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Abstract

In this project we analytically compute Csiszar’s random-coding lower bound for the
joint source-channel coding reliability function of discrete memoryless systems using
basic Lagrange optimization techniques. Given a discrete memoryless source (DMS)
with generic distribution ¢ and alphabet S, and a discrete memoryless channel (DMC)
with transition probability W, input alphabet X and output alphabet ), the lossless
joint source-channel reliability function E;(Q, W) is uniquely determined by 3 and W,
and when some conditions in terms of () and W are satisfied, it is shown that E,;(Q, W)
can be computed exactly. The rate that achieves F;(Q, W) is also provided. The
expurgated lower bound to E;(Q, W) is also studied. A byproduct of our results is the
surprising observation that Csiszar’s joint source-channel random-coding lower bound
is identical to Gallager’s bound obtained in 1964. We also examine Csiszar’s upper
bound based on the sphere-packing upper bound to the channel reliability function to
E;(Q, W) using a similar approach. We then compare the reliability function E;(Q, W)
with the tandem coding exponent Ep(Q), W) and give sufficient conditions for which
E;(Q,W) is strictly larger than Er(Q,W). Numerical examples show that E;(Q, W)
can be substantially larger than E7(Q, W). Finally, we investigate the computation of
the lossy joint source-channel exponent E7(Q, W) with distortion threshold A under
the Hamming distortion measure. For a binary DMS {¢,1 — ¢} and a DMC, lower and
upper bounds for E2(Q, W) are given.
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Chapter 1

Introduction

In this chapter we present a review of the articles upon which our research is based.
We then specify the main contributions of the project. Finally, we outline the general

flow of the project.

1.1 Literature Review

The joint source-channel coding theorem was first introduced by Gallager [4, Prob-
lem 5.16] as a take-home quiz in 1964; also see Jelinek [6, Section 6.8]. This result
also indicates that the joint source-channel coding can lead to a larger exponent than
the tandem coding exponent, i.e., the exponent obtained by concatenating optimal
source and channel codes. In 1980, Csiszar [1] established a lower bound (based on
the random-coding channel exponent) and an upper bound for the joint source-channel
coding reliability function E;(Q,W). He showed that the upper bound, which is ex-
pressed as the minimum of the sum of e(R, Q) and E(R, W) over R, where e(R, Q) is
the source reliability function [1, 6, 7, 8] and E(R, W) is the channel reliability func-
tion [1, 4, 6], is tight if the latter minimum is attained for an R not less than the

critical rate of the channel. Two years later, Csiszar [2] showed that the lower bound
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can be improved by an expurgated one under some conditions. He also extended his re-
sults to the joint source-channel coding with a distortion threshold. The source coding

reliability function with general fidelity criteria was studied in [1, 9, 11, 12].

1.2 Contribution

The contributions of this project are as follows:

e Computing Csiszar’s lower and upper bounds for the joint source-channel reli-
ability function for memoryless systems. A parametric solution is provided for
arbitrary discrete memoryless source (DMS) and discrete memoryless channel

(DMC) pairs.

e Establishing the condition for which the joint source-channel exponent can be

exactly determined.

e Providing the condition for which the source-channel lower bound can be im-
proved by an expurgated bound, and determining the parametric solution for the

improved bound.

e Revealing the relation between Gallager’s joint source-channel coding theorem

and Csiszar’s lower bound.

e Comparing the joint source-channel exponent with the tandem source-channel

coding exponent.

e Computing the lower and upper bounds for the joint source-channel reliability
function for memoryless systems with a distortion threshold. A parametric so-
lution is provided for binary DMS over DMC under the Hamming distortion

measures.



1.3 Project Overview

We first review some fundamentals such as basic concepts, important properties
and useful results for the source and channel reliability functions in Chapter 2.

Joint source-channel coding theory is briefly introduced in Chapter 3. Here we
mainly concentrate on introducing Csiszar’s result about the (lossless) joint source-
channel exponent and the more general exponent with fidelity criteria.

In Chapter 4, we study the analytical computation of the joint source-channel reli-
ability function based on Csiszar’s work [1, 2]. Our main objective is to give a general
solution for arbitrary DMS and DMC pairs. Some interesting byproduct results are
obtained such as exact exponent expressions for DMS’s over quasi-symmetric DMC'’s.
We also apply Arimoto’s [10] algorithm for the numerical computation of the lower
bound to the joint source-channel exponent. After computing the lower bound, the
expurgated lower bound and the upper bound of the joint source-channel exponent, we
relate Gallager’s joint source-channel coding theorem with Csiszar’s lower bound, and
we evaluate and compare the joint source-channel exponent with the tandem source-
channel exponent. In the last part of the chapter, we study the computation of the
joint source-channel exponent for binary DMS and DMC pairs under the Hamming
distortion measure.

In Chapter 5 we give a summary of the project.

Note that throughout the project, the block lengths of source messages and channel
codewords are assumed to be the same merely for the sake of convenience. The results
carry over in an obvious way to the case when these lengths are £ and n, respectively,
with k/n converging to an arbitrary positive constant. Furthermore, all logarithms

and exponentials are in base 2.



Chapter 2

Preliminaries: Reliability Function

for Source and Channel Coding

In this chapter, some basic and classical results on the source coding and channel

coding reliability functions are reviewed.

2.1 Source Reliability Function

Shannon’s first coding theorem states that for a DMS with distribution Q only
H(Q)+ ¢ bits per source symbol are needed to encode the source with arbitrarily small
probability of error, provided the block length n of encoded source symbols is allowed
to be sufficiently large. The source coding exponent was developed to determine the
asymptotics of the smallest possible probability of incorrect decoding as a function of

the coding rate
log M

n

R2

where M is the number of codewords.



