(Q) > C, we only 
onsider the following two 
ases:

R


r

� H(Q) � min(C; log jSj) and H(Q) � R


r

:

Note that if log jSj � R


r

, then H(Q) � R


r

.

Case 1: When R


r

� H(Q) � minfC; log jSjg, we need to 
ompute

min

H(Q)�R�min(C;log jSj)

[E

r

(R;W ) + e(R;Q)℄

= min

H(Q)�R�min(C;log jSj)

�

E

r

(R;W ) + min

R=H(P )

D(P k Q)

�

: (4.6)

2

All the elementary fun
tions are di�erentiable.
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Setting P = (p

1

; p

2

; :::; p

jSj

), we may write (4.6) as

minG(R;P ) = min

2

4

E

r

(R;W ) +

jSj

X

i=1

p

i

log

p

i

q

i

3

5

(4.7)

subje
t to

(1) H(P )� R = 0;

(2)

jSj

X

i=1

p

i

= 1; p

i

> 0;

(3) H(Q) � R � min(C; log jSj):

Note that here we assume that R


r

< C, i.e.,

�

2

E

o

(�

�

)

�

2

�

�

< 0. If

�

2

E

o

(�

�

)

�

2

�

�

= 0, E

r

(R;W ) is

a line with a slope equal to -1 for all the R 2 [0; C℄, and this 
ase 
an be in
luded in

Case 2. Sin
e

�

2

G(R;P )

�

2

R

=

�

2

E

r

(R;W )

�

2

R

= �

1

�

2

E

o

(�

�

)

�

2

�

�

> 0

and

�

2

G(R;P )

�

2

p

i

=

log e

p

i

> 0; 8 i = 1; :::; jSj;

the Hessian matrix [5℄ of G(R;P ),

O

2

G(R;P ) =

2

6

6

6

6

6

6

4

�

2

E

r

(R;W )

�

2

R

0 � � � 0

0

log e

p

1

� � � 0

. . . . . . . . . . . . . . . . . . . . . . . . .

0 � � � � � �

log e

p

jSj

3

7

7

7

7

7

7

5

;

is positive de�nite. Thus G(R;P ) is stri
tly 
onvex in (R;P ) and it admits a global

minimum. A
tually the existen
e of the global minimum 
an also be seen by noti
ing

that E

r

(R;W ) + e(R;W ) is stri
tly 
onvex in R, whi
h is obvious be
ause the sum

of two stri
tly 
onvex fun
tion is still 
onvex. Observing the 
onstraint (3) in (4.7),

we see that if there exists a stationary point in the range provided by 
onstraint (3),

then the stationary point is the global minimum of the sum over R within the range

[H(Q);min(C; log jSj)℄, otherwise the minimum must be attained at the boundary
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points, R = H(Q) or R = min(C; log jSj). The Lagrangian fun
tion [5℄ F (R;P; �; �) is

then given by

F (R;P; �; �) = E

r

(R;W ) +

jSj

X

i=1

p

i

log

p

i

q

i

+�

0

�

R +

jSj

X

i=1

p

i

log p

i

1

A

+ �

0

�

jSj

X

i=1

p

i

� 1

1

A

: (4.8)

Setting the derivative with respe
t to R equal to zero yields

�� =

�E

r

(R;W )

�R

; (4.9)

whi
h implies that �� is the slope of E

r

(R;W ) with � � 0. Therefore � = ��

�

and

R =

�E

o

(�)

��

: (4.10)

Setting the derivative with respe
t to p

i

equal to zero and solving for � under 
onstraint

(2) yields

p

i

=

q

1

1+�

i

P

jSj

i=1

q

1

1+�

i

; i = 1; 2; :::; jSj: (4.11)

A

ording to 
onstraint (1), the stationary point (R(�

1

);p(�

1

)) for G(R;P ) should

satisfy

H(p(�

1

))� R(�

1

) = 0; (4.12)

where p(�

1

) stands for the distribution

�

p

1

(�

1

); p

2

(�

1

); :::; p

jSj

(�

1

)

�

and

H(p(�

1

)) , H(P (�

1

)) = H

�

p

1

(�

1

); p

2

(�

1

); :::; p

jSj

(�

1

)

�

= �

jSj

X

i=1

p

i

(�

1

) log p

i

(�

1

):

For the sake of 
onvenien
e, we will sometimes allow a slight abuse of notation by

denoting H(P ) or H(p) by H(p

i

).

Lemma 4.2 f(�) , H

 

x

1

1+�

i

P

N

i=i

x

1

1+�

i

!

is in
reasing in � (� > �1), where x

i

> 0,

i = 1; :::; N , N is a positive integer. Moreover, f(�) is stri
tly in
reasing in � if there

exist �

1

, �

2

(�

1

< �

2

) su
h that f(�

1

) < f(�

2

).
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Proof: Di�erentiating with respe
t to �, we have

�f(�)

��

=

1

(1 + �)

3

P

N

i=1

[x

1

1+�

i

log

2

(x

i

)℄

P

N

i=1

[x

1

1+�

i

℄� [

P

N

i=1

x

1

1+�

i

log(x

i

)℄

2

[log e

P

N

i=1

x

1

1+�

i

℄

2

� 0:

The last inequality follows from the Cau
hy-S
hwartz inequality, with equality if and

only if x

i

= 
onstant. If f(�

1

) < f(�

2

) holds for some �

1

< �

2

, it implies that

x

i

6= 
onstant, and thus f(�) is stri
tly in
reasing. �

We next show su
h a stationary point satis�es 
onstraint (3), and hen
e it is the

global minimum point of (4.7). Setting the auxiliary fun
tion

'(�) , H(p(�))�R(�); (4.13)

we see by Lemma 4.2 that '(�) is in
reasing in � sin
e R(�) =

�E

o

(�)

��

is de
reasing in

�.

� If log jSj � C, by the assumption of Case 1, H(Q) � min(C; log jSj) = C, we

have that

'(0) = H(Q)�

�E

o

(�)

��

�

�

�

�

�=0

= H(Q)� C � 0;

and sin
e H(Q) � R


r

, we also have that

'(1) = H

 

p

q

i

P

jSj

i=1

p

q

i

!

�

�E

o

(�)

��

�

�

�

�

�=1

� H(Q)� R


r

� 0:

We stress that '(0) < '(1), i.e., '(0) and '(1) 
annot be 0 simultaneously. It

follows by the stri
tly in
reasing property of fun
tion '(�) that 0 � �

1

� 1. For

su
h �

1

, it is easy to verify that the stationary point satis�es

H(Q)�R(�

1

) � '(�

1

) = 0 =) R � H(Q)

and

H(p(�

1

))�

�E

o

(�)

��

�

�

�

�

�=0

� '(�

1

) = 0 =) R = H(p(�

1

)) � C:
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� If R


r

< log jSj < C, by the assumption of Case 1, H(Q) � min(C; log jSj) =

log jSj. Sin
e R(�) is de
reasing in �, we 
laim that there exist a �

0

(0 < �

0

< 1)

su
h that R(�

0

) = log jSj. Furthermore, we note that

'(�

0

) = H(p(�

0

))� log jSj � 0:

Observing that (as above) '(1) � 0, it follows that �

0

� �

1

� 1. For su
h �

1

, it

is easy to verify that the stationary point satis�es

H(Q)�R(�

1

) � '(�

1

) = 0 =) R � H(Q)

and

H(p(�

1

))�

�E

o

(�)

��

�

�

�

�

�=�

0

� '(�

1

) = 0 =) R = H(p(�

1

)) � log jSj:

A

ordingly, we 
an 
on
lude that the stationary point is lo
ated in [H(Q);min(C; log jSj)℄,

in other words, the global minimum point of (4.7) is (R(�

1

);p(�

1

)). Substituting it

into the obje
tive fun
tion G(R;P ), yields

min

R;P :H(Q)�R=H(P )�min(C;log jSj)

2

4

E

r

(R;W ) +

jSj

X

i=1

p

i

log

p

i

q

i

3

5

= E

o

(�

1

)� �

1

R(�

1

) +

jSj

X

i=1

q

1

1+�

1

i

P

jSj

i=1

q

1

1+�

1

i

log

q

1

1+�

1

i

P

jSj

i=1

q

1

1+�

1

i

q

i

= E

o

(�

1

)� (1 + �

1

) log

0

�

jSj

X

i=1

q

1

1+�

1

i

1

A

; (4.14)

where �

1

is the root of equation '(�) = 0. Note that this lower bound to E

J

(Q;W ) is

attained at rate R = H

 

q

1

1+�

1

i

P

jSj

i=1

q

1

1+�

1

i

!

or

�E

o

(�)

��

�

�

�

�=�

1

.
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Case 2: When H(Q) � R


r

, we may write

min

H(Q)�R�min(C;log jSj)

[E

r

(R;W ) + e(R;Q)℄

= min

�

min

R


r

�R�min(C;log jSj)

[E

r

(R;W ) + e(R;Q)℄; min

H(Q)�R�R


r

[E

r

(R;W ) + e(R;Q)℄

�

(4.15)

if log jSj > R


r

. Otherwise,

min

H(Q)�R�min(C;log jSj)

[E

r

(R;W ) + e(R;Q)℄ = min

H(Q)�R�log jSj

[E

r

(R;W ) + e(R;Q)℄: (4.16)

Note that the 
omputation of (4.16) is a
tually the same with that of the se
ond part of

(4.15). For the sake of 
onvenien
e, we �rst assume log jSj > R


r

and 
ompute (4.15).

There are two sub
ases to 
onsider:

H

 

p

q

i

P

jSj

i=1

p

q

i

!

> R


r

and H

 

p

q

i

P

jSj

i=1

p

q

i

!

� R


r

:

a) Assume H

�

p

q

i

P

jSj

i=1

p

q

i

�

> R


r

.

As in Case 1, we employ Lagrange multipliers to 
ompute

min

R


r

�R�min(C;log jSj)

[E

r

(R;W ) + e(R;Q)℄; (4.17)

and obtain the stationary point

8

>

>

<

>

>

:

R =

�E

o

(�)

��

�

�

�

�=�

1

;

p

i

=

q

1

1+�

1

i

P

jSj

i=1

q

1

1+�

1

i

; i = 1; :::; jSj;

(4.18)

where �

1

is the root of the equation

'(�) , H(p(�))� R(�) = 0: (4.19)

where H(p(�)) = H(p

1

(�); :::; p

jSj

(�)).

If C � log jSj, we note that

'(0) = H(Q)�

�E

o

(�)

��

j

�=0

= H(Q)� C � 0;
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and

'(1) = H

 

p

q

i

P

jSj

i=1

p

q

i

!

�

�E

o

(�)

��

j

�=1

= H

 

p

q

i

P

jSj

i=1

p

q

i

!

� R


r

� 0;

whi
h implies that 0 � �

1

� 1. For su
h �

1

, it is easy to verify that the stationary

point is lo
ated in the interval [H(Q); C℄. If log jSj < C, we also 
an show that the

stationary point is in [H(Q); log jSj℄. Substituting (4.18) into (4.17), yields

min

R;P :R


r

�R=H(P )�min(C;log jSj)

2

4

E

r

(R;W ) +

jSj

X

i=1

p

i

log

p

i

q

i

3

5

= E

o

(�

1

)� (1 + �

1

) log

0

�

jSj

X

i=1

q

1

1+�

1

i

1

A

; (4.20)

where �

1

is the root of equation '(�) = 0. The expression in (4.17) is attained at rate

R = H

 

q

1

1+�

1

i

P

jSj

i=1

q

1

1+�

1

i

!

or R =

�E

o

(�)

��

�

�

�

�=�

1

.

Next we note that

min

H(Q)�R�R


r

[E

r

(R;W ) + e(R;Q)℄ (4.21)

= min

H(Q)�R�R


r

�

(E

o

(1)� R) + min

R=H(P )

D(P k Q)

�

= min

R;P :H(Q)�R=H(P )�R


r

2

4

E

o

(1)�R +

jSj

X

i=1

p

i

log

p

i

q

i

3

5

= min

P :H(Q)�H(P )�R


r

2

4

E

o

(1)�H(P ) +

jSj

X

i=1

p

i

log

p

i

q

i

3

5

= E

o

(1)� 2

8

<

:

max

P :H(Q)�H(P )�R


r

jSj

X

i=1

p

i

log

p

q

i

p

i

9

=

;

:

Consider the 
on
ave fun
tion g(x) = log x. By Jensen's inequality, we obtain

jSj

X

i=1

p

i

log

p

q

i

p

i

� log

0

�

jSj

X

i=1

p

q

i

1

A

with equality if and only if

p

q

i

p

i

= 
onstant and

jSj

X

i=1

p

i

= 1 =) p

i

=

p

q

i

P

jSj

i=1

p

q

i

:
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It looks that the minimum of (4.21) is attained at R = H

�

p

q

i

P

jSj

i=1

p

q

i

�

. However, it


annot be a
hieved be
ause H

�

p

q

i

P

jSj

i=1

p

q

i

�

> R


r

.

Lemma 4.3 If f(x) is stri
tly 
onvex and the stationary point of f(x) is attained at

x = x

0

, then when x � x

0

, f(x) is stri
tly de
reasing, and when x � x

0

, f(x) is stri
tly

in
reasing.

Consider the stri
tly 
onvex obje
tive fun
tion in (4.21) with respe
t to R with its

stationary point lies outside the interval [H(Q); R


r

℄. It follows by Lemma 4.3 that

min

H(Q)�R�R


r

[E

r

(R;W ) + e(R;Q)℄ = E

r

(R


r

;W ) + e(R


r

; Q); (4.22)

i.e., the global minimum of (4.21) is a
tually attained atR


r

instead ofR = H

�

p

q

i

P

jSj

i=1

p

q

i

�

.

Comparison of (4.20) with (4.22) reveals that

min

H(Q)�R�min(C;log jSj)

[E

r

(R;W ) + e(R;Q)℄ = E

o

(�

1

)� (1 + �

1

) log

0

�

jSj

X

i=1

q

1

1+�

1

i

1

A

;

(4.23)

where �

1

is determined by '(�

1

) = 0.

b) Assume H

�

p

q

i

P

jSj

i=1

p

q

i

�

� R


r

.