2.1.1 Source Coding Exponent

Definition 2.1 An (n, M) block code for a DMS with generic distribution () and al-
phabet S is a pair of mappings:
f:8" —{1,2,...M} and ¢:{1,2,...M} — S".

The average error probability of the code is

P.(n,M)& Y Q'(s"), (2.1)

smismFEo(f(s™))

where s = (s1 -+ -5,) € S*. The code rate is defined as
1
R(n,M) = —log M bits/source symbol.
n
Definition 2.2 (Source Reliability Function) For any R > 0, the source reliability

function e(R, Q) of the source Q) is defined as the largest number e for which there

erists a sequence of n-length block codes (n, M) with

1
e < liminf ——log P,(n, M) (2.2)
n—o00 n
and
) 1
R > limsup — log M. (2.3)
n—oo I

Theorem 2.1 [8] Given a DMS with generic distribution @), the source reliability

function satisfies

e(R,Q) = p;é?}»?ZRD(P | Q), (2.4)

where H(+) is the entropy and D(- || -) is the relative entropy (or information divergence).

Theorem 2.2 e(R, Q) is strictly increasing, convex and hence a continuous function
of R for H(Q) < R < log|S|, and is zero for R < H(Q), where |S| is the size of the

source alphabet.



Proof: Suppose H(Q) < R; < Ry <log|S|, then,
{P:H(P)= Ry} C{P:H(P) = R}

It directly follows that e(R;, Q) < e(R2, @), and e(R, Q) is an increasing function of
R. Now suppose that in e(R;, Q) = minp.gpy>r, D(P || @), the minimum is attained
when P = Py, and that in e(Ry, Q) = minp.gp)>r, D(P || @), the minimum is attained
when P = P,. Then for V) € (0,1),

Ae(R1, Q) + (1 - Ne(Ry,Q) = AD(P ]| Q)+ (1—\ND(P: | Q)
= =) [APi(s) + (1 — \)Pa(s)] log Q(s)

seS

—[MH(P) + (1= A H(P,)]

— Y IAPL(s) + (1 = ) Py(s)] log Q(5)

—H\P,+ (1= \)P,)

Y

= DI(AP+ (1 -N)P) [ Q]
where the inequality follows from the concavity of entropy function H(-). Moveover,
HOP, + (1= \Py) > NH(P) + (1 — NVH(Py) > ARy + (1 — \)R,.
Since P, achieves e(R;, Q) and P, achieves e(Ry, Q)), by definition of e(R, @), we thus
obtain that e(R, Q) is convex:
Ae(Ry, Q)+ (1 — Ne(Ry, Q) > e(AR; + (1 — M) Ry, Q).

When R < H(Q), letting P = @, yields that e(R,Q) = 0. Since e(R, Q) is increasing
and convex and is zero when R < H(Q), we then conclude that e(R, () is a strictly

increasing and continuous function of R when H(Q) < R < log |S|. O

Corollary 2.1 For a DMS with generic distribution @ and alphabet S, the source

reliability function satisfies

e(R.Q) - minp.gpy-r D(P || Q), if H(Q) < R <log|S], 2.5)
/ 0, 70 < R < H(Q). |



Proof: Here we only need to explain the part when H(Q) < R < log|S|. If e(R;,Q)
is achieved for a P such that H(P) = Ry > Ry, then e(R;,Q) = e(R2, (), which
contradicts Theorem 2.2. O

We also give Jelinek’s source reliability function.

Corollary 2.2 For a DMS with generic distribution QQ and alphabet S, the source

reliability function satisfies

e(R, Q) = Igggi[PR — Ey(p)], (2.6)
where

Ey(p) £ (1+p)log Yy  Q(s) ™
seS
15 called Gallager’s source function.

Remark: It has been shown that the parametric form (2.6) is an equivalent expression

of (2.5), see Blahut [8].

2.1.2 Source Coding Exponent with Fidelity Criterion

Definition 2.3 Let S be a finite set and d(-,-) be a distortion measure, i.e.,a nonneg-

ative valued function defined on S X S and extended to 8™ x 8" by setting
1 n
A", ) £ 3 d(s, 5,
(s",s™) - l:ZI (si,S:)
where s" = (51 -++5,) €S" and 5" £ (5, -+ 5,) € S".

Definition 2.4 For a given distortion measure (nonnegative valued function) d(-,-) on

S x 8, a n-length block code (f, ) for sources with generic distribution () and alphabet

S is a pair of mappings:
f:8" —{1,2,...M} and ¢:{1,2,...M} — S".

7



The probability that the n-length message s™ of a DMS with generic distribution @) is
not reproduced within distortion A is

PA(”: M) = Z Q(Sn)a (27)

s™id(s™p(f(s)))>A

where s" = (s1 - -+ s,) € S". The rate of the code is defined as
1

R(n,M) = —log M bits/source symbol.
n

Definition 2.5 The rate-distortion function of a DMS with generic distribution Q) and

alphabet S under distortion measure d(s,s) is defined as

R(Q,A) = min 1(5;9), 2.8
@.2) P(8]s):30, s Q(s)P(5]s)d(s,5)<A ( ) (2:8)

where I(+;-) is the mutual information, and A is the distortion threshold.
Definition 2.6 (Source Reliability Function with a Fidelity Criterion) For any R > 0,
the source reliability function F(Q, R,A) of the source with distribution @ under a

distortion threshold A is defined as the largest number e* for which there exists a

sequence of n-length block codes (n, M) with

1
e* < liminf ——log Pa(n, M) (2.9)
n—00 n
and
) 1
R > limsup — log M. (2.10)
n—oo 1

Theorem 2.3 [9] Given a DMS with generic distribution QQ with distortion measure

d(-,), the source reliability function under a distortion threshold A satisfies
F A) = inf  D(P . 2.11
(RQ.8) = it DPQ) (2.11)
Corollary 2.3 F(R,Q,A) is an increasing function in R.

Remark: Unlike e(R, @), F(R,Q,A) is not necessarily convex or even continuous in

R.



2.2 Channel Reliability Function

By Shannon’s Channel Coding Theorem, block codes with arbitrarily small proba-
bility of block decoding error exist at any code rate smaller than the channel capacity
C. However, the result does not carefully describe the relation between the rate of
convergence or decay for the error probability and the code rate (specifically for rates
R <O).

Like the source coding reliability function e(R, @), a channel coding error exponent
(resulting in the decay of the error probability) is needed in order to know how large
the code length should be in order to achieve a certain level of error probability.

For a channel with input alphabet X and output alphabet Y, let W (y"|a") =
Pyaxn(y™|2") denote the conditional probability that sequence y" £ (y1, ..., y,) is re-

. . A .
ceived given sequence ™ = (x4, ...x,) was transmitted.

Definition 2.7 An (n, M) block code for a discrete channel with input alphabet X,
output alphabet Y and block transition probability W (y"|z") £ Pyuxn(y"|z"),{n =

1,2,...} is a pair of mappings:
fAL2,. M} — X" and ¢:Y" — {1,2,...,M}.

The average error probability of this code is

M

P M) 257 S0 Py (671 (m) (2.12)

m=Lym:p(y™)#m

and the code rate is defined as

1
R(n,M) % =“logM bits/channel use.
n

Definition 2.8 (Channel reliability function) For any R > 0, the channel reliability
function E(R,W) of the channel W is defined as the largest number E for which there



exists a sequence of (n, M) block codes with

1
E <liminf ——log P,.(n, M) (2.13)
n—00 n
and
|
R < liminf — log M. (2.14)
n—oo 1

The properties of E(R, W) are as follows:
e From the above definition, we directly obtain that the asymptotic behavior in n of

P.(n, M) is upper bounded by
Pe(n, M) < 2—nE(R,W)+o(n)

where o(n) — 0 as n — 0.

e for R > C, E(R,W) = 0, where C is the channel capacity. For a DMC, C =
max,(y) I (X;Y'), where the maximum is taken over all possible channel input distribu-
tion p(z).

e Like channel capacity C, E(R, W) is a quantity that depends on the channel char-
acteristics.

But unlike the source reliability function, the reliability function of a DMC is not
known for all R. The most familiar bounds to E(R, W) are the random-coding and
expurgated lower bounds, and the sphere-packing upper bound due to Fano (1961) and
Shannon-Gallager-Berlerkamp (1967), respectively (see [4, 6]).

2.2.1 Random-Coding Exponent

Definition 2.9 (Random-Coding Ezponent E.(R,W)) The random-coding exrponent
for a DMC with generic distribution W £ Py x 1s defined by

E, (R, W) = max [=pR + Eq(p)], (2.15)

10



where
14p
E,(p) 2 max logzy (ZXPX P;K y|x)> (2.16)
ye HAS

15 called Gallager’s channel function.

1+p
Remark: If we denote E,(p, Px) = — log > ey (erx Px(x )P”” (y|x)> , then

Y[X

E.(R,W) = max —pR + maxE (p, PX)] = max max [—pR + E,(p, Px)],

Px 0<p<1

since the function [—pR + E,(p, Px)] is concave over p and Py, which are independent

of each other, see [4, p. 143-144].

Theorem 2.4 [4] (Random-Coding Lower Bound) For a DMC with generic distribu-

tion probability W = Py x,
E(R,W) > E,(R, W) (2.17)

for R > 0.

Lemma 2.1 [/] (Properties of E,.(R,W))

1. There exists a critical rate R, such that for 0 < R < R.., E,(R,W) is a line with
slope equal to -1, and with E,(0,W) = E,(1).

2. When R.,, < R < C, E.(R,W) is strictly convex and decreasing in R, where C is
the channel capacity such that E,.(C,W) =0, and E,.(C—§, W) >0, for all0 < ¢ < C.

3. The critical rate R, and the channel capacity C can be related to E,(p) by

OE,(p)
dp

9E,(p)

and C = 9p

Rcr =

p=1 p=0

11



2.2.2 Expurgated Exponent

The proof of the random-coding exponent is based on the argument of random cod-
ing, which selects codewords independently according to some input distribution. Since
the codewords selection is unbiased, the “good” codewords (i.e, with small Py, (Ch, ),
where P,,,,(Ch,) is the conditional error probability given that message m is sent for
a code with codebook Cy;, and M, codewords.) and “bad” codewords (with large
Pejm(Cu,)) contribute equally to the overall average error probability. Therefore, if,
to some extent, we can “expurgate” the contribution of the “bad” codewords, a better
bound on the channel reliability function may be found.

Instead of randomly selecting M,, codewords, the expurgated approach first draws
2M,, codewords to form a codebook Cyy, and sorts these codewords in ascending order
in terms of Pej;,(Can,) to form a new code book Cpy,. It can be expected that for

1<m< M, and M, <m' <2M,,

Pem(Cu,) < Peim(Comt,) < Pepwr (Conty,)

provided that the Maximum-Likelihood (ML) decoder is always employed at the re-

ceiver side. Hence, a better codebook is obtained.

Definition 2.10 (Ezpurgated Ezponent E..(R,W)) The expurgated exponent for a
DMC with generic distribution W £ Py x 1s defined by

Eeo(R, W) = max[—pR + E.(p)]; (2.18)
where
1/p
Eo(p) & max | —plog y | >  Px(w)Px () (Z V/ Prix (vl Prix(y | ff’)>
TEX T'EX yey
(2.19)

12



Remark: The maximization of E,, (R, W) is quite similar to that of the random-coding
exponent. The order of the two maximizations in E.,(R, W) can also be exchanged,

see [4, p. 155].