We employ Lagrange multipliers to 
ompute

min

R


r

�R�min(C;log jSj)

[E

r

(R;W ) + e(R;Q)℄; (4.24)

and obtain the stationary point

8

>

>

<

>

>

:

R =

�E

o

(�)

��

�

�

�

�=�

1

;

p

i

=

q

1

1+�

1

i

P

jSj

i=1

q

1

1+�

1

i

; i = 1; :::; jSj;

(4.25)

where �

1

is the root of the equation

'(�) , H(p(�))� R(�) = 0: (4.26)
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Note that

'(1) = H

 

p

q

i

P

jSj

i=1

p

q

i

!

�

�E

o

(�)

��

�

�

�

�

�=1

= H

 

p

q

i

P

jSj

i=1

p

q

i

!

� R


r

� 0;

and

'(�)j

�!1

= log jSj �

�E

o

(�)

��

�

�

�

�

�!1

> log jSj � R


r

� 0;

whi
h implies that �

1

� 1. Thus the lo
al minimum R(�

1

) is not lo
ated in the interval

(R


r

;min(C; log jSj)℄, sin
e

�E

o

(�)

��

�

�

�

�=�

1

�

�E

o

(�)

��

�

�

�

�=1

= R


r

. By Lemma 4.3, we see that

min

R


r

�R�min(C;log jSj)

[E

r

(R;W ) + e(R;Q)℄ = E

r

(R


r

;W ) + e(R


r

; Q); (4.27)

i.e., the global minimum of (4.24) is attained at R


r

. On the other hand,

min

H(Q)�R�R


r

[E

r

(R;W ) + e(R;Q)℄

= E

o

(1)� 2

8

<

:

max

P :H(Q)�H(P )�R


r

jSj

X

i=1

p

i

log

p

q

i

p

i

9

=

;

= E

o

(1)� 2 log(

jSj

X

i=1

p

q

i

); (4.28)

where the minimum is attained at R = H

�

p

q

i

P

jSj

i=1

p

q

i

�

< R


r

.

Comparison of (4.27) with (4.28) reveals that

min

H(Q)�R�min(C;log jSj)

[E

r

(R;W ) + e(R;Q)℄ = E

o

(1)� 2 log

0

�

jSj

X

i=1

p

q

i

1

A

; (4.29)

where the minimum is attained at R

m

, H

�

p

q

i

P

jSj

i=1

p

q

i

�

.

Finally, we 
omplete the 
omputation by 
onsidering log jSj � R


r

. In this 
ase, it is

seen that the minimization is the same as in (4.21) sin
e

H

 

p

q

i

P

jSj

i=1

p

q

i

!

< log jSj � R


r

;
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hen
e the result is the same as in part b) of Case 2. Re
all that

E

s

(�) = (1 + �) log

0

�

jSj

X

i=1

q

1

1+�

i

1

A

;

and examining (4.14), (4.23) and (4.29), we remark that

min

H(Q)�R�min(C;log jSj)

[E

r

(R;W ) + e(R;Q)℄ = E

o

(�)� E

s

(�); (4.30)

where � = min(�

1

; 1) and �

1

is the root of the equation

'(�) , H(p(�))� R(�) = 0: (4.31)

min(�

1

; 1) means that if H

�

p

q

i

P

jSj

i=1

p

q

i

�

> R


r

, then the root �

1

exists in [0,1), otherwise

if H

�

p

q

i

P

jSj

i=1

p

q

i

�

� R


r

then the root �

1

is no less than 1 and we let � = 1 in (4.30).

In fa
t, di�erentiating E(�) , E

o

(�)� E

s

(�) with respe
t to �, we obtain

�E(�)

��

=

�E

o

(�)

��

�

�E

s

(�)

��

= R(�)�H(p

i

(�)): (4.32)

Moreover,

�

2

E(�)

�

2

�

=

�R(�)

��

�

�H(p

i

)(�)

��

= �

�'(�)

��

< 0: (4.33)

Comparison of (4.31) with (4.32) yields

min

H(Q)�R�min(C;log jSj)

[E

r

(R;W ) + e(R;Q)℄ = max

0���1

E

o

(�)� E

s

(�): (4.34)

Remark: If the maximum of E

o

(�) � E

s

(�) over � � 0 is attained at 0 � � � 1,

whi
h means that the root �

1

of (4.31) is in [0; 1℄, and hen
e H

�

p

q

i

P

jSj

i=1

p

q

i

�

� R


r

,

the lower bound is attained at R

m

� R


r

. Hen
e, the joint sour
e-
hannel exponent is

determined exa
tly.

32



Theorem 4.1 Given a DMS fQ : Sg and an arbitrary DMC fW : X ! Yg, the

joint-sour
e 
hannel 
oding reliability fun
tion satis�es

E

J

(Q;W ) � max

0���1

[E

o

(�)� E

s

(�)℄ (4.35)

if H(Q) < C =

�E

o

(�)

��

�

�

�

�=0

, where equality holds if max

��0

[E

o

(�)�E

s

(�)℄ is attained at

� 2 [0; 1℄.

Proposition 4.1 E(�) , E

o

(�)� E

s

(�) has the following properties:

1) E(�) is stri
tly 
on
ave in � (� � 0).

2) The global maximum of E(�) is attained at 0 < �

max

< +1 if and only if H(Q) < C

and R

1

= lim

�!1

E

o

(�)

�

< log jSj.

3) Denoting e� , argmax

��0

E(�), then

8

>

>

<

>

>

:

H

�

p

q

i

P

jSj

i=1

p

q

i

�

� R


r

, e� � 1; and hen
e E

J

(Q;W ) = E(e�);

H

�

p

q

i

P

jSj

i=1

p

q

i

�

< R


r

, e� > 1 and hen
e E

J

(Q;W ) � E(1):

4) Denoting b� , min(e�; 1), then the lower bound of joint sour
e-
hannel exponent is

a
hieved at rate R

m

= H

 

q

1

1+b�

i

P

jSj

i=1

q

1

1+b�

i

!

.

Proof: 1), 3) and 4) have been shown in the 
omputation of the joint sour
e-
hannel

exponent lower bound. We note that

E(0) = 0;

�E(�)

��

�

�

�

�

�=0

= C �H(Q) and

�E(�)

��

�

�

�

�

�=1

= R

1

� log jSj;

hen
e 2) follows immediately by 
onsidering the 
on
avity of E(�). �

We stress that Property 3 is very useful to judge if E

J

(Q;W ) 
an be determined

exa
tly or not. If the lower bound to E

J

(Q;W ) is attained at a rate smaller than R


r

,

then it has a very simple form: E(1). These 
on
lusions will be used frequently in

Se
tion 4.4.2.

Observation: The random-
oding lower bound to E

J

(Q;W ) was originally expressed
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as the minimum of the sum of E

r

(R;W ) and e(R;Q) over R. By Theorem 4.1, we show

that this minimization problem is equivalent to a more 
on
rete maximization problem

of the fun
tion E(�) with respe
t to the parameter 0 � � � 1, where E(�) is the

di�eren
e between Gallager's 
hannel fun
tion E

o

(�) and sour
e fun
tion E

s

(�). Thus,

solving the maximization of E(�), whose properties are provided in Proposition 4.1,

boils down to the determination of E

o

(�). Although E

o

(�) does not admit analyti
al

expression for arbitrary DMCs, it 
an always be obtained numeri
ally via Arimoto's

algorithm [10℄. Therefore, we 
an always 
ompute numeri
ally (as we will show in

Se
tion 4.1.3) the lower bound to E

J

(Q;W ). Furthermore, for 
lass of DMCs satisfying

a 
ertain symmetry, E

o

(�) 
an be analyti
ally solved, hen
e yielding a parametri


expression for the lower bound to E

J

(Q;W ). This is examined next.

4.1.2 DMS over Symmetri
 Channels

De�nition 4.2 [7℄ A DMC with input alphabet X , output alphabet Y is said to be

symmetri
 if the rows of the 
hannel transition matrix P

Y jX

(yjx) are permutations of

ea
h other, and the 
olumns are permutations of ea
h other.

De�nition 4.3 A DMC with input alphabet X , output alphabet Y and 
hannel transi-

tion matrixW , P

Y jX

(yjx) is said to be quasi-symmetri


3

ifW 
an be partitioned along

its 
olumns into symmetri
 sub-arrays W

1

;W

2

; :::;W

s

, ea
h W

i

having size jX j � jY

i

j,

where

S

s

i=1

Y

i

= Y and Y

i

T

Y

j

= ; 8i 6= j.

3

Our notion of \quasi-symmetry" is a
tually identi
al to Gallager's notion of \symmetry" (see

[4, p. 94℄). We use the term \quasi-symmetri
 
hannel" sin
e we have already denoted the term

\symmetri
 
hannel" in De�nition 4.2.
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For example, the following 
hannels with transition matri
es

W =

2

4

1

3

1

6

1

2

1

3

1

2

1

6

3

5

; W =

2

4

1

3

1

6

1

2

1

6

1

3

1

2

3

5

; and W =

2

4

1

3

1

2

1

6

1

2

1

3

1

6

3

5

are all quasi-symmetri
. Note that a symmetri
 DMC must be quasi-symmetri
, and

we have the following important property for a quasi-symmetri
 DMC.

Lemma 4.4 For any quasi-symmetri
 DMC, E

o

(�) (de�ned in (2.16)) is maximized

by a uniform input distribution.

The proof of this lemma is lengthy, and we defer it to the Appendix. Consider a

quasi-symmetri
 DMC with 
hannel transition matrix W , P

Y jX

(yjx). Suppose W


an be partitioned along its 
olumns into symmetri
 sub-matri
es W

1

;W

2

; :::;W

s

, ea
h

W

i

having size jX j� jY

i

j. Now denote the transition probabilities in any 
olumn of the

symmetri
 sub-matrix W

i

by

�

p

i1

; p

i2

; :::; p

ijX j

	

, i = 1; 2; :::; s. By Lemma 4.4, we 
an

write E

o

(�) as

E

o

(�) = (1 + �) log jX j � log

8

<

:

s

X

i=1

jY

i

j

0

�

jX j

X

j=1

p

1

1+�

ij

1

A

1+�

9

=

;

: (4.36)

Di�erentiating E

o

(�) with respe
t to � yields

�E

o

(�)

��

= log jX j �

P

s

i=1

jY

i

j

�

P

jX j

j=1

p

1

1+�

ij

�

1+�

H

 

p

1

1+�

ij

P

jXj

j=1

p

1

1+�

ij

!

P

s

i=1

jY

i

j

�

P

jX j

j=1

p

1

1+�

ij

�

1+�

: (4.37)

Consider a DMS with distribution Q and alphabet S that is to be sent over this

quasi-symmetri
 DMC W . By Theorem 4.1, if

H(Q) < C =

�E

o

(�)

��

�

�

�

�

�=0

= log jX j �

1

jX j

s

X

i=1

jY

i

j

0

�

jX j

X

j=1

p

ij

1

A

H

 

p

ij

P

jX j

j=1

p

ij

!

;
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then

E

J

(Q;W ) � max

0���1

2

4

(1 + �) log jX j � log

8

<

:

s

X

i=1

jY

i

j

0

�

jX j

X

j=1

p

1

1+�

ij

1

A

1+�

9

=

;

�(1 + �) log

0

�

jSj

X

i=1

q

1

1+�

i

1

A

3

5

: (4.38)

By Proposition 4.1, we 
an dedu
e the following result.

Corollary 4.1 Consider a DMS fQ : Sg and a quasi-symmetri
 DMC fW : X ! Y g,

1) If

8

>

>

>

>

<

>

>

>

>

:

1

jX j

P

s

i=1

jY

i

j

�

P

jX j

j=1

p

ij

�

H

�

p

ij

P

jXj

j=1

p

ij

�

+H(Q) � log jX j;

P

s

i=1

jY

i

j

�

P

jXj

j=1

p

p

ij

�

2

H

 

p

p

ij

P

jXj

j=1

p

p

ij

!

P

s

i=1

jY

i

j

�

P

jXj

j=1

p

p

ij

�

2

+H(

p

q

i

P

jSj

i=1

p

q

i

) � log jX j;

then the joint sour
e-
hannel 
oding exponent is exa
tly given by

E

J

(Q;W ) = (1 + �

�

) log jX j � log

8

>

<

>

:

2

6

4

s

X

i=1

jY

i

j

0

�

jX j

X

j=1

p

1

1+�

�

ij

1

A

1+�

�

3

7

5

0

�

jSj

X

i=1

q

1

1+�

�

i

1

A

1+�

�

9

>

=

>

;

;

(4.39)

where �

�

is the root of equation

P

s

i=1

jY

i

j

 

P

jXj

j=1

p

1

1+�

ij

!

1+�

H

0

B

�

p

1

1+�

ij

P

jXj

j=1

p

1

1+�

ij

1

C

A

P

s

i=1

jY

i

j

 

P

jXj

j=1

p

1

1+�

ij

!

1+�

+H

 

q

1

1+�

i

P

jSj

i=1

q

1

1+�

i

!

= log jX j:

2) If

P

s

i=1

jY

i

j

�

P

jX j

j=1

p

p

ij

�

2

H

�

p

p

ij

P

jXj

j=1

p

p

ij

�

P

s

i=1

jY

i

j

�

P

jX j

j=1

p

p

ij

�

2

+H(

p

q

i

P

jSj

i=1

p

q

i

) � log jX j;

then the lower bound of joint sour
e-
hannel 
oding exponent is given by

E

J

(Q;W ) � 2 log jX j � log

8

<

:

2

4

s

X

i=1

jY

i

j

0

�

jX j

X

j=1

p

p

ij

1

A

2

3

5

0

�

jSj

X

i=1

p

q

i

1

A

2

9

=

;

: (4.40)
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Note that for

1

jX j

P

s

i=1

jY

i

j

�

P

jX j

j=1

p

ij

�

H

�

p

ij

P

jXj

j=1

p

ij

�

+H(Q) > log jX j, E

J

(Q;W ) = 0.

Observation: Symmetri
 Channels

A spe
ial 
ase of Corollary 4.1 is that if the DMC is symmetri
, then ea
h 
olumn

of the probability transition matrix W is the permutation of the same set of transition

probabilities, denoted by

�

p

1

; p

2

; :::; p

jX j

	

, and Corollary 4.1 is simpli�ed to

1) If H

�

p

i

P

jXj

i=1

p

i

�

+ H(Q) � log jX j and H

�

p

p

i

P

jXj

i=1

p

p

i

�

+ H

�

p

q

i

P

jSj

i=1

p

q

i

�

� log jX j,

then the joint sour
e-
hannel 
oding exponent is exa
tly given by

E

J

(Q;W ) = (1 + �

�

) log jX j � log jYj � (1 + �

�

) log

2

4

(

jX j

X

i=1

p

1

1+�

�

i

)(

jSj

X

i=1

q

1

1+�

�

i

)

3

5

; (4.41)

where �

�

is the root of equation H

 

p

1

1+�

i

P

jXj

i=1

p

1

1+�

i

!

+H

 

q

1

1+�

i

P

jSj

i=1

q

1

1+�

i

!

= log jX j.

2) If H

�

p

p

i

P

jXj

i=1

p

p

i

�

+ H

�

p

q

i

P

jSj

i=1

p

q

i

�

� log jX j, then the lower bound of joint sour
e-


hannel 
oding exponent is given by

E

J

(Q;W ) � log

jX j

2

jYj

� 2 log

2

4

(

jX j

X

i=1

p

p

i

)(

jSj

X

i=1

p

q

i

)

3

5

: (4.42)

For H

�

p

i

P

jXj

i=1

p

i

�

+H(Q) > log jX j, E

J

(Q;W ) = 0.

Example 4.1 (Binary DMS over Binary Symmetri
 Channel (BSC)) A BSC has 2

inputs, 2 outputs with error transition probability ", as shown in Figure 4.1. Consider

a binary sour
e with probability distribution fq; 1� qg.

1) If h

b

(") + h

b

(q) � 1 and h

b

�

p

"

p

"+

p

1�"

�

+ h

b

�

p

q

p

q+

p

1�q

�

� 1, where h

b

(�) is the

binary entropy fun
tion, then

E

J

(Q;W ) = �

�

� (1 + �

�

) log

h�

"

1

1+�

�

+ (1� ")

1

1+�

�

��

q

1

1+�

�

+ (1� q)

1

1+�

�

�i

; (4.43)

37



-

-

�

�

�

�

�

�

�

�

�

�

�

�R�

�

�

�

�

�

�

�

�

�

�

��

0 0

1 1

P

Y jX

(0j0) = 1� "

P

Y jX

(1j1) = 1� "

P

Y jX

(1j0) = "

P

Y jX

(0j1) = "

X

Y

Figure 4.1: Binary symmetri
 
hannel with parameter ".

where �

�

is the root of equation

h

b

 

"

1

1+�

"

1

1+�

+ (1� ")

1

1+�

!

+ h

b

 

q

1

1+�

q

1

1+�

+ (1� q)

1

1+�

!

= 1:

2) If h

b

�

p

"

p

"+

p

1�"

�

+ h

b

�

p

q

p

q+

p

1�q

�

< 1 then

E

J

(Q;W ) � 1� 2 log

h

(

p

"+

p

1� ")(

p

q +

p

1� q)

i

: (4.44)
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Figure 4.2: The regions for the ("; q) pairs in the binary DMS and BSC system.

38



0 0.01 0.02 0.03 0.04 0.05
0.7

0.75

0.8

0.85

0.9

0.95

Fix q=0.2, R
m

 vs ε.

ε

R
m

 

0 0.05 0.1 0.15 0.2
0.1

0.2

0.3

0.4

0.5

0.6

Fix ε=0.1, R
m

 vs q.

R
m

 

q

0 0.01 0.02 0.03 0.04 0.05
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

Fix q=0.2, E
J
(Q,W) vs ε

ε

E
J
(Q

,W
)

0 0.05 0.1 0.15 0.2
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

Fix ε=0.1, E
J
(Q,W) vs q

q

E
J
(Q

,W
)

E
J
(Q,W) is determined exactly

when ε>0.0001.           

E
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E
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E
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Figure 4.3: The joint sour
e-
hannel exponent lower bound vs BSC parameter " (left

side), and the joint sour
e-
hannel exponent lower bound vs binary sour
e distribution

q (right side). R

m

is the rate attaining the lower bound of E

J

(Q;W ).

In Figure 4.2, we see that if the pair ("; q) is lo
ated in region B, then the 
orre-

sponding joint sour
e-
hannel exponent 
an be determined exa
tly by (4.43). If ("; q)

is lo
ated in region C, then (4.44) holds. When ("; q) 2 A, E

J

(Q;W ) is zero, and

the error probability of this 
ommuni
ation system will 
onverge to 1 for n suÆ
iently

large. So we are only interested in the 
ases when ("; q) 2 B [ C.

From Figure 4.3 we observe that in pra
ti
al 
ommuni
ation systems we always

hope that the noise distribution " is as small as possible. When " de
reases, we 
an

attain a higher reliability exponent. However, on
e " is �xed, as we de
rease q, the

joint sour
e-
hannel exponent in
reases, i.e., when q (or 1 � q) be
omes very small

(\skewed" sour
e), we 
an attain a higher exponent.

39



Example 4.2 (DMS over N-ary Strong Symmetri
 Channel (N-ary SSC)) An N-ary

SSC has N inputs, N outputs with error transition probability matrix

P

Y jX

(yjx) =

2

6

6

6

6

6

6

4

1� "

"

N�1

"

N�1

� � �

"

N�1

"

N�1

1� "

"

N�1

� � �

"

N�1

. . . . . . . . . . . . . . . . . . . . . . . . . . .

"

N�1

"

N�1

"

N�1

� � � 1� "

3

7

7

7

7

7

7

5

: (4.45)

Consider an M-ary sour
e with probability distribution Q=fq

1

; :::q

M

g.

1) If

8

>

<

>

:

h

b

(") + " log(N � 1) +H(Q) � logN;

h

b

�

p

"(N�1)

p

"(N�1)+

p

1�"

�

+

p

"(N�1)

p

"(N�1)+

p

1�"

log(N � 1) +H

�

p

q

i

P

M

i=1

p

q

i

�

� logN;

then

E

J

(Q;W ) = �

�

logN � (1 + �

�

) log

"

�

(1� ")

1

1+�

�

+ (N � 1)(

"

N � 1

)

1

1+�

�

�

 

M

X

i=1

q

1

1+�

�

i

!#

;

(4.46)

where �

�

is the root of

h

b

 

(N � 1)(

"

N�1

)

1

1+�

(1� ")

1

1+�

+ (N � 1)(

"

N�1

)

1

1+�

!

+H

0

�

q

1

1+�

i

P

M

i=1

q

1

1+�

i

1

A

= logN:

2) If

h

b

 

p

"(N � 1)

p

"(N � 1) +

p

1� "

!

+

p

"(N � 1)

p

"(N � 1) +

p

1� "

log(N�1)+H

 

p

q

i

P

M

i=1

p

q

i

!

� logN;

then

E

J

(Q;W ) � logN � 2 log

"

�

p

1� "+

p

(N � 1)"

�

 

M

X

i=1

p

q

i

!#

: (4.47)

In Figure 4.4, we see that if the pair ("; q) is lo
ated in region B, then the 
orre-

sponding joint sour
e-
hannel exponent 
an be determined exa
tly by (4.46). If ("; q)
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Figure 4.4: The regions for the ("; q) pairs in the binary DMS and 4-ary SSC system.

is lo
ated in region C, then (4.47) holds. When ("; q) 2 A, the error probability of this


ommuni
ation system will 
onverge to 1 for n suÆ
iently large. Figure 4.5 shows for

various values of ("; q) the joint sour
e-
hannel exponent lower bound.

Example 4.3 Consider a DMS fQ : Sg and a binary erasure 
hannel (BEC) fW :

X ! Y g with transition probability W , P

Y jX

with parameter � as shown in Fig-

ure 4.6. The 
hannel probability transition matrix

W =

2

4

1� � � 0

0 � 1� �

3

5

; (4.48)

is quasi-symmetri
 sin
e it 
an be partitioned into two symmetri
 sub-matri
es

W

1

=

2

4

1� � 0

0 1� �

3

5

and W

2

=

2

4

�

�

3

5

(4.49)

In sub-matrix W

1

, p

11

= 1 � �, p

12

= 0, jY

1

j = 2. In sub-matrix W

2

, p

11

= p

22

= �,

jY

2

j = 1. Applying Corollary 4.1, we have
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E
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E
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E
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Figure 4.5: The joint sour
e-
hannel exponent lower bound of the binary DMS fq; 1�qg

and 4-ary SSC system.

1) If H(Q)+� � 1 and H

�

p

q

i

P

jSj

i=1

p

q

i

�

�

1��

1+�

, then the joint sour
e-
hannel exponent

is exa
tly given by

E

J

(Q;W ) = �

�

� log[(1� �) + �2

�

�

℄� (1 + �

�

) log

0

�

jSj

X

i=1

q

1

1+�

�

i

1

A

; (4.50)

where �

�

is the root of equation

H

0

�

q

1

1+�

i

P

jSj

i=1

q

1

1+�

i

1

A

=

1� �

(1� �) + �2

�

:

2) If H

�

p

q

i

P

jSj

i=1

p

q

i

�

�

1��

1+�

, then the lower bound of joint sour
e-
hannel exponent is
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given by

E

J

(Q;W ) � 1� log(1 + �)� 2 log

0

�

jSj

X

i=1

p

q

i

1

A

: (4.51)

For H(Q) + � � 1, E

J

(Q;W ) = 0.
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Figure 4.7: The regions for the (�; q) pairs in the binary DMS and BEC system.

For example, if the sour
e is binary fq; 1�qg, Figure 4.7 shows that if the pair ("; q)

in the binary DMS and BEC system is lo
ated in region B, then the 
orresponding
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joint sour
e-
hannel exponent 
an be determined exa
tly. If ("; q) is lo
ated in region

C, then (4.51) holds. When ("; q) 2 A, the error probability of this 
ommuni
ation

system will 
onverge to 1 for n suÆ
iently large.

4.1.3 Arimoto's Algorithm: DMS over Arbitrary DMC

As we have mentioned before, for arbitrary DMC, we 
annot write out the para-

metri
 form of E

o

(�) be
ause we do not know under what 
hannel input distribution

the maximization in (2.16) 
an be a
hieved. Thus we are not able to dire
tly maximize

E

o

(�) � E

s

(�) for an arbitrary DMC, if the transition matrix is not quasi-symmetri


or has a large input or output alphabet.

To investigate how to maximize the right side of (4.35), we write

max

0���1

[E

o

(�)� E

s

(�)℄

= max

0���1

max

P

X

8

<

:

�(1 + �) log

2

4

jSj

X

i=1

Q

1

1+�

i

3

5

� log

X

y2Y

 

X

x2X

P

X

(x)P

1

1+�

Y jX

(y j x)

!

1+�

9

=

;

:

It is possible to rewrite the above maximization as
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0���1
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P

X
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XjY
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�(1 + �) log
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�
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y2Y
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x2X
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1+�
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1

1+�

Y jX

(y j x)�

XjY
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��

#)
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0���1

8
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:

�(1 + �) log

2

4

jSj

X

i=1

Q

1

1+�

i

3

5

+ �

�

max

P

X

max

�

XjY

G

�

(P

X

;�

XjY

)

�

9

=

;

; (4.52)

where

G

�

(P

X

;�

XjY

) =

�1

�

log

"

X

y2Y

X

x2X

P

X

(x)P

1

1+�

Y jX

(y j x)

�

�

XjY

(x j y)

P

X

(x)

�

��

#

;

and �

XjY

(xjy) is an arbitrary transition probability matrix from the 
hannel fW

�1

:

Y ! Xg, often 
alled a dummy \ba
kward" 
hannel. The form (4.52) was introdu
ed
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by Blahut [8℄ and Arimoto [10℄. To 
ompute the joint sour
e-
hannel exponent lower

bound (4.35), we therefore 
an apply Arimoto's algorithm [10℄.

From [10℄, we know that Arimoto's iterative algorithm is to maximize G

�

(P

X

;�

XjY

)

over P

X

and �

XjY

based on a given �, but our problem is to maximize (4.52) over �

from 0 to 1. Although we do not have the parametri
 expression of E

o

(�), we note

by Proposition 4.1 that E(�) is 
on
ave and must has a global maximum at a �nite

� � 0. Therefore, we 
an apply these properties of E(�) to sear
h for the maximizer

�

�

as follows: at ea
h iteration s, we 
hoose t + 1 (t � 3) points �

(s)

1

; �

(s)

1

; :::; �

(s)

t+1

to

divide the interval I

(s)

(I

(1)

= [0; 1℄) into t 
onse
utive sub-intervals and 
ompute ea
h

E(�

(s)

i

) (i = 1; :::; t+1). Suppose E(�

(s)

j

) is the biggest among the t+1 numbers, then

�

�

must be in the new interval

I

(s+1)

=

8

>

>

>

>

<

>

>

>

>

:

h

�

(s)

1

; �

(s)

2

i

; if j = 1;

h

�

(s)

j�1

; �

(s)

j+1

i

; if 1 < j < t + 1;

h

�

(s)

t

; �

(s)

t+1

i

; if j = t + 1:

Spe
ially, if E(�

(s)

j

) = E(�

(s)

j+1

) both are the biggest among the t + 1 numbers, then �

�

must be in the new interval

I

(s+1)

=

h

�

(s)

j

; �

(s)

j+1

i

:

Note that whatever the positive integer t is, we always 
an 
hoose t + 1 points in the


losed interval [0; 1℄, su
h that for the �rst (initial) iteration, we 
ompute E(�

(s)

i

) for

t+1 points, but for the next iteration we only need to 
ompute E(�

(s)

i

) for t� 1 points

if j = 1 or j = t + 1 and for t � 2 points if 1 < j < t + 1. De�ne the �-�delity

error Æ ,

�

�

�

�

(s)

j

� �

�

�

�

�

. If we want Æ < 10

�k

, we need to 
ompute approximately at most

�

t + 1 + (t� 1)�

l

3:3219k

log(t+1)

m�

points in total, where dxe is equal to the smallest integer

whi
h is no less than x. To redu
e the 
omputation time, it is easy to see that t should

be as small as possible, that is, t is 
hosen to be 3. Considering how to 
hoose the 4

points for ea
h iteration, we 
an employ golden se
tion [5, Se
tion 2.3℄ sear
h

4

, so that

4

Golden se
tion sear
h is also 
alled a limiting form of Fibona

i sear
h in some books.
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the 
omputation iterations is approximately equal to (d4:784ke) for a �-�delity error Æ

su
h that Æ < 10

�k

.