Theorem 2.5 [/| (Ezpurgated Lower Bound) For a DMC with generic transtion prob-
ability W £ Py|x,

E(R,W) > E..(R,W) (2.20)

for R > 0.

Lemma 2.2 [/] (Properties of E..(R,W))
1. There exists an R., (R., < R.) given by

IE,(p)
op ’

p=1

I
Rcr_

such that for R, < R < E,(1), E., (R, W) is a line with slope equal to —1, where E,(1)

is the smallest rate where E..,(R,W) =0, i.e, Eo, (E,(1),W) =0, and E., (E,(1) — 0, W) >
0, for all 0 < § < E,(1). Furthermore, E,(1) = E,(1).

2. Eop(R,W)) is strictly convex and decreasing in R € (Ry 00, RL,), where Ry o is the

biggest rate where Eo.(R, W) is infinite, given by

R, . = lim %(p)
’ p—oo  Op

3. If Ry oo = 0, limg_o E(R,W) = limg_,g Eci,(R, W), i.e., the expurgated bound is

tight as R goes to 0.

Remark: By the first property, we observe that the expurgated bound E..(R,W)

cannot improve the random-coding lower bound E, (R, W) for R > R.,.

13



2.2.3 Sphere-Packing Exponent

Definition 2.11 (Sphere Packing Ezponent Ey,(R,W))The sphere-packing exponent
for a DMC with generic transition probability W = Py x is defined by

Ep(R, W) = max [—pR + Eo(p)], (2.21)
p>
where E,(p) is defined in (2.16).
It should be noted that the sphere-packing exponent is defined in almost the same

way as the random-coding exponent, the only difference being in the range of p over

which the maximization is performed.

Theorem 2.6 [4]| (Sphere-Packing Upper Bound) For a DMC with generic transition
probability W = Py x,

E(R,W) < Egy(R,W) (2.22)

for R > 0.

Lemma 2.3 [4] (Properties of Es,(R,W))
1. Eg, (R, W) is infinite for all rates less than a constant Ru,, if Rs > 0, where
E,
Ry = lim M

pP—00 P
2. Eg,(R,W)) is strictly convex and decreasing in R € (R, C).
3. E(R,W) = Ey,(R,W) = E.(R,W) for R.,, < R < C, i.e, the channel reliability
function is exactly known at R > R.., where R, is the critical rate of the channel and

C s channel capacity.

14



Chapter 3

Reliability Function for Joint

Source-Channel Coding

The results of this chapter are obtained from Csiszar’s work in [1, 2.

Definition 3.1 A joint source-channel code for a DMS with generic distribution @
and finite alphabet S and a DMC with transition probability W = Py |x input alphabet

X and output alphabet Y with block length n is a pair of mappings:
f:8"— X" and ¢:Y" — S".
The average error probability of the code is

PM@QW)E > QP (3.1)

(s™y™):p(y™) #s™
Definition 3.2 (Joint Source-Channel Reliability Function) The joint source-channel
reliability function E;(Q,W) for source Q@ and channel W is defined as the largest

number E* for which there exists a sequence of n-length joint source-channel codes
(f, @) with

1
E* < liminf — = log P™(Q, W). (3.2)
n

n—o0
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We know from the joint source-channel coding theorem that E;(Q, W) can be
positive if and only if H(Q) < C. Note that E;(Q, W) is a quantity that only depends

on the source and channel distributions.

3.1 Csiszar’s Joint Source-Channel Coding Theo-

rems

Theorem 3.1 [I] Given a DMS with generic distribution @ and finite alphabet S
(denoted by {Q : S}) and a DMC with transition probability W = Py x input alphabet
X and output alphabet Y ((denoted by {W : X — Y})), the joint source-channel

reliability function satisfies

E > i E.(R, .
QW) min[e(R.Q) - E(RY)] (33)

and

BQW) <, min o [e(RQ)+ E(RW)
< min [e(R,Q) + Es,(R, W), (3.4)

H(Q)<R<min(log |S|,C)
where e(R,Q) is the DMS reliability function and E(R,W) is the DMC reliability
function. By Lemma 2.3 (3), if the minimum in (3.3) or (3.4) is attained at a rate R,
such that R,, > R.., where R,, is the critical rate of the channel, then the lower bound
in (3.3) and the upper bound in (3.4) coincide with each other, and we can determine

the joint source-channel coding reliability function exactly:
E; QW) =¢eRy, Q)+ E.(Ru, W) =e(Rp, Q) + E(R,,, V). (3.5)

Of course, the two bounds are nontrivial if and only if H(Q) < C.

The proof of (3.4) involves a method of types approach, and the proof of (3.3) is

based on a method of types and a random-coding argument, see [1, 3, 12].
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Remark: We will call the lower bound to E;(Q, W) in (3.3) the “random-coding lower
bound” since it is based on the random-coding lower bound to the channel reliability

function; Similarly, we will call the upper bound in (3.4) the “sphere-packing upper

bound”.

Definition 3.3 (Bhattacharya Distance dg)The Bhattacharya distance for a DMC

Py |x between elements x and x is defined by

(2, 7) £ —log > \/Prx (y]2) Prix (y]7). (3.6)

yey

With the definition of Bhattacharya distance, we can re-write
Eo (R, W) = max E..(R,P,W), (3.7)
where

Eo.(R,P,W) £ max {—pR — plogz Z Px (z)Px (T) exp {—%dg(:r, 55)}} :

reX TEeX

Csiszar and Korner [3] showed that E..(R, P,W) is equivalent to

E.(R,P,WV) = min [EdB(X, X) +I(X, X) - R] , (3.8)

I(X,X)<R,Px=Pg=P
where

Edp(X, X) =Y Pyx(2,@)dp(z, 7).

T, T

Definition 3.4 (Zero-error Capacity) The zero-error capacity of a channel is defined
as the largest rate at which data can be transmitted over the channel with zero error

probability (as opposed to arbitrarily small error probability).

From [1] we know that for a DMS {Q : S} and a DMC {W : X — Y} with positive

zero-error capacity, we have
EJ(Q: W) = m}%n[e(R, Q) + E(R7 W)]

17



In the rest of the section, we suppose that {WW : X — Y} is a given DMC with
zero-error capacity equal to 0. Then dg(z, ) is finite for every x and = in X, and so

is Eep(R, W) for every R > 0, i.e., Ry o =0 (Ry00 is described in Lemma 2.2).

Theorem 3.2 [2| Given a DMS {Q : S} and a DMC {W : X — Y}, for an arbitrary

nput distribution P on X, the joint source-channel reliability function satisfies

E(QW)>  min [e(R,Q)+ Eu(R,P,W). (3.9)

= 0<R<min(Eq(1),log |S])

The above inequality also holds with E..(R, P,W) replaced by

Eep(R,W)2 max  min Edy(X,X)+1(X,X)—R|, (3.10)

P [(X,X)<R,Px=P

where the minimum is taken for a fired X with Px = P, with respect to all random

variables (RV’s) X with values in X.

The proof of Theorem 3.2 is similar to that of (3.3), and differs only in the choice
of decoder, see [2].
From (3.7), (3.8) and (3.10), we note that E.,(R, W) < E.o(R, W). Thus we have

the following result.

Corollary 3.1 [2] If E..,(R,W) = maxp E..(R, P,W) is attained for a P not depend-

ing on R then

E QW) 2 min [e(R, Q) + Eeo(R, W)]. (3.11)

H(Q)<R<min(Ex(1),log |S])

Remark: We will call the lower bound to E;(Q, W) in (3.11) the “expurgated lower
bound” since it is based on the expurgated lower bound to the channel reliability

function.
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3.2 General Fidelity Criteria

Definition 3.5 Suppose the message s™ € 8™ is to be transmitted over a DMC with
input alphabet X and output alphabet Y and transition probability W = Py x with a
threshold A of tolerated distortion. Assume a joint source-channel n-length block code
with
f:8"— X" and ¢:Y" — S".

The average probability of the code of exceeding the threshold A is

PI@QW)E Y QPN (3.12)

(s™,y™):d(p(y™),s™)>A

where d(-,-) is the distortion measure described in Definition 2.3.

Note that when d(s",s") = 0 if and only if s" = s and A = 0, then we write
PI(Q, W) instead of PXL)(Q, W), and the former one is the probability of error.

Definition 3.6 (Joint Source-Channel Reliability Function with a Distortion Threshold)
The joint source-channel reliability function ES(Q, W) of source {Q : S8} over channel
{W : X — Y} under distortion threshold A is defined as the largest number E® for

which there ezists a sequence of n-length joint source-channel codes (f,p) with

1
E® < liminf —=log P (Q, W). (3.13)
n

n— 00

We know from the joint source-channel coding theorem that E4(Q,W) can be

positive if and only if Ry A < C.

Theorem 3.3 [2] Given a DMS {Q : 8} and a DMC {W : X — Y}, the joint

source-channel reliability function under distortion threshold A satisfies

ES > inf F A)+ E, 14
J(Q’W)—R(Q,A)gRéﬁinaog\S\,C)[ (R,Q,A)+ E.(R,W)] (3.14)
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and

E?(Q, W) < inf [F(R,Q,A) + Ey,(R,W)]. (3.15)

R(Q,A)<R<min(log|5],C)

If the infimum in (3.14) or (3.15) is attained for R,, > R.., where R, is the critical
rate of the channel, then the lower bound and the upper bound coincide with each other,

and we can determine the joint source-channel coding reliability function exactly:
ENQ,W)=F(Ry,Q,A) + E.(Ry, W) = F(Ry,Q,A) + Egp(R,,, W).  (3.16)

Of course, the two bounds are nontrivial if and only if R(Q, Delta) < C.

Theorem 3.4 [2] Given a DMS {Q : 8} and a DMC {W : X — Y}, for an arbitrary

input distribution P on X, the joint source-channel reliability function under distortion

threshold A satisfies

A > 3 .
EFQW) 2 o nf PR QUA) + (R P (3.17)

The above inequality also holds with Ee.(R, P,W) replaced by Eex(R, W) defined in
(3.10).

Corollary 3.2 [2] If E.,(R,W) = maxp E,(R, P,W) is attained for a P not depend-

ing on R then

EXQ,W) > inf [F(R,Q,A) + E.o(R,W)]. (3.18)

T R(Q,A)<R<min(E(1),log |S|)
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Chapter 4

Computation of the Joint

Source-Channel Coding Exponent

In this chapter, we will employ Csiszar’s results to analytically compute the source-

channel coding exponent. Without loss of generality, we express the source distribution

Qs),s€S,as Q = (Q1;CI2, e ;Q\S\)-

4.1 The Joint Source-Channel Random-Coding Lower
Bound

Definition 4.1 Consider the twice differentiable function of n real variables

f(z1, e, .. ) = f(x).

The point with co-ordinates (x1, s, ...,x,) in the n dimensional Euclidean space is
denoted by the column vector x. f(-) has a local minimum at my if there exists a
neighbourhood of x such that f(x) is at least as large as f(xy) for all points in the
neighbourhood, i.e., there exists a positive § such that for | — x| < 0, f(x) > f(x).

Furthermore, f(-) has a global minimum at &* if f(x) > f(x") for all x.
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Lemma 4.1 [5] The necessary condition for f(-) having a local minimum at xy is

vV f(@) = 0, (4.1)

where V f(+) is the gradient of the function. The point xy satisfying (4.1) is called a

stationary point.