The algorithm for 
omputing the sour
e-
hannel 
oding exponent lower bound

(4.35) is as follows,

1) Initialize E

(0)

= 0, let s = 1, and set �

(s)

(1) = 0, �

(s)

(2) = 0:382, �

(s)

(3) = 0:618,

�

(s)

(4) = 1;

2) Use Arimoto's iteration algorithm (see Appendix B) to 
ompute

E(�) = �(1 + �) log

2

4

jSj

X
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1+�

i
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+ �
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XjY
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h �
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(i), i = 1; 2; 3; 4, and denote the results as E

(s)

(i), i = 1; 2; 3; 4.

3) Let E

(s)

= maxfE

(s)

(1); E

(s)

(2); E

(s)

(3); E

(s)

(4)g. If

E

(s)

� E

(s�1)

E

(s)

< 
;

stop; else 
ontinue.

4) If there exists a j su
h that E

(s)

= E

(s)

(j) = E

(s)

(j+1), j = 1; 2; 3, then E

(s+1)

(1) =

E

(s)

(j), E
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(3) = �
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(1) + (�
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(4)� �

(s+1)

(1))� 0:618;

else 
ontinue.

5) If E

(s)

= E

(s)

(1), then E

(s+1)

(1) = E
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(1), E

(s+1)

(4) = E

(s)

(2), �
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(s+1)

(4) = �
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�
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(1))� 0:618:
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If E

(s)

= E

(s)

(2), then E

(s+1)

(1) = E

(s)
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(s+1)

(1) = E

(s)

(3), E

(s+1)

(4) = E

(s)

(4), �

(s+1)

(1) = �

(s)

(3),

�

(s+1)

(4) = �

(s)

(4). Compute E

(s+1)

(i), i = 2; 3 for

�

(s+1)

(2) = �

(s+1)

(4) + (�

(s+1)

(4)� �

(s+1)

(1))� 0:382;

�

(s+1)

(3) = �

(s+1)

(4) + (�

(s+1)

(4)� �

(s+1)

(1))� 0:618:

6) Let s = s+ 1, goto 3).

In Figure 4.8, we determine the joint sour
e-
hannel exponent lower bound us-

ing (4.43), (4.44), for q=0.1, 0.15 and 0.2, and 
ompare with the lower bound obtained

by our algorithm. We see that the two group of 
urves 
oin
ide with ea
h other. In [10℄,

it is assumed that �

XjY

(xjy) � 0, but we see that G

�

(P

X

;�

XjY

) in any given iteration

may go to in�nite if �

XjY

(xjy) is zero, sin
e �

��

XjY

(� � 0) appears in (4.52). From the

iterative equations (see [10℄) uesd to 
ompute �

XjY

and P

X

, we note that the ne
es-

sary and suÆ
ient 
ondition for �

XjY

6= 0 is P

Y jX

6= 0. This leads us to suggest a

modi�
ation if there are zero entries in the 
hannel transition matrix P

Y jX

. Be
ause

the reliability fun
tion is 
ontinuous in ea
h P

Y jX

(yjx), one 
ould add a very small

quantity Æ to obtain a new 
hannel W

0

, P

0

Y jX

without 0 entries

P

0

Y jX

(y

j

jx

i

) =

8

<

:

P

Y jX

(y

j

jx

i

)�

n

i

Æ

m�n

i

; if P

Y jX

(y

j

jx

i

) 6= 0;

Æ; if P

Y jX

(y

j

jx

i

) = 0;

(4.53)

su
h that E

J

(Q;W

0

) 
onverges to E

J

(Q;W ) if Æ goes to 0, where n

i

is the number of

zero's in row i, for ea
h i = 1; 2; :::; jX j and j = 1; 2; :::; jYj. For example, the BEC 
an
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).

when ε>0.0005, E
J
(Q,W) is determined exactly.

E
J
(Q,W) vanishes     

when ε>0.1206.   

By exact parametric expressions.
By Arimoto’s algorithm.

when ε>0.00025, E
J
(Q,W) is determined exactly.

when ε>0.0001, E
J
(Q,W) is determined exactly.

E
J
(Q,W) vanishes    

when ε>0.0766.  

q=0.1 

q=0.15 

q=0.2 

q=0.1 q=0.15 

E
J
(Q,W) vanishes    

when ε>0.0481.  

q=0.2 

Figure 4.8: The joint sour
e-
hannel exponent lower bound of binary DMS fq; 1� qg

and BSC pairs: Arimoto's algorithm vs exa
t expressions given in Example 4.1

be repla
ed by the new 
hannel

P

0

Y jX

=

2

4

1� �� 0:5Æ �� 0:5Æ Æ

Æ �� 0:5Æ 1� �� 0:5Æ

3

5

; (4.54)

then we 
an apply our algorithm to 
ompute the joint sour
e-
hannel exponent lower

bound for the binary DMS and BEC pairs, see Figure 4.9.

From Figure 4.9 we remark that when we set Æ = 10

�6

, the error resulting from

involving the \noise" Æ is very small. From Figure 4.11, we show the joint sour
e-


hannel exponent lower bound for binary DMS and Z-DMC (des
ribed in Figure 4.10)

pairs, 
omputed using Arimoto's algorithm with Æ = 10

�6

. Note that in the 
ase, no

analyti
al exa
t expression for the exponent lower bound exists.
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q=0.1
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q=0.1, δ=10
−3

.

q=0.2
 
, by exact expressions.

q=0.2
 
, δ=10

−6
.

q=0.3
 
, by exact expressions.

q=0.3
 
, δ=10

−6
.

E
J
(Q,W) is determined exactly when α>0.1. 

E
J
(Q,W) vanishes 

when α=0.534.  

E
J
(Q,W) vanishes 

when α=0.278.  

E
J
(Q,W) vanishes 

when α=0.119.  

E
J
(Q,W) is determined exactly when α>0.043.

E
J
(Q,W) is determined exactly when α>0.016.

Figure 4.9: The joint sour
e-
hannel exponent lower bound of binary sour
e fq; 1� qg

and BEC pairs: Arimoto's algorithm vs exa
t expressions given in Example 4.3
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Figure 4.10: Z-DMC with parameter ".
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E
J
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E
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(Q,W) vanishes when ε>0.112. 

E
J
(Q,W) vanishes when ε>0.042. 

E
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(Q,W) is determined exactly when  ε>10

−5
.

E
J
(Q,W) is determined exactly when  ε>0.01.  

E
J
(Q,W) vanishes when ε>0.31.

Figure 4.11: The joint sour
e-
hannel exponent lower bound of the binary sour
e fq; 1�

qg and Z-DMC pairs, 
omputed using Arimoto's algorithm with Æ = 10

�6

.
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4.2 The Joint Sour
e-Channel Expurgated Lower

Bound

4.2.1 A General Derivation

In Se
tion 3.2, it is mentioned that if some 
ondition about the 
hannel 
hara
-

teristi
s holds (see Corollary 3.1), then the joint sour
e-
hannel 
oding lower bound

satis�es

E

J

(Q;W ) � min

0�R�min(E

x

(1);log jSj)

[E

ex

(R;W ) + e(R;Q)℄:

Based on this 
orollary, we next investigate the analyti
al 
omputation of

min

H(Q)�R�min(log jSj;E

x

(1))

[E

ex

(R;W ) + e(R;Q)℄ ; (4.55)

for any DMS and DMC with zero-error 
apa
ity equal to 0. Like the random-
oding

lower bound E

r

(R;W ), sin
e

E

ex

(R;W ) = max

��1

[��R + E

x

(�)℄;

by setting the derivative of [��R + E

x

(�)℄ with respe
t to � to zero, we obtain the

parametri
 expressions of R and E

ex

(R;W ) in terms of �

�

(�

�

maximizes [��R+E

x

(�)℄

in [1,+1), see [4, p. 155℄). When 0 < R � R

0


r

=

�E

x

(�

�

)

��

�

�

�

�

�

�

=1

;

E

ex

(R;W ) = E

x

(�

�

)� �

�

�E

ex

(�

�

)

��

�

; (4.56)

�E

x

(R;W )

�R

= ��

�

; (4.57)

i.e., ��

�

is the slope of E

ex

(R;W ), where R(�

�

) =

�E

x

(�

�

)

��

�

is a de
reasing fun
tion in

�

�

(1 � �

�

< +1). When R

0


r

< R < E

x

(1), the slope is -1 and hen
e

E

ex

(R;W ) = E

x

(1)� R: (4.58)
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R

0


r

is des
ribed in Lemma 2.2. It is very similar to the 
riti
al rate R


r

but it is smaller

than R


r

. In words, for 0 � R � R

0


r

(or (1 � �

�

< +1)), E

ex

(R;W ) is stri
tly 
onvex

in R and the slope is ��

�

. For R

0


r

� R � E

x

(1) (or �

�

= 1), E

ex

(R;W ) is a straight

line with slope -1. First, we assume that log jSj > R

0


r

. For the sake of 
onvenien
e,

we may write (4.55) as

min

H(Q)�R�min(log jSj;E

x

(1))

[E

ex

(R;W ) + e(R;Q)℄

= min

H(Q)�R�min(log jSj;E

x

(1))

�

E

ex

(R;W ) + min

P :H(P )=R

D(P k Q)

�

= min

P;R:H(Q)�R=H(P )�min(E

x

(1);log jSj)

[E

ex

(R;W ) +D(P k Q)℄

= min

�

min

P;R:H(Q)�R=H(P )�R

0


r

[E

ex

(R;W ) +D(P k Q)℄ ;

min

P;R:R

0


r

�R=H(P )�min(E

x

(1);log jSj))

[E

x

(1)�R +D(P k Q)℄

�

= min

�

min

P;R:H(Q)�R=H(P )�R

0


r

[E

ex

(R;W ) +D(P k Q)℄ ;

min

R

0


r

�H(P )�min(E

x

(1);log jSj))

[E

x

(1)�H(P ) +D(P k Q)℄

�

: (4.59)

By applying Lagrange multipliers, we obtain

min

P;R:R=H(P )

2

4

E

ex

(R;W ) +

jSj

X

i=1

p

i

log

p

i

q

i

3

5

= max

�

[E

x

(�)� E

s

(�)℄;

where the minimum of the left side is attained at p

i

=

q

1

1+�

�

i

P

jSj

i=1

q

1

1+�

�

i

, i = 1; :::; jSj, and

rate R

0

m

, H

 

q

1

1+�

�

i

P

jSj

i=1

q

1

1+�

�

i

!

, where �

�

maximizes E

x

(�)�E

s

(�). On the other hand, it

is easily seen that

E

x

(1)�H(P ) +D(P k Q) = E

x

(1)� 2

jSj

X

i=1

p

i

log

p

i

p

q

i

is a 
onvex fun
tion in the distribution P = fp

1

; p

2

; :::; p

jSj

g and the minimization of

the above formula with respe
t to P is attained at p

i

=

p

q

i

P

jSj

i=1

p

q

i

, i = 1; :::; jSj, and
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hen
e the minimum of the left side is attained at rate R

0

m

, H

�

p

q

i

P

jSj

i=1

p

q

i

�

. Now we


onsider the following two 
ases: H

�

p

q

i

P

jSj

i=1

p

q

i

�

� R

0


r

and H

�

p

q

i

P

jSj

i=1

p

q

i

�

� R

0


r

.

Case 1: If H

�

p

q

i

P

jSj

i=1

p

q

i

�

� R

0


r

, then it 
an be shown that �

�

� 1 and hen
e R

m

� R

0


r

.

Therefore,

min

P;R:H(Q)�R=H(P )�R

0


r

[E

ex

(R;W ) +D(P k Q)℄

= min

P;R:R=H(P )

2

4

E

ex

(R;W ) +

jSj

X

i=1

p

i

log

p

i

q

i

3

5

= E

x

(�

�

)� E

s

(�

�

)

= E

ex

(R

m

;W ) + e(R

m

; Q): (4.60)

Sin
e R

0

m

= H

�

p

q

i

P

jSj

i=1

p

q

i

�

� R

0


r

, it follows by Lemma 4.3 that

min

R

0


r

�H(P )�min(E

x

(1);log jSj))

[E

x

(1)�H(P ) +D(P k Q)℄ = E

ex

(R

0


r

;W ) + e(R

0


r

; Q):

(4.61)

Comparison of (4.60) with (4.61) reveals that

min

H(Q)�R�min(log jSj;E

x

(1))

[E

ex

(R;W ) + e(R;Q)℄ = max

��1

[E

x

(�)� E

s

(�)℄: (4.62)

Case 2: If R

0


r

� H

�

p

q

i

P

jSj

i=1

p

q

i

�

, then it 
an be shown that �

�

� 1 and hen
e R

m

� R

0


r

.

By Lemma 4.3,

min

P;R:H(Q)�R=H(P )�R

0


r

[E

ex

(R;W ) +D(P k Q)℄ = E

ex

(R

0


r

;W ) + e(R

0


r

; Q): (4.63)

Conversely, sin
e R

0

m

= H

�

p

q

i

P

jSj

i=1

p

q

i

�

� R

0


r

,

min

R

0


r

�H(P )�min(E

x

(1);log jSj))

[E

x

(1)�H(P ) +D(P k Q)℄ = E

ex

(R

0

m

;W ) + e(R

0

m

; Q);

(4.64)
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Comparison of (4.63) with (4.64) yields

min

H(Q)�R�min(log jSj;E

x

(1))

[E

ex

(R;W ) + e(R;Q)℄

= E

ex

(R

0

m

;W ) + e(R

0

m

; Q)

= E

x

(1)� E

s

(1): (4.65)

Finally, re
all that we �rst assumed that log jSj > R

0


r

. If log jSj � R

0


r

, we still have

min

H(Q)�R�min(log jSj;E

x

(1))

[E

ex

(R;W ) + e(R;Q)℄

= min

H(Q)�R�log jSj

[E

x

(1)� R + e(R;Q)℄

= E

x

(1)� E

s

(1): (4.66)

A

ordingly, we have the following theorem.

Theorem 4.2 Consider a DMS and a DMC with zero-error 
apa
ity equal to 0, if

E

ex

(R;W ) = max

P

E

ex

(R;P;W ) is attained for a P not depending on R, then the

joint sour
e-
hannel exponent expurgated lower bound of Corollary 3.1 is equal to

E

J

(Q;W ) � max

��1

[E

x

(�)� E

s

(�)℄; (4.67)

attaining at rate R

0

m

= H

 

q

1

1+b�

i

P

jSj

i=1

q

1

1+b�

i

!