Note that (4.1) is not a necessary condition for a global minimum. For example, for
the one variable function f(z) for which the variable z is defined on [a, b], the global
minimum of f(z) is min {f(a), f(z1), f(x2), ..., f(xy), f(b)}, where x1, 25, ..., z,, are all
the stationary points or local minimum points within [a, b]. Specially, if f(x) is convex,

then it has at most one stationary point in [a, b], and the global minimum is

f(zo), if there exists a stationary point zy in [a,b],

min{ f(a), f(b)}, if there is no stationary point in [a,b].

4.1.1 A General Derivation

We begin by recalling some useful properties of the random-coding lower bound for

the channel reliability function of a DMC {W : X — Y}. Since

E.(R,W) = max [—pR + E,(p)],

0<p<l

by setting the derivative of [—pR + F,(p)]' with respect to p to zero, we obtain para-
metric expressions for R and E, (R, W) in terms of p* (p* maximizes [—pR + E,(p)] in
[0,1], see [4, p. 142]). When

E *
RCT:M <R<C=
op*

'We remark that there is a slight difference from Gallager’s textbook [4, p. 142], where he takes the

OE,(p")

dp* ’

p*:l p*ZO

derivative of [-pR + E,(p, Px)] instead of [-pR+ E,(p)], where E,(p, Px) is defined in Section 2.2.1.
We note that this change does not effect our results since the following manipulations generally hold
for any given Px, and in Section 2.2.1 we have mentioned that the order of the two maximizations
(over p and over Px) in E,.(R,W) can be exchanged. In fact, E,(p) can also be seen as E,(p,P),

where P maximizes E,(p, Px).
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R(p*) = OFolp") g decreasing function of p* (0 < p* < 1) and

p* P
* *8E0 p*
B.(RW) = Byfp) - pr o) (12)
p
In fact, —p* is the slope of E,(R, W) since
OE,(R,W) g ottt
orR & @) P
8/)* 8Zp*

Remark: We notice that E,(p*) and R(p*) = aagfg*) are differentiable? with respect

to p*, and (4.2) implies that E,(R(p*), W) is also differentiable with respect to p*. It
immediately follows that E,(R, W) is differentiable with respect to R.

A special case occurs if 828E+p(f*) =0, then M#@ is constant and R.. = C.
When 0 < R < R,,, the slope is -1 and hence
E.(R,W)=E,(1) - R, (4.3)

which implies that for the special case of 825#(5’*) =0, E,(1) =C.

The source reliability function for a DMS {@Q : S8} is given by

minp:H(p):RD(P || Q), if H(Q) S R S 10g|8|,

e(R,Q) = (4.4)
0, if0< R < HQ).
Now our goal is to compute
min E.(R,W)+e(R,Q)| 4.5
H(Q)SRSmiH(C;10g|S|)[ ( ) ( Q)] ( )
Since E;(Q, W) =0 when H(Q) > C, we only consider the following two cases:
R, < H(Q) <min(C,log|S|) and H(Q) < R,
Note that if log |S| < R., then H(Q) < R,,.
Case 1: When R, < H(Q) < min{C,log|S|}, we need to compute
min E.(R, W)+ e(R,
H(Q)SRSmin(CJOg\S\)[ (B, W) + e, Q)]
= ‘ E,(R, in D(P : 4.
H(@)<Rmin(Clog ) (BW)+ REH(P) S (46)

2All the elementary functions are differentiable.
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Setting P = (p1, 2, -.-, P|s|), we may write (4.6) as

S|
minG(R,P) =miu |E,(RW)+Y p, log% (4.7)
i=1 ¢
subject to
(1) H(P)— R =0,
IS|
i=1
(3) H(Q) < R < min(C,log|S)).

Note that here we assume that R, < C, i.e., 825%55*) <0.If 82%55*) =0, E.(R,W) is

a line with a slope equal to -1 for all the R € [0, ], and this case can be included in

Case 2. Since

carp _ PEILW) . 0
PR 2R = TER)
82 p*
. 1
wd Zomn _MEC_ g
: bi

the Hessian matrix [5] of G(R, P),

[ 92E.(R,W)
0 lOgE - 0
V:G(R, P) = . :
0 loge
L Pis) 4

is positive definite. Thus G(R, P) is strictly convex in (R, P) and it admits a global
minimum. Actually the existence of the global minimum can also be seen by noticing
that E,.(R, W) + e(R, W) is strictly convex in R, which is obvious because the sum
of two strictly convex function is still convex. Observing the constraint (3) in (4.7),
we see that if there exists a stationary point in the range provided by constraint (3),
then the stationary point is the global minimum of the sum over R within the range

[H(Q), min(C,log|S|)], otherwise the minimum must be attained at the boundary
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points, R = H(Q) or R = min(C,log|S|). The Lagrangian function [5] F/(R, P, \, p) is

then given by

5|
F(R,PA\u) = E(RW)+ pilog”
i=1 i
E E
+A R+Zpilogpi +u Zpi_l . (4.8)
=1 =1

Setting the derivative with respect to R equal to zero yields

OE, (R, W)
“A=—" 4.9
8R Y ( )
which implies that —\ is the slope of E,(R, W) with A > 0. Therefore A = —p* and
0E,(\)
R=———7"—-. 4.10
I (4.10)

Setting the derivative with respect to p; equal to zero and solving for u under constraint

(2) yields

1

q 1+
pi= i i=12,.18] (4.11)
Zl |1 q;

According to constraint (1), the stationary point (R(A;),p(A\1)) for G(R, P) should

satisfy
H(p(A)) = RB(A) =0, (4.12)

where p(A;) stands for the distribution (pi(A1), p2(A1), .., pisj(A1)) and

S|
H(P()\l)) = H(P()‘l)) =H (Pl()\l)am()\l) ,P\S\ sz IOng )\1)

For the sake of convenience, we will sometimes allow a slight abuse of notation by

denoting H(P) or H(p) by H(p;)-

1
I+B8

Lemma 4.2 f(8) = H (%) is increasing in 5 (B > —1), where z; > 0,
>

X
i=1,...,N, N is a positive integer. Moreover, f(5) is strictly increasing in [ if there

exist 1, o (Br < B2) such that f(B1) < f(S2).
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Proof: Differentiating with respect to 3, we have

of(B) 1

o3 (1+p)?
S a7 log?(@)] o\ o] — (B, a7 log(@)?
loge >N 2772 -

The last inequality follows from the Cauchy-Schwartz inequality, with equality if and

only if x; = constant. If f(f;) < f(f2) holds for some f; < [, it implies that
x; # constant, and thus f(/) is strictly increasing. O
We next show such a stationary point satisfies constraint (3), and hence it is the

global minimum point of (4.7). Setting the auxiliary function

p(\) = H(p(\) — R(N), (4.13)

we see by Lemma 4.2 that ¢()) is increasing in A since R(\) = 8%’)5)‘) is decreasing in
A

e If log|S| > C, by the assumption of Case 1, H(Q)) < min(C,log|S|) = C, we

have that
9B, (A
o) = 1@ - 2N~ hg) <o
20 N

and since H(Q) > R, we also have that

Vi DE,(\)

1)=H _ . B §

(p( ) <Z’|Li|1 qz 8)\ A=1 - (Q) Rcr - O

We stress that ¢(0) < ¢(1), i.e., ¢(0) and ¢(1) cannot be 0 simultaneously. It
follows by the strictly increasing property of function ¢(-) that 0 < A; < 1. For

such Ap, it is easy to verify that the stationary point satisfies
H(Q) = R(M) < (M) =0= R > H(Q)

and
OEy(\)

HpOw) ~ =51~ <




o If R, < log|S| < C, by the assumption of Case 1, H(Q) < min(C,log|S|) =
log |S|. Since R(A) is decreasing in A, we claim that there exist a Ay (0 < g < 1)
such that R(\g) = log|S|. Furthermore, we note that

p(Xo) = H(p(Ao)) — log|S] < 0.

Observing that (as above) ¢(1) > 0, it follows that Ay < A; < 1. For such Ay, it

is easy to verify that the stationary point satisfies
H(Q) — R(M) < p(M)=0= R>H(Q)

and

< p(M) =0= R=H(p(M)) < log|5].
A=Xo

[5))

Accordingly, we can conclude that the stationary point is located in [H(Q), min(C, log|S])],
in other words, the global minimum point of (4.7) is (R(A1),p(A1)). Substituting it
into the objective function G(R, P), yields

s
. bi
@< B cmincosisy |20V ;pi 8
1 qu—l)\l
15| ey — 1
= EOW) = MRO) + Y o e
=1 Y g 4
Sl
= E,(\)—(1+A)log | ) ¢ |, (4.14)
=1

where A is the root of equation p(A\) = 0. Note that this lower bound to E,(Q, W) is

1
1+
attained at rate R = H (’1’7> or 2Ee()

1 E)N
S| I+Xp
Zi:l q;

‘,\:,\1'
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Case 2: When H(Q) < R, we may write

min ET R7 W)+e R,
H(Q)SRgmin(c,log|s|)[ ( ) ( Q)]
- {ngR;n{%h?c,mg GERW) 4R Q)L min B (R W)+ (R, Q)]}
(4.15)

if log |S| > R.,. Otherwise,

[E.(R,W)+e(R,Q) = min [E(RW)+e(R,Q)]. (4.16)

H@<nEmincios 5" H(Q)<R<log|S|
Note that the computation of (4.16) is actually the same with that of the second part of
(4.15). For the sake of convenience, we first assume log |S| > R., and compute (4.15).
There are two subcases to consider:

H( |;/|@ >>Rcr and H(#)g}zmﬂ.
Z VO i=1 Vi

a) Assume H Vi > R,.,.
) <2151 f)

As in Case 1, we employ Lagrange multipliers to compute

min E.(R,WV) +e(R,Q)], (4.17)

R <R<min(C\log |S|)

and obtain the stationary point

OEo(A)
=5 A=Ar
=A1
o ' (4.18)
pi:ia Z:]-7"'7|‘S.|7
Zlill qil+Al

where A; is the root of the equation
p(N) = H(p(N) — R(A) = 0. (4.19)

where H(p(A)) = H(pi(A), ..., ps|(A))-
If C <log|S|, we note that




and

which implies that 0 § )\1 § 1. For such Ay, it is easy to verlfy that the stationary
point is located in the interval [H(Q),C]. If log|S| < C, we also can show that the
stationary point is in [H(Q),log|S|]. Substituting (4.18) into (4.17), yields

8]
E.(R, W)+ pilog B

min
R,P:R.r <R=H(P)<min(C,log |S|) — i
1=

S| 1
= B,(M)— (L+A)log | Y g™ ], (4.20)

i=1
where \; is the root of equation ¢(A) = 0. The expression in (4.17) is attained at rate

1+A
R=H 711 or R = 8%")\ )‘ R
le‘ T+X1 A=)\

i=1%

Next we note that

B W) el 4.21
H@ S g, B (W) Fe(R, Q)] (4.21)
- ' Eo(1) - in D(P
H(QEIRI}SRM [( o(1) = R) + RE}}?P) (2l Q)]
s,
= i E,(1) — Nog 22
R’PZH(Q)$£H(P)§RCT o(1) = R+ sz 0g 0

I i
= min E ]_ _ H P + llO Pi
PiH(Q)<H(P)<Rer (1) (P) ZE_lp 8%
S|
o( ) maX P)<Rer Zp Og

Consider the concave function g(x) = logx. By Jensen’s inequality, we obtain

S| S|

Zpllog— < log Z\/_

with equality if and only if
S|

Vi _ constant and Zpi =1 =pi= #
D; vy 21V
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It looks that the minimum of (4.21) is attained at R = H (E;/'E ) However, it
i=1 V4

cannot be achieved because H < L}@ > > R,
zi=1 \/E

Lemma 4.3 If f(z) is strictly convex and the stationary point of f(x) is attained at

x = xg, then when v < xy, f(x) is strictly decreasing, and when x > xy, f(x) is strictly

IMCreasing.