, where b� a
hieves (4.67).

Proposition 4.2 (Comparison of Random-Coding Lower Bound with Expurgated Lower

Bound to E

J

(Q;W )) The random-
oding lower bound is better than the expurgated

lower bound to E

J

(Q;W ) i� H

�

p

q

i

P

jSj

i=1

p

q

i

�

> R


r

; The random-
oding lower bound is

equal to the expurgated lower bound to E

J

(Q;W ) i� R

0


r

� H

�

p

q

i

P

jSj

i=1

p

q

i

�

� R


r

; The

random-
oding lower bound is improved by the expurgated lower bound to E

J

(Q;W ) i�

H

�

p

q

i

P

jSj

i=1

p

q

i

�

< R

0


r

, i.e.,

E

J

(Q;W ) � max

��1

[E

x

(�)� E

s

(�)℄ � max

0�
�1

[E

o

(
)� E

s

(
)℄;

i� H

�

p

q

i

P

jSj

i=1

p

q

i

�

< R

0


r

=

�E

x

(�)

��

�

�

�

�=1

.
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Proof: When H

�

p

q

i

P

jSj

i=1

p

q

i

�

< R

0


r

, it also implies that H

�

p

q

i

P

jSj

i=1

p

q

i

�

< R


r

. Then

the random-
oding lower bound is attained at R

m

= H

�

p

q

i

P

jSj

i=1

p

q

i

�

and the expurgated

lower bound is attained at R

0

m

= H

 

q

1

1+b�

i

P

jSj

i=1

q

1

1+b�

i

!

where b� > 1. It follows that the

random-
oding lower bound to E

J

(Q;W ) is given by

E

r

(R

m

;W ) + e(R

m

; Q) < E

r

(R

0

m

;W ) + e(R

0

m

; Q)

< E

ex

(R

0

m

;W ) + e(R

0

m

; Q);

whi
h is equal to the expurgated lower bound to E

J

(Q;W ).

When R

0


r

� H

�

p

q

i

P

jSj

i=1

p

q

i

�

� R


r

, the random-
oding lower bound is equal to

E

o

(1) � E

s

(1), and the expurgated lower bound is equal to E

x

(1) � E

s

(1). Thus the

two lower bounds are identi
al sin
e E

o

(1) = E

x

(1).

When H

�

p

q

i

P

jSj

i=1

p

q

i

�

> R


r

, it also implies that H

�

p

q

i

P

jSj

i=1

p

q

i

�

> R

0


r

. Then the

random-
oding lower bound is attained at R

m

= H

 

q

1

1+e�

i

P

jSj

i=1

q

1

1+e�

i

!

where 0 < e� < 1 and

the expurgated lower bound is attained at R

0

m

= H

�

p

q

i

P

jSj

i=1

p

q

i

�

. It follows that the

random-
oding lower bound to E

J

(Q;W ) is

E

r

(R

m

;W ) + e(R

m

; Q) > E

ex

(R

m

;W ) + e(R

m

; Q)

> E

ex

(R

0

m

;W ) + e(R

0

m

; Q);

whi
h is the expurgated lower bound to E

J

(Q;W ). �

4.2.2 DMS over Equidistant DMC

From [2℄, we know that a 
hannel input distribution P

0

attains the E

x

(�) (des
ribed

in (2.19)) if and only if it maximizes E

ex

(R;P

0

;W ) (des
ribed in (3.8)), and su
h a P

0

with the 
orresponding �

0

(�

0

a
hieves E

ex

(R;W )) satis�es the Kuhn-Tu
ker 
onditions

X

x

P

0

(x) exp

�

�

1

�

0

d

B

(x; ex)

�

= 
 (4.68)
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for every ex 2 X with P (ex) > 0, where 
 does not depend on ex (see [3, p. 193℄).

De�nition 4.4 (Equidistant Channel) A DMC W , P

Y jX

is 
alled equidistant if there

exists a number � > 0 su
h that for all pairs of inputs x 6= ex,

X

y

q

P

Y jX

(yjx)P

Y jX

(yjex) = �: (4.69)

For example, all binary input 
hannels are equidistant.

Remark: By H�older's inequality [4℄ it is easy to see that

� � [

X

y

P

Y jX

(yjx)℄

1

2

[

X

y

P

Y jX

(yjex)℄

1

2

= 1:

This implies that all equidistant DMC's have zero-error 
apa
ity equal to 0 sin
e

E

ex

(0;W ) = lim

R!0

E

ex

(R;W )

= �

X

x;ex

P

X

(x)P

X

(ex) log

"

X

y

q

P

Y jX

(yjx)P

Y jX

(yjex)

#

= �

X

x;ex:ex6=x

P

X

(x)P

X

(ex) log� �

X

x

P

2

X

(x) log

"

X

y

P

Y jX

(yjx)

#

= �

X

x;ex:ex6=x

P

X

(x)P

X

(ex) log� < +1;

for every P

X

su
h that P

X

(x) > 0 for every x 2 X , whi
h is a suÆ
ient and ne
essary


ondition for a DMC with zero-error 
apa
ity equal to 0, see [3, p. 187℄. Moreover, for

an equidistant 
hannel, it 
an be easily veri�ed that Kuhn-Tu
ker 
onditions (4.68) are

satis�ed by uniform input distributions.

Lemma 4.5 For an equidistant 
hannel, E

x

(�) is a
hieved in the range � � 1 by a


hannel input distribution

P

X

(x) =

�

1

N

�

; 8 x 2 X :

The above property of equidistant 
hannels was �rst given by Jelinek [6, p.231℄.
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Lemma 4.6 [2℄ For a given DMS fQ : Sg and an equidistant DMC fW : X ! Yg,

the joint sour
e-
hannel exponent satis�es

E

J

(Q;W ) � min

H(Q)�R�min(log jSj;C)

[E

ex

(R;W ) + e(R;Q)℄:

By Lemma 4.5, we 
an write E

x

(�) (des
ribed in (2.19)) as

E

x

(�) = �� log

�

N � 1

N

�

1

�

+

1

N

�

for � � 1; (4.70)

where N is the input alphabet size. Now applying Theorem 4.2, yields the following

result.

Corollary 4.2 For a given DMS fQ : Sg and an equidistant DMC fW : X ! Yg

with parameter �, if

H

 

p

q

i

P

jSj

i=1

p

q

i

!

+ log

�

jX j � 1

jX j

� +

1

jX j

�

�

� log �

� +

1

jX j�1

; (4.71)

the improved joint sour
e-
hannel 
oding lower bound satis�es

E

�

(Q;W ) � E

x

(�

1

)� E

s

(�

1

); (4.72)

where �

1

is the root of the equation

H

0

�

q

1

1+�

i

P

jSj

i=1

q

1

1+�

i

1

A

+ log

�

jX j � 1

jX j

�

1

�

+

1

jX j

�

=

(�� 1)�

1

�

log �

�

1

�

+

1

jX j�1

; (4.73)

and E

x

(�) is given in (4.70).

Example 4.4 Consider a binary DMS fq; 1� qg and a BEC with parameter � (note

that for the BEC, the parameter � is equal to �),

E

x

(�) = �� � log

�

�

1

�

+ 1

�

: (4.74)

From Figure 4.12, we see that if the pair (�; q) is lo
ated only in region C

2

, then
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Figure 4.12: The regions for the (�; q) pairs in the binary DMS and BEC system.

the joint sour
e-
hannel exponent lower bound 
an be improved by (4.72) (regions A

and B were already des
ribed in Figure 4.7; also, C

1

S

C

2

= C where C is des
ribed in

Figure 4.7). For example, if the sour
e distribution is Q=f0.1,0.9g, the lower bound

is improved for � < 0:0297, and if Q=f0.2,0.8g, it is improved for � < 0:0102, see

Figure 4.13.

4.3 The Joint Sour
e-Channel Sphere-Pa
king Up-

per Bound

The 
omputation for the joint sour
e-
hannel 
oding upper bound is similar to that

for the lower bound (of Se
tion 4.1), so we dire
tly state the results.
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lower bound is improved by expurgated lower bound. 

Figure 4.13: Improved expurgated lower bound for the binary DMS and BEC system.

Theorem 4.3 Given a DMS fQ : Sg and a DMC fW : X ! Yg su
h that H(Q) < C,

the joint-sour
e 
hannel 
oding reliability fun
tion satis�es

E

J

(Q;W ) � max

��0

[E

o

(�)� E

s

(�)℄; (4.75)

where equality holds if max

��0

[E

o

(�)� E

s

(�)℄ is attained at � 2 [0; 1℄.

Note that if R

1

= lim

�!1

E

o

(�)

�

< log jSj, then the upper bound in Theorem 4.3 is

�nite; otherwise, it is in�nite. Also, by Proposition 4.1, H(Q) < C and R

1

< log jSj

guarantee that E(�) , E

o

(�)� E

s

(�) has a global maximum at a �nite positive �.

Proposition 4.3 Denoting b� , argmax

��0

E(�), then the sphere-pa
king upper bound

of E

J

(Q;W ) is attained at rate R

m

= H

 

q

1

1+b�

i

P

jSj

i=1

q

1

1+b�

i

!

.
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Corollary 4.3 Consider a DMS fQ : Sg and a quasi-symmetri
 DMC fW : X ! Yg.

W 
an be partitioned along its 
olumns into symmetri
 sub-matri
es W

1

;W

2

; :::;W

s

,

ea
h W

i

having size jX j� jY

i

j. Denote the transition probabilities in any 
olumn of the

symmetri
 sub-matrix W

i

by

�

p

i;1

; p

i;2

; :::; p

i;jX j

	

, i = 1; 2; :::; s.

If

1

jX j

P

s

i=1

jY

i

j

�

P

jX j

j=1

p

ij

�

H

�

p

ij

P

jXj

j=1

p

ij

�

+H(Q) � log jX j, then the joint sour
e-
hannel


oding exponent upper bound is given by

E

J

(Q;W ) � (1 + �

�

) log jX j � log

8

>

<

>

:

2

6

4

s

X

i=1

jY

i

j

0

�

jX j

X

j=1

p

1

1+�

�

ij

1

A

1+�

�

3

7

5

0

�

jSj

X

i=1

q

1

1+�

�

i

1

A

1+�

�

9

>

=

>

;

;

(4.76)

where �

�

is the root of equation

P

s

i=1

jY

i

j

 

P

jXj

j=1

p

1

1+�

ij

!

1+�

H

0

B

�

p

1

1+�

ij

P

jXj

j=1

p

1

1+�

ij

1

C

A

P

s

i=1

jY

i

j

 

P

jXj

j=1

p

1

1+�

ij

!

1+�

+H

 

q

1

1+�

i

P

jSj

i=1

q

1

1+�

i

!

= log jX j:

Equality holds in (4.76) if and only if 0 � �

�

� 1.

Note that for

1

jX j

P

s

i=1

jY

i

j

�

P

jX j

j=1

p

ij

�

H

�

p

ij

P

jXj

j=1

p

ij

�

+H(Q) � log jX j, E

J

(Q;W ) = 0.

Remark: For the quasi-symmetri
 DMC,

R

1

= lim

�!1

(1 + �) log jX j � log

(

P

s

i=1

jY

i

j

�

P

jX j

j=1

p

1

1+�

ij

�

1+�

)

�

= log jX j � lim

�!1

P

s

i=1

jY

i

j

�

P

jX j

j=1

p

1

1+�

ij

�

1+�

H

 

p

1

1+�

ij

P

jXj

j=1

p

1

1+�

ij

!

P

s

i=1

jY

i

j

�

P

jX j

j=1

p

1

1+�

ij

�

1+�

= 0:

Example 4.5 (Binary DMS over BSC) For a binary DMS and a BSC with error

transition probability ", the joint sour
e-
hannel exponent upper bound is

E

J

(Q;W ) � �

�

� (1 + �

�

) log

h�

"

1

1+�

�

+ (1� ")

1

1+�

�

��

q

1

1+�

�

+ (1� q)

1

1+�

�

�i

;
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if h

b

(q) + h

b

(") � 1, where �

�

is the root of

h

b

 

"

1

1+�

"

1

1+�

+ (1� ")

1

1+�

!

+ h

b

 

q

1

1+�

q

1

1+�

+ (1� q)

1

1+�

!

= 1:

In Figure 4.14, we show the above upper bound and 
ompare it to the lower bound of

(4.35).
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=0.15.
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The random−coding lower bound and sphere−packing upper bound 

coincide with each other when ε>0.005.

The random−coding lower bound and sphere−packing upper bound               

coincide with each other when ε>0.0025.

Figure 4.14: The random-
oding lower bound and the sphere-pa
king upper bound for

the joint sour
e-
hannel reliability fun
tion for the binary DMS and BSC system.

Example 4.6 (DMS over N-ary SSC) For a M-ary DMS and N-ary SSC with error

parameter ", the joint sour
e-
hannel exponent upper bound is given by

E

J

(Q;W ) � �

�

logN�(1+�

�

) log

"

�

(1� ")

1

1+�

�

+ (N � 1)(

"

N � 1

)

1

1+�

�

�

 

M

X

i=1

q

1

1+�

�

i

!#
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if h

b

(") + " log(N � 1) + h

b

(Q) � logN , where �

�

is the root of

h

b

 

(N � 1)(

"

N�1

)

1

1+�

(1� ")

1

1+�

+ (N � 1)(

"

N�1

)

1

1+�

!

+ h

b

0

�

q

1

1+�

i

P

M

i=1

q

1

1+�

i

1

A

= logN:

Example 4.7 For any binary DMS and BEC pairs, the joint sour
e-
hannel exponent

upper bound is given by

E

J

(Q;W ) � �

�

� log[(1� �) + �2

�

�

℄� (1 + �

�

) log[q

1

1+�

�

+ (1� q)

1

1+�

�

℄ (4.77)

where �

�

is the root of

h

b

 

q

1

1+�

q

1

1+�

+ (1� q)

1

1+�

!

=

1� �

(1� �) + �2

�

: (4.78)

This upper bound is shown in Figure 4.15 along with the lower bound of (4.35).

4.4 Dis
ussion

4.4.1 Equivalen
e of Csisz�ar's and Gallager's Random-Coding

Lower Bounds

De�nition 4.5 (Gallager Exponent E

G

(Q;W ))The Gallager joint sour
e-
hannel ex-

ponent for a given DMS with generi
 distribution Q and �nite alphabet S over a DMC

with transition probability W , P

Y jX

input alphabet X and output alphabet Y is de�ned

by

E

G

(Q;W ) = max

0���1

[E

o

(�)� E

s

(�)℄ ; (4.79)

where E

o

(�) and E

s

(�) are Gallager's 
hannel fun
tion and sour
e fun
tion.
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Figure 4.15: The random-
oding lower bound and the sphere-pa
king upper bound for

the joint sour
e-
hannel reliability fun
tion for the binary DMS and BEC system.

Theorem 4.4 [4; P roblem 5:16℄ For given DMS with input alphabet S and generi


distribution Q and DMC W with generi
 transition distribution W , P

Y jX

,

E

J

(Q;W ) � E

G

(Q;W ): (4.80)

In [1℄, Csisz�ar states that Gallager's joint sour
e-
hannel 
oding lower bound 
an be

larger than the tandem exponent (de�ned in (4.81)). However, he does not seem to be

aware that Gallager's bound is indeed equal to min

R

[e(R)+E

r

(R)℄. This is indeed the


ase sin
e the two lower bounds in Theorem 4.4 and in Theorem 4.1 are surprisingly

identi
al. Note however that the te
hnique employed by Csisz�ar to prove Theorem 3.1

in [1℄ is quite di�erent from Gallager's method to prove Theorem 4.4. Furthermore,
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Csisz�ar did not only give the lower bound, but he also established an upper bound.

With this two bounds, we 
an hen
e determine the exponent exa
tly for a large 
lass

of sour
e-
hannel pairs (see Figures 4.2, 4.4 and 4.7).

4.4.2 Comparison with the Tandem Sour
e-Channel Expo-

nent

By 
on
atenating optimal sour
e and 
hannel 
odes, one 
an a
hieve exponential


onvergen
e of the error probability to 0 with exponent

E

T

(Q;W ) , max

R

min fe(R;Q); E(R;W )g ; (4.81)

where E

T

(Q;W ) is 
alled the tandem sour
e-
hannel reliability fun
tion. We note that

E

T

(Q;W ) is positive if and only if H(Q) < C. Otherwise, E

T

(Q;W ) is zero. Sin
e

e(R;Q) is in
reasing in R and E(R;W ) is de
reasing in R, and noting that

max

R

e(R;Q) = max

H(Q)�R�log jSj

min

P :H(P )=R

D(P k Q)

= min

P :H(P )=log jSj

D(P k Q)

=

jSj

X

i=1

1

jSj

log

1

jSj

q

i

= � log(jSjq);

where q is the geometri
 mean of the sour
e probabilities, i.e. q , (

Q

jSj

i=1

q

i

)

1

jSj

�

1

jSj

, if

� log(jSjq) � E(log jSj;W ), then e(R;Q) and E(R;W ) has an interse
tion R

o

and

E

T

(Q;W ) = e(R

o

; Q) = E(R

o

;W ):

Otherwise, a

ording to (4.81),

E

T

(Q;W ) = max

R

min fe(R;Q); E(R;W )g = max

R

e(R;Q) = � log(jSjq)
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is determined only by the sour
e. If the interse
tion R

o

exists and R

o

� R


r

, the

tandem exponent 
an be determined exa
tly, if R

o

< R


r

, we 
an bound the tandem

exponent by

max

R

min fe(R;Q); E

L

(R;W )g � E

T

(Q;W ) � max

R

min fe(R;Q); E

U

(R;W )g ; (4.82)

where E

L

(R;W ) is a lower bound and E

U

(R;W ) is an upper bound for the 
hannel

reliability fun
tion E(R;W ). Similarly, if we use E

r

(R;W ) as E

L

(R;W ), then we 
all

it the \random-
oding lower bound" to E

T

(Q;W ); if we use E

sp

(R;W ) as E

U

(R;W ),

then we 
all it the \sphere-pa
king upper bound" to E

T

(Q;W ).

In general, we know that E

J

(Q;W ) � E

T

(Q;W ) sin
e tandem 
oding is a spe
ial


ase of joint sour
e-
hannel 
oding. We are hen
e interested in determining the 
on-

dition for whi
h E

J

(Q;W ) > E

T

(Q;W ). Note that if e(R;Q) and the random-
oding

lower bound of E(R;W ) have no interse
tion, i.e., � log(jSjq) < E

r

(log jSj;W ), then

E

J

(Q;W ) is stri
tly bigger than E

T

(Q;W ) sin
e for any H(Q) � R � minfC; log jSjg,

E

J

(Q;W ) � E

r

(R;W ) + e(R;Q) � E

r

(R;W ) > � log(jSjq) = E

T

(Q;W ):

So in the rest of this se
tion, we assume that � log(jSjq) � E

r

(log jSj;W ) and H(Q) <

C.

Proposition 4.4 If max

�

H

�

p

q

i

P

jSj

i=1

p

q

i

�

; E

o

(1)� e(R


r

; Q)

�

� R


r

, then E

J

(Q;W ) >

E

T

(Q;W ), where R


r

is the 
riti
al rate of the 
hannel.

Proof: By Proposition 4.1, if the DMS and the DMC satisfy

H

 

p

q

i

P

jSj

i=1

p

q

i

!

� R


r

;

the random-
oding lower bound of E

J

(Q;W ) must be attained at an R

m

su
h that

R


r

� R

m

. Note that sin
e we assumed that H(Q) < C, then

H(Q) < R

m

< minfC; log jSjg;
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sin
e R

m

= H(Q) or R

m

= C if and only if H(Q) = C. A

ordingly, the joint

sour
e-
hannel exponent is exa
tly determined and we have

E

J

(Q;W ) = e(R

m

; Q) + E

sp

(R

m

;W )

> max

R

minfe(R;Q); E

sp

(R;W )g (sin
e both terms are positive)

� E

T

(Q;W ): (by (4.82))

Similarly, if the interse
tion rate R

o

of e(R;Q) and E(R;W ) satis�es R

o

� R


r

, then

the tandem sour
e-
hannel exponent is exa
tly determined and we have

E

T

(Q;W ) = E

r

(R

o

;W ) = e(R

o

; Q)

� max(e(R

m

; Q); E

r

(R

m

;W ))

< e(R

m

; Q) + E

r

(R

m

;W ) (sin
e both terms are positive)

= E

J

(Q;W ):

Finally, we 
omplete the proof by observing that

E

r

(R


r

;W ) = E

o

(1)� R


r

� e(R


r

; Q)

is an equivalent 
ondition for R

o

� R


r

. �

From Figures 4.2, 4.4, and 4.7, we note that if the sour
e and 
hannel pair is

lo
ated in region B, then the 
orresponding joint sour
e-
hannel exponent is bigger

than the tandem exponent be
ause H

�

p

q

i

P

jSj

i=1

p

q

i

�

> R


r

holds. We next give some

numeri
al examples in order to illustrate the extent to whi
h E

J

(Q;W ) 
an be bigger

than E

T

(Q;W ), when the 
ondition max

�

H(

p

q

i

P

jSj

i=1

p

q

i

); E

o

(1)� e(R


r

; Q)

�

� R


r

is

satis�ed.

Example 4.8 In Figure 4.16, we 
ompare the joint sour
e-
hannel exponent with

the tandem exponent for binary DMS fq; 1 � qg and BSC pairs. When q = 0:1,

H

�

p

q

i

P

jSj

i=1

p

q

i

�

� R


r

is satis�ed for " � 0:0005, while E

o

(1) � e(R


r

; Q) � R


r

is
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satis�ed for " � 0:0012, whi
h implies that E

J

(Q;W ) > E

T

(Q;W ) if " � 0:0005.

We only show the two exponents for " � 0:0012, sin
e E

T

(Q;W ) is determined ex-

a
tly for " � 0:0012. (Note that for 0:0005 < " < 0:0012, we still 
an obtain the

lower and upper bounds of E

T

(Q;W ).) When q = 0:2, both H

�

p

q

i

P

jSj

i=1

p

q

i

�

� R


r

and

E

o

(1) � e(R


r

; Q) > R


r

are satis�ed for " > 0:0001, so E

J

(Q;W ) > E

T

(Q;W ) for

" � 0:0001.
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Figure 4.16: Joint sour
e-
hannel exponent vs Tandem exponent for binary DMS fq; 1�

qg and BSC with parameter ".

Example 4.9 In Figure 4.17, we 
ompare the joint sour
e-
hannel exponent with

the tandem exponent for binary DMS fq; 1 � qg and BEC pairs. When q = 0:2,

H

�

p

q

i

P

jSj

i=1

p

q

i

�

� R


r

is satis�ed for � � 0:0426, while E

o

(1)� e(R


r

; Q) � R


r

is sat-

is�ed for � � 0:0702, whi
h implies that E

J

(Q;W ) > E

T

(Q;W ) if � � 0:0426.

When q = 0:3, H

�

p

q

i

P

jSj

i=1

p

q

i

�

� R


r

is satis�ed for � � 0:0161, while E

o

(1) �
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e(R


r

; Q) � R


r

is satis�ed for � � 0:0272. Thus E

J

(Q;W ) > E

T

(Q;W ) if � � 0:0161.

Note that for � < 0:0161, we are not sure if E

J

(Q;W ) is stri
tly bigger than E

T

(Q;W );

in other words, the tandem exponent 
an be equal to the joint sour
e-
hannel exponent.
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The sphere−packing upper bound of E
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E
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E
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E
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E
T
(Q,W) is determined exactly when α>0.0271.

Figure 4.17: Joint sour
e-
hannel exponent vs tandem exponent for binary DMS fq; 1�

qg and BEC with parameter �.

From Figures 4.16 and 4.17, we remark that the the joint sour
e-
hannel exponent


an be substantially larger than the tandem exponent.

Now 
onsider a DMS and DMC pair su
h that

max

 

H

 

p

q

i

P

jSj

i=1

p

q

i

!

; E

o

(1)� e(R


r

; Q)

!

< R


r

;

then the joint sour
e 
hannel exponent is attained at R

m

su
h that R

m

< R


r

, and the

interse
tion of e(R;Q) and E(R;W ) o

urs at a rate less than R


r

. In this 
ase, neither
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E

J

(Q;W ) nor E

T

(Q;W ) are exa
tly known. If the lower bound of E

J

(Q;W ) is stri
tly

bigger than the upper bound of E

T

(Q;W ), then we must have E

J

(Q;W ) > E

T

(Q;W ).

Hen
e we obtain the following proposition.

Proposition 4.5 If there exists an R

1

su
h that e(R

1

; Q) = E

sp

(R

1

;W ), then when

E

o

(1)� E

s

(1) > e(R

1

; Q), we have E

J

(Q;W ) > E

T

(Q;W ); if su
h R

1

does not exist,

then when E

o

(1)� E

s

(1) > � log (jSjq), we also have E

J

(Q;W ) > E

T

(Q;W ).

Proof: By Theorem 4.1, it follows that

E

J

(Q;W ) � E

o

(1)� E

s

(1):

Now if e(R;Q) and E

sp

(R;W ) has an interse
tion at R

1

, then E

sp

(R

1

;W ) = e(R

1

; Q) �

e(R

o

; Q) = E

T

(Q;W ) sin
e R

1

must be no less than R

o

. If su
h R

1

does not exist,

whi
h means E

sp

(R;W ) > e(R;Q) for all R, then a

ording to our assumption,

E

o

(1)� E

s

(1) > � log (jSjq) = max

R

e(R;Q) � E

T

(Q;W ):

�

Proposition 4.5 is a suÆ
ient 
ondition to judge whether the joint sour
e-
hannel


oding exponent outperforms the tandem 
oding exponent if both the E

J

(Q;W ) and

E

T

(Q;W ) 
annot been determined exa
tly. But as we know, the sphere-pa
king upper

bound for the 
hannel reliability fun
tion is not tight for small rates. Thus some DMS

and DMC pairs may not satisfy the 
ondition E

o

(1)�E

s

(1) > e(R

1

; Q), even when the


orresponding E

J

(Q;W ) is mu
h bigger than E

T

(Q;W ). Therefore, we 
an repla
e the

sphere-pa
king upper bound by the straight-line bound, whi
h is mu
h tighter when R

is small, for the DMC for whi
h E

ex

(0;W ) <1.

De�nition 4.6 [4, P.160℄ (Straight-Line exponent E

sl

(R;W )) For any DMC su
h that

E

ex

(0;W ) < 1, E

sl

(R;W ) is the smallest linear fun
tion of R being tangent to the


urve E

sp

(R;W ) and also satis�es E

sl

(0;W ) = E

ex

(0;W ).
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Theorem 4.5 [4℄ (Straight-Line Upper Bound) For a DMC su
h that E

ex

(0;W ) <1,

let R

s

be the R for whi
h E

sl

(R;W ) = E

sp

(R;W ), then

E(R;W ) � E

sl

(R;W ) (4.83)

for 0 < R < R

s

.
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Figure 4.18: Straight-line upper bound.

Proposition 4.6 For any DMC su
h that E

ex

(0;W ) < 1, if there exists an inter-

se
tion R

1

su
h that e(R

1

; Q) = E

sl

(R

1

;W ), then when E

o

(1)� E

s

(1) > e(R

1

; Q), we

have E

J

(Q;W ) > E

T

(Q;W ).

Remark: To verify whether E

J

(Q;W ) > E

T

(Q;W ) for a DMS and DMC pair, we

normally employ Proposition 4.4 �rst. If the 
ondition is not satis�ed, we use Proposi-

tion 4.6. If there is no interse
tion between E

sl

(R;W ) and e(R;Q) or E

ex

(0;W ) =1,

we then 
onsider Proposition 4.5.

In pra
ti
e, for a DMS and an arbitrary DMC (not symmetri
), it is not easy to

determine the interse
tion of e(R;Q) and E

sp

(R;W ) or E

sl

(R;W ), be
ause the 
om-

putation of E

sp

(R;W ) and R

s

is hard. But we 
an 
ompute E

o

(�) and E

r

(R;W ) easily
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with Arimoto's algorithm [10℄. We next introdu
e some simpler but weaker suÆ
ient


onditions.

Proposition 4.7 If E

o

(1)� E

s

(1) > e(R


r

; Q), then E

J

(Q;W ) > E

T

(Q;W ).

Proof: If R

o

� R


r

, then Proposition 4.4 is satis�ed. If R

o

< R


r

, then e(R


r

; Q) >

e(R

1

; Q), and Proposition 4.5 is satis�ed, where R

1

is the interse
tion of e(R;Q) and

E

sp

(R;W ). �

For a DMC su
h that E

ex

(0;W ) < 1, we may denote the upper bound of the


hannel reliability fun
tion as

E

s

(R;W ) =

8

<

:

E

sl

(R;W ); 0 � R � R

s

;

E

sp

(R;W ); R

s

� R � C:

It is easily seen that E

s

(R;W ) is also 
onvex in R. Now 
onne
t (0; E

ex

(0;W )) and

(R


r

; E

ex

(R


r

;W )) with a line, denoted by l

1

, and 
onne
t (R

m

; e(R

m

; Q)) and (log jSj,

e(log jSj; Q)) with a line, denoted by l

2

. Suppose the interse
tion of the two 
urves

E

s

(R;W ) and e(R;Q) is (R

1

; e(R

1

; Q)), and the interse
tion of l

1

and l

2

is (R

l

; E

R

l

).

Be
ause of the 
onvexity of e(R;Q) and E

s

(R;W ), E

R

l

must be bigger than e(R

1

; Q).

Thus the 
ondition E

o

(1)� E

s

(1) > E

R

l

ensures that Proposition 4.5 and 4.6 hold.

Proposition 4.8 For a DMS and a DMC for whi
h E

ex

(0;W ) <1, if

E

o

(1)� E

s

(1) � E

R

l

,

k

2

log jSj

�

k

1

+

1

jSj

P

jSj

i=1

log q

i

�

+ k

1

E

ex

(0;W )

k

1

� k

2

;

then E

J

(Q;W ) > E

T

(Q;W ), where

k

1

=

D

�

p

q

i

P

jSj

i=1

p

q

i

k q

i

�

+ log

�

jSj

�

Q

jSj

i=1

q

i

�

1

jSj

�

H

�

p

q

i

P

jSj

i=1

p

q

i

�

� log jSj

and

k

2

=

E

o

(1)� R


r

� E

ex

(0;W )

R


r

:
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Remark: We note that even though Proposition 4.8 is weaker than Propositions 4.5

and 4.6, the 
omputation is mu
h simpler sin
e we only need to know E

o

(1), E

ex

(0;W )

and R


r

.

Example 4.10 Consider the binary DMS fq; 1� qg and the BEC with parameter �,

then

E

o

(1)� E

s

(1) = 1� log(1 + �)� 2 log(

p

q +

p

1� q);

and

E

ex

(0;W ) = �

log(�)

2

:

Note that log jSj = 1 � C, whi
h guarantees that E

s

(R;W ) and e(R;Q) have an

interse
tion. Thus if any one of the 
onditions

(1) H

 

p

q

i

P

jSj

i=1

p

q

i

!

> R


r

;

(2) E

o

(1)� e(R


r

; Q) > R


r

;

(3) E

o

(1)� E

s

(1) > e(R


r

; Q);

(4) E

o

(1)� E

s

(1) � E

R

l

=

k

2

log jSj

�

k

1

+

1

jSj

P

jSj

i=1

log q

i

�

+ k

1

E

ex

(0;W )

k

1

� k

2

;

is satis�ed, then the joint sour
e-
hannel exponent stri
tly outperforms the tandem

exponent. The above 
onditions are illustrated in Figure 4.19, where

A ,

(

(�; q) : H

 

p

q

i

P

jSj

i=1

p

q

i

!

> R


r

)

;

B , f(�; q) : E

o

(1)� e(R


r

; Q) > R


r

g

C , f(�; q) : E

o

(1)� E

s

(1) > e(R


r

; Q)g

D , f(�; q) : E

o

(1)� E

s

(1) > E

R

l

g ;

E , f(�; q) : H(Q) < Cg

F , (A [ B [ C [D) \ E = f(�; q) : E

J

(Q;W ) > E

T

(Q;W )g

G , E = f(�; q) : E

J

(Q;W ) = E

T

(Q;W ) = 0g
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We observe that E

J

(Q;W ) > E

T

(Q;W ) for a large (�; q) pairs, see Region F . Note

that when (�; q) are very small (su
h as in Region H), we are not sure whether the joint

sour
e-
hannel exponent is still stri
tly bigger than the tandem exponent. Some numer-

i
al examples in Figure 4.20 show that the sphere-pa
king upper bound of E

T

(Q;W ) is

bigger than the random-
oding lower bound of E

J

(Q;W ) for q = 0:1 and q = 0:2. In

fa
t, as we will argue later, in Region H there exist some (�; q) pairs, for whi
h the

random-
oding lower bound of E

J

(Q;W ) is smaller than the upper bound of E

T

(Q;W ).

(A
tually we show a stronger result: the tandem exponent E

T

(Q;W ) 
an be bigger than

the lower bound of E

J

(Q;W ).)
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Figure 4.19: The regions for the (�,q) pairs in the binary DMS and BEC systems.

In Figure 4.19 we note that E

o

(1)�E

s

(1) � E

R

l

is satis�ed in a fairly large region

(see Region D), and we also know that the 
ondition E

o

(1)� E

s

(1) � e(R

1

; Q) would

involve more (�; q) pairs, where R

1

is the interse
tion of E

s

(R;W ) and e(R;Q). One
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Figure 4.20: The sphere-pa
king upper bound of tandem exponent 
an be bigger than

the random-
oding lower bound of joint sour
e-
hannel exponent.

may ask whether the lower bound of E

J

(Q;W ) is stri
tly bigger than the upper bound

of E

T

(Q;W ) for all sour
e and 
hannel pairs, where the upper bound 
an be the sphere-

pa
king upper bound, straight-line upper bound or any other known upper bounds.

By Theorem 3.1, E

J

(Q;W ) 
an be bounded by

min

R

[e(R;Q) + E

r

(R;W )℄ � E

J

(Q;W ) � min

R

[e(R;Q) + E(R;W )℄; (4.84)

where H(Q) � R � min(log jSj; C) and E(R;W ) is the 
hannel reliability fun
tion.

Unfortunately, a

ording to (4.82) and (4.84), we 
annot show that E

J

(Q;W ) is stri
tly

bigger than E

T

(Q;W ) for all sour
e and 
hannel pairs. Conversely, we note that there

exist some sour
e-
hannel pairs su
h that the 
orresponding tandem exponent 
an be

bigger than the lower bound of the joint sour
e-
hannel exponent, only if E(R;W ) 6=
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E

r

(R;W ). To show this, we 
an 
hoose a sequen
e of distributions Q = fq

1

; :::; q

jSj

g

su
h that D

�

p

q

i

P

jSj

i=1

p

q

i

k Q

�

! 0

+

, and � log(jSjq) ! 1, and hen
e the random-


oding lower bound of E

J

(Q;W ) is attained at R

m

= H

�

p

q

i

P

jSj

i=1

p

q

i

�

! R

�

o

, where R

o

is the interse
tion of e(R;Q) and E(R;W ). It follows that

E(R

o

;W )� E

r

(R

m

;W ) > e(R

m

; Q) = D

 

p

q

i

P

jSj

i=1

p

q

i

k Q

!

! 0

+

;

whi
h implies,

E

T

(Q;W ) = E(R

o

;W ) > E

r

(R

m

;W ) + e (R

m

; Q) ;

whi
h is the random-
oding lower bound to E

J

(Q;W ). One possible 
hoi
e for the

distribution Q is

q

1

! 0; and q

i

!

1

jSj � 1

; i 6= 1:

4.5 Lossy Joint Sour
e-Channel Exponent with Ham-

ming Distortion Measure

In Se
tion 2.1.2 we noted that in general the sour
e reliability fun
tion F (R;Q;�)

under a distortion threshold � is not 
ontinuous in R and little is known about the

fun
tion F (R;Q;�). Thus it is very hard to analyti
ally 
ompute the joint sour
e-


hannel exponent by using F (R;Q;�). Here we only 
onsider the simplest 
ase: the

joint sour
e-
hannel exponent for a binary DMS and a DMC under the Hamming

distortion measure d

H

(�; �), given by

d

H

(s; es) =

8

<

:

1; if s 6= es;

0; if s = es;

(4.85)
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Lemma 4.7 [7, P.342℄ The rate-distortion fun
tion R(Q;�) for a binary DMS Q =

fq; 1� qg under the Hamming distortion measure is given by

R(Q;�) =

8

<

:

h

b

(q)� h

b

(�); 0 � � � min(q; 1� q);

0; � > min(q; 1� q):

(4.86)

Remark: From Lemma 4.7, we see that if � >

1

2

, then R(Q;�) = 0.

Lemma 4.8 For binary DMS fq; 1�qg (q <

1

2

) under the Hamming distortion measure

and distortion threshold � su
h that � �

1

2

,

1) If 0 � � � q, the sour
e reliability fun
tion

F (R;Q;�) =

8

<

:

min

p:h

b

(p)=R+h

b

(�)

e

D(p k q); h

b

(q)� h

b

(�) � R � 1� h

b

(�);

0; 0 < R � h

b

(q)� h

b

(�);

(4.87)

is 
ontinuous and 
onvex in R;

2) If q < �, the sour
e reliability fun
tion

F (R;Q;�) = min

p:h

b

(p)=R+h

b

(�)

e

D(p k q); 0 < R � 1� h

b

(�) (4.88)

is 
ontinuous and 
onvex in R, where

e

D(p k q) , p log

p

q

+ (1� p) log

1�p

1�q

.

Proof: The proof of 
ontinuity and 
onvexity of F (R;Q;�) is the same as for The-

orem 2.2. Sin
e F (R;Q;�) is in
reasing in R (by Corollary 2.3), it follows that

F (R;Q;�) is stri
tly in
reasing and 
onvex in [h

b

(q)� h

b

(�); 1� h

b

(�)℄ if 0 � � � q,

and (0; 1� h

b

(�)℄ if q < �. Thus

F (R;Q;�) = min

P :R(Q;�)�R

D(P k Q) = min

P :R(Q;�)=R

D(P k Q):

Substituting (4.86) into the right hand side, yields (4.87) and (4.88). �

Sin
e we have obtained the expression of F (R;Q;�), we 
an apply Theorem 3.3
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to 
ompute the joint sour
e-
hannel exponent lower and upper bounds for the binary

DMS fq; 1� qg and any DMC systems, under the Hamming distortion measure. We

remark that the sour
e reliability fun
tion F (R;Q;�) is very similar to e(R;Q). The

only di�eren
e is that the 
onstraint is h

b

(p) = R + 
 here (h

b

(�) 
an be seen as a


onstant 
), instead of h

b

(p) = R. We observe that

inf

R

[E(R;W ) + F (R;Q;�)℄ = min

R

[E(R;W ) + min

h

b

(p)=R+


D(p k q)℄ (4.89)

= min

R

[E(R;W ) + e(R + 
; Q)℄

= min

R

0

[E(R

0

� 
;W ) + e(R

0

; Q)℄

= min

R

0

[E(R

0

;W ) + 
�

0

+ e(R

0

; Q)℄ ;

where E(R;W ) might be E

r

(R;W ) orE

sp

(R;W ) and �

0

a
hieves E

r

(R;W ) orE

sp

(R;W ),

depending on R

0

. Sin
e fun
tion F (R;Q;�) is 
ontinuous in R > 0, we 
hange the

notation `inf' to `min' in (4.89). By introdu
ing Lagrange multipliers to �nd out the

stationary point (R

0

; p), it 
an be shown that min

R=h

b

(p)�


[E(R;W ) + D(p k q)℄ will

have the parametri
 expression [E

o

(�




)� E

s

(�




) + 
�




℄, where �




depends on the 
on-

straint R = h

b

(p)� 
. Sin
e the 
omputation is very similar to that of zero distortion


ase, we skip it and give the following results.

Theorem 4.6 Given a binary DMS fq; 1�qg (q �

1

2

) and a DMC fW : X ! Yg under

the Hamming distortion measure and distortion threshold � (� �

1

2

), and provided

h

b

(q)� h

b

(�) � C and R

1

= lim

�!1

E

o

(�)

�

< 1� h

b

(�);

where C = lim

�!0

E

o

(�)

�

is the 
hannel 
apa
ity , then the joint sour
e-
hannel exponent

satis�es

1) If 0 � � <

p

q

p

q+

p

1�q

, then

E

�

J

(Q;W ) � max

0���1

h

E

o

(�)� (1 + �) log

�

q

1

1+�

+ (1� q)

1

1+�

�

+ �h

b

(�)

i

: (4.90)
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Otherwise, if � �

p

q

p

q+

p

1�q

, then

E

�

J

(Q;W ) > E

o

(1) +

e

D(� k q): (4.91)

2)

E

�

J

(Q;W ) � max

��0

h

E

o

(�)� (1 + �) log

�

q

1

1+�

+ (1� q)

1

1+�

�

+ �h

b

(�)

i

: (4.92)

Remark: If h

b

(q) � h

b

(�) � C, then E

�

J

(Q;W ) = 0. If R

1

� 1 � h

b

(�), then

E

�

J

(Q;W ) = +1.

Proposition 4.9 E

�

(�) , E

o

(�)� (1+ �) log

�

q

1

1+�

+ (1� q)

1

1+�

�

+ �h

b

(�) is stri
tly


on
ave in � (� � 0) and has a global maximum at a �nite � i� h

b

(q) � h

b

(�) < C

and R

1

< 1� h

b

(�). Denoting �

�

, argmax

��0

E

�

(�), then the sphere-pa
king upper

bound to E

�

J

(Q;W ) is attained at R

�

m

= H

 

q

1

1+�

�

i

P

jSj

i=1

q

1

1+�

�

i

!

. Letting �

0

= min(�

�

; 1),

when � �

p

q

p

q+

p

1�q

, the lower bound is attained at rate R

0

m

= H

 

q

1

1+�

0

i

P

jSj

i=1

q

1

1+�

0

i

!

. When

� �

p

q

p

q+

p

1�q

, the lower bound is attained at R ! 0, so E

�

J

(Q;W ) is stri
tly bigger

than the bound (4.91).

Example 4.11 (Binary DMS over BSC with Hamming distortion) For a binary DMS

fq; 1 � qg and a BSC with error transition probability ", the joint sour
e-
hannel ex-

ponent under the Hamming distortion measure with distortion threshold � (� <

1

2

)

satis�es

1) If h

b

(") + h

b

(q) � 1 + h

b

(�) and h

b

�

p

"

p

"+

p

1�"

�

+ h

b

�

p

q

p

q+

p

1�q

�

� 1 + h

b

(�), then

E

�

J

(Q;W ) = �

�

� (1 + �

�

) log

h�

"

1

1+�

�

+ (1� ")

1

1+�

�

��

q

1

1+�

�

+ (1� q)

1

1+�

�

�i

+ �

�

h

b

(�);

(4.93)

where �

�

is the root of equation

h

b

 

"

1

1+�

"

1

1+�

+ (1� ")

1

1+�

!

+ h

b

 

q

1

1+�

q

1

1+�

+ (1� q)

1

1+�

!

= 1 + h

b

(�):
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2) If h

b

�

p

"

p

"+

p

1�"

�

+ h

b

�

p

q

p

q+

p

1�q

�

< 1 + h

b

(�) and

p

q

p

q+

p

1�q

> �, then

E

�

J

(Q;W ) � 1� 2 log

h

(

p

"+

p

1� ")(

p

q +

p

1� q)

i

+ h

b

(�): (4.94)

3) If

p

q

p

q+

p

1�q

� �, then

E

�

J

(Q;W ) > 1� 2 log

�

p

"+

p

1� "

�

+

e

D(� k q): (4.95)

In Figure 4.21, we observe that if the pair ("; q) is lo
ated in region B, then the
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Figure 4.21: The regions for the ("; q) pairs in the binary DMS and BSC system with

Hamming distortion for di�erent values of the distortion threshold �.


orresponding joint sour
e-
hannel exponent 
an be determined exa
tly by (4.93). If

79



("; q) is lo
ated in region C

1

, then (4.94) holds. If ("; q) is lo
ated in region C

2

, then

(4.95) holds. When ("; q) 2 A, E

J

(Q;W ) is zero, and the error probability of this 
om-

muni
ation system will 
onverge to 1 for n suÆ
iently large. So we are only interested

in the 
ases when ("; q) 2 B [ C

1

[ C

2

. Figure 4.22 shows the joint sour
e-
hannel
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L
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e
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J
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Fix ε=0.2.

∆=0.3, E
∆
J
(Q,W) is         

determined if q∈ [0.2854,0.5].            

∆=0.2, E
∆
J
(Q,W) is         

determined if q∈ [0.0955,0.5].            

∆=0.1, E
∆
J
(Q,W) is            

determined if q∈ [0.0209,0.2129].            

∆=0, E
∆
J
(Q,W)=E

J
(Q,W) is              

determined if q∈ [0.0001,0.0481].            

Lower Bound 
Section 1   

Lower Bound 
Section 2   

Figure 4.22: The joint sour
e-
hannel exponent lower bound of the binary DMS fq; 1�

qg (q � 1) and BSC pairs under Hamming distortion.

exponent lower bound of the binary DMS fq; 1� qg (q �

1

2

) and BSC pairs under dif-

ferent distortion thresholds. We �x the BSC parameter " = 0:2, and vary q from 0 to

0.5. In Figure 4.22, Lower bound se
tion 1 is determined by (4.95), and Lower bound

se
tion 2 is determined by (4.94).
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Chapter 5

Summary

Our main results in this proje
t are to establish simple parametri
 expressions for

Csisz�ar's lower and upper bounds of the joint sour
e-
hannel exponent:

max

0���1

E(�) � E

J

(Q;W ) � max

0��

E(�); (5.1)

where E(�) , E

o

(�)� E

s

(�). E

o

(�) re
e
ts the 
hara
teristi
s of the DMC and E

s

(�)

is determined by the DMS. The pra
ti
al signi�
an
e of (5.1) is that the 
omputation

of the joint sour
e-
hannel exponent is a
tually transformed as the 
omputation of

E

o

(�), sin
e E

s

(�) is easily obtained. We note that for quasi-symmetri
 DMC's, E

o

(�)

has a simple form, and thus (5.1) 
an be expressed via single letter formulas. For

arbitrary DMC's (like non-symmetri
 
hannels), E

o

(�) 
an be obtained indire
tly by

Arimoto's [10℄ method. Here we should stress that a

ording to Arimoto's algorithm,

E

o

(�) 
an be 
omputed if � is given. Hen
e when � is limited in an interval, say [0; 1℄,

we 
an sear
h the suitable � to maximize E(�) with a given �delity, and thus the lower

bound of E

J

(Q;W ) 
an be obtained. But for the upper bound, � ranges from 0 to

in�nity. One way is to in
rease � gradually until we �nd the global maximum point of

E(�) (E(�) is 
on
ave and has a global maximum at a �nite �), but it might take a

long time; so it may not be always eÆ
ient to 
ompute the upper bound of E

J

(Q;W )
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by Arimoto's method.

Another question we addressed is: for given DMS Q and DMC W , what is the rate

R

m

for whi
h the joint sour
e-
hannel lower (upper) bound is attained? In the ana-

lyti
al 
omputation of (5.1), we related R

m

and �

�

by R

m

= H

 

q

1

1+�

�

i

P

N

i=1

q

1

1+�

�

i

!

, where

�

�

a
hieves the lower (upper) bound of E

J

(Q;W ) in (5.1). Proposition 4.1 gives a

suÆ
ient and ne
essary 
ondition to verify whether the joint sour
e-
hannel exponent

is determined exa
tly or not. From (5.1) on
e again, we also reveal that Gallager's

lower bound 
oin
ides with Csisz�ar's result. With a small modi�
ation, we 
an also


ompute the improved expurgated lower bound if some 
onditions are satis�ed, and

the 
ondition when the lower bound 
an be improved is provided.

Next we employ our results to 
ompare the joint sour
e-
hannel exponent E

J

(Q;W )

with the tandem sour
e-
hannel exponent E

T

(Q;W ). It is obviously seen that, if any

of E

J

(Q;W ) or E

T

(Q;W ) is exa
tly determined (see Proposition 4.4), the joint sour
e-


hannel 
oding stri
tly outperforms the tandem sour
e-
hannel 
oding, and numeri
al

examples show that E

J

(Q;W ) substantially improves E

T

(Q;W ) for the same sour
e

and 
hannel pair. If both of E

J

(Q;W ) and E

T

(Q;W ) are not exa
tly known, we have

to use the lower and upper bounds to approximate them. However, we 
annot show

that E

J

(Q;W ) > E

T

(Q;W ) for all sour
e and 
hannel pairs due to the un
ertainty

of the 
hannel reliability fun
tion for R < R


r

. But we give some suÆ
ient 
ondi-

tions for a DMS Q and DMC W pair for whi
h E

J

(Q;W ) 
an be stri
tly bigger than

E

T

(Q;W ). Fortunately, numeri
al examples show that our 
onditions hold for a large


lass of sour
e-
hannel pairs.

In the last part of this proje
t, we investigate whether we 
an generalize our 
om-

putation results for the lossy sour
e-
hannel exponent under the Hamming distortion.

When the DMS is a binary sour
e, we observe that the sour
e reliability fun
tion

F (R;Q;�) under the distortion threshold � 
an be a
tually seen as the e(R;Q) shifted
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to the left on the abs
issa by a 
onstant 
 = h

b

(�). Due to the fa
t that

E(R;W ) + e(R + 
; Q) = E(R

0

� 
;W ) + e(R

0

; Q);

where E(R;W ) might be E

r

(R;W ) or E

sp

(R;W ), we 
an therefore 
ompute the joint

sour
e-
hannel exponent in the same way.
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Appendix A

Proof of Lemma 4.4

Proof:

Lemma A.1 Let P

X

denote the 
hannel input distribution, the ne
essary and suÆ
ient


onditions for P

X

to maximize E

o

(�) (given in (2.16)) are

X

y

P

Y jX

(y j x)

1

1+�

�

y

(P

X

)

�

�

X

y

�

y

(P

X

)

1+�

8 x (A.1)

with equality for all x su
h that P

X

(x) > 0. The fun
tion �

y

(P

X

) is given by

�

y

(P

X

) ,

X

x2X

P

X

(x)P

Y jX

(yjx)

1

1+�

Proof: see Gallager [4, p. 144℄. �

Next we show that, for any symmetri
 DMC, (A.1) is satis�ed by uniform distribu-

tion. Given a symmetri
 
hannel P

Y jX

with input alphabet size jX j = N and output

alphabet size jYj = M , 
onsider the n

th

(1 � n � N) row and the m

th

(1 � m � M)
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olumn in the transition matrix as shown below

P

Y jX

=

2

6

6

6

6

6

6

6

6

6

6

6

6

6

4

� � � � � � � � � P

1;m

� � � � � �

� � � � � � � � � P

2;m

� � � � � �

� � � � � � � � � � � � � � � � � �

P

n;1

P

n;2

� � � P

n;m

� � � P

n;M

� � � � � � � � � � � � � � � � � �

� � � � � � � � � P

N;m

� � � � � �

3

7

7

7

7

7

7

7

7

7

7

7

7

7

5

:

Denote set A = fP

1;m

; P

2;m

; :::; P

N;m

g, and set B = fP

n;1

; P

n;2

; :::; P

n;M

g. When we


ompare the two sets, identi
al elements in A and B are listed on
e. For example: set

f0:2; 0:3; 0:2g is equal to set f0:2; 0:3g. By de�nition of a symmetri
 DMC, the 
olumns

of the transition matrix P

Y jX

are permutations of ea
h other, so ea
h element in the

n

th

row satis�es P

n;j

2 A (j = 1; 2:::;M), whi
h implies that B � A. Similarly, it is

easy to see that ea
h element in the m

th


olumn must also be in B and A � B. Thus

A = B. Therefore, ea
h row and ea
h 
olumn has the same elements and may di�er in

the frequen
y of ea
h element. For example, the symmetri
 
hannels

P

Y jX

=

2

6

6

6

4

0:3 0:2 0:5

0:2 0:5 0:3

0:5 0:3 0:2

3

7

7

7

5

and P

Y jX

=

2

4

0:3 0:2 0:3 0:2

0:2 0:3 0:2 0:3

3

5

have the same set of elements in ea
h row and 
olumn. Given the 
hannel transition

matrix W , ea
h 
olumn is a permutation of the same set, denoted by

fp

1

; :::; p

1

| {z }

; p

2

; :::; p

2

| {z }

; :::; p

s

; :::; p

s

| {z }

g;

a

1

a

2

a

s

where a

i

is the frequen
y of element p

i

(i = 1; :::; s) (p

i

6= p

j

if i 6= j) su
h that

P

s

i=1

a

i

= N , and ea
h row of the 
hannel transition matrixW is a permutation of the

set given by

fp

1

; :::; p

1

| {z }

; p

2

; :::; p

2

| {z }

; :::; p

s

; :::; p

s

| {z }

g;

b

1

b

2

b

s
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su
h that

P

s

i=1

b

i

=M . Furthermore,

a

1

b

1

=

a

2

b

2

= � � � =

a

s

b

s

=

N

M

sin
e a

i

M = b

i

N = the total number of element p

i

in the matrix W . When the 
han-

nel input distribution P

X

(x) =

1

N

, substituting

�

y

(P

X

) =

1

N

s

X

i=1

(a

i

p

1

1+�

i

)

into the left side of (A.1), yields

X

y

P

Y jX

(y j x)

1

1+�

�

y

(P

X

)

�

=

 

1

N

s

X

i=1

(a

i

p

1

1+�

i

)

!

�

M

1

M

s

X

i=1

(b

i

p

1

1+�

i

)

=

 

1

N

s

X

i=1

(a

i

p

1

1+�

i

)

!

�

M

1

N

s

X

i=1

(a

i

p

1

1+�

i

)

= M

 

1

N

s

X

i=1

(a

i

p

1

1+�

i

)

!

1+�

=

X

y

�

y

(P

X

)

1+�

8 x:

Now 
onsider a quasi-symmetri
 DMC fW : X ! Yg. Suppose W 
an be partitioned

along its 
olumns into symmetri
 sub-matri
es W

1

;W

2

; :::;W

t

, ea
h W

i

having size

jX j � jY

i

j. It follows that

X

y2Y

P

Y jX

(y j x)

1

1+�

�

y

(P

X

)

�

=

t

X

i=1

X

y2Y

i

P

Y jX

(y j x)

1

1+�

�

y

(P

X

)

�

=

t

X

i=1

X

y2Y

i

�

y

(P

X

)

1+�

=

X

y2Y

�

y

(P

X

)

1+�

8 x: (A.2)

This 
ompletes the proof. �
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Appendix B

Arimoto's Iteration Algorithm

The key to 
ompute

E(�) = �(1 + �) log

2

4

jSj

X

i=1

Q

1

1+�

i

3

5

+ �

�

max

P

X

max

�

XjY

G

�

(P

X

;�

XjY

)

�

;

for a given � is to 
ompute

C

�

, max

P

X

max

�

XjY

G

�

(P

X

;�

XjY

):

In [10℄, Arimoto developed the following iteration algorithm to 
ompute C

�

.

1) Initialize t = 0, and let P

(t)

X

(x) =

1

jX j

for all x 2 X ;

2) Then iterate the following steps for t = 1; 2; 3; � � � ,

�

(t)

XjY

(xjy) =

P

(t)

X

(x)P

1=(1+�)

Y jX

(yjx)

P

ex2X

P

(t)

X

(ex)P

1=(1+�)

Y jX

(yjex)

;

P

(t+1)

X

(x) =

�

P

y2Y

P

Y jX

(yjx)

n

�

(t)

XjY

(xjy)

o

��

�

�1=�

P

ex2X

�

P

y2Y

P

Y jX

(yjex)

n

�

(t)

XjY

(exjy)

o

��

�

�1=�

:

The following results show how this iteration 
onverges to C

�

.
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Lemma B.1 [10℄

G

�

(P

(0)

X

;�

(0)

XjY

) � G

�

(P

(1)

X

;�

(0)

XjY

) � � � � � G

�

(P

(t)

X

;�

(t)

XjY

)

� G

�

(P

(t+1)

X

;�

(t)

XjY

) � G

�

(P

(t+1)

X

;�

(t+1)

XjY

) � � � � � C

�

: (B.1)

Theorem B.1 [10℄ The sequen
e

n

G

�

(P

(t)

X

;�

(t)

XjY

)

o

or

n

G

�

(P

(t+1)

X

;�

(t)

XjY

)

o


onverges

monotoni
ally from below to C

�

as t!1, for any � 2 (�1;1).
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