Consider the strictly convex objective function in (4.21) with respect to R with its

stationary point lies outside the interval [H(Q), R.]. It follows by Lemma 4.3 that

min  [E (R, W) + e(R, Q)] = Ey(Rer, W) + e(Rer, Q). (4.22)

H(Q)<R<Rer

i.e., the global minimum of (4.21) is actually attained at R,, instead of R = H <Z"\S/E > .
i=1 Vi

Comparison of (4.20) with (4.22) reveals that
Sl .
min [E(R,W) + e(R, Q)] = Ey(M) — (14 M) log | Y g™ |,

H(Q)<R<min(C,log |S|) P
(4.23)

where A, is determined by ¢(A;) = 0.
b) Assume H< Q!F ) < R,,.
2

i=1 V4 -
We employ Lagrange multipliers to compute

min E.(R,WV) +e(R,Q)], (4.24)

Rcr <R<min(C,log |S|)
and obtain the stationary point

R = OFE,(N)
o\ )\:)\1’
i (4.25)
p’i:qiia Z:]-77|‘S.|7

T
|S| T+X7
Zi:l q;

where A; is the root of the equation
p(\) = H(p(\) = R(\) = 0. (4.26)
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Note that

MZH( Vi )_am)

:H<|S|ﬂ> _Rcrgoa
A=1 Zz’:l q;

Zgl 4 OA
and
OFE,(\
SO()\)|)\%00 = IOg |8| - ( ) > 108 |8| - Rcr 2 07
a)\ A—00

which implies that A\; > 1. Thus the local minimum R(\;) is not located in the interval

: : OE,(\) OE,(N) _
(R.r, min(C, log|S|)], since T‘A:)\l < T‘)\Zl = R.,. By Lemma 4.3, we see that
min E.(R,W) +e(R,Q)] = E.(Rer, W) + e(Rer, Q) (4.27)

R <R<min(C\log |S|)

i.e., the global minimum of (4.24) is attained at R... On the other hand,

i (BB W) + (R, Q)

S|
4
- Eo 1) -2 Zl £
® P:H(Q)I?f?rf{msmr;p %
IS|

— E,1) - 2105} VD), (4.28)

where the minimum is attained at R = H yii < R,,.
S va
=1 ?

Comparison of (4.27) with (4.28) reveals that

S|
min [E.(R, W) +e(R,Q)] = E,(1) — 2log Z Va | (4.29)

H(Q)<R<min(C,log|S])

where the minimum is attained at R, = H <E"\S@ )
i=1 V4
Finally, we complete the computation by considering log |S| < R,,.. In this case, it is

seen that the minimization is the same as in (4.21) since

H <|S|i> < 10g|8| S Rcra
iz Vi
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hence the result is the same as in part b) of Case 2. Recall that

s
Ey(p)=(1+plog > ¢,

=1

and examining (4.14), (4.23) and (4.29), we remark that

min [E.(R,W) +e(R,Q)] = E,(p) — Es(p), (4.30)

H(Q)<R<min(C,log |S|)

where p = min(A, 1) and \; is the root of the equation

p(\) = H(p(V) — R(A) = 0. (4.31)

min(A, 1) means that if H <E|g@\/_> > R, then the root \; exists in [0,1), otherwise

i=1 Vi

it H ( ‘;/la ) < R, then the root A; is no less than 1 and we let p =1 in (4.30).
i V@

i=1 Vi

In fact, differentiating E()\) £ E,(\) — E,(\) with respect to )\, we obtain

OE(\)  OE,(\) 9E,(\

B)) O O
= R(A\) = H(pi(A). (4.32)

Moreover,

PEQ) _ OR(N) _0H(p)(N) _ 9oV

= = ) 4.
PA oA o on < (4.83)
Comparison of (4.31) with (4.32) yields
min E. (R, W) +e(R,Q)] = max E,(\) — Es(N). (4.34)

H(Q)<R<min(Clog|S|) 0<A<1

Remark: If the maximum of E,(\) — E (\) over A > 0 is attained at 0 < A < 1,

which means that the root A; of (4.31) is in [0,1], and hence H <E;/|Q7\/_> > R,
i=1 V4
the lower bound is attained at R,, > R... Hence, the joint source-channel exponent is

determined exactly.
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Theorem 4.1 Given a DMS {Q : S} and an arbitrary DMC {W : X — Y}, the

joint-source channel coding reliability function satisfies

E;(Q,W) = max[Eo(p) — E(p)] (4.35)

0<p<1

ifH(Q)<C= 8%’/)(’)) , where equality holds if max,>o[E,(p) — Es(p)] is attained at
p=0 -
p € 10,1].

Proposition 4.1 E(p) = E,(p) — E(p) has the following properties:
1) E(p) is strictly concave in p (p > 0).
2) The global mazimum of E(p) is attained at 0 < ppae < +00 if and only if H(Q) < C
and R, = lim,_,., E"T(p) <log|S|.
8) Denoting p = arg max,so E(p), then
H % > R, < p<1, and hence E;(Q,W) = E(p),

H E‘;/'E\/T <R, < p>1 andhence E;(Q,W) > E(1).
i=1 3

4) Denoting p = min(p, 1), then the lower bound of joint source-channel exponent is

=
P
achieved at rate R, = H (71> .
$i8 gt
i=1

Proof: 1), 3) and 4) have been shown in the computation of the joint source-channel

exponent lower bound. We note that

E E
E(0) =0, 9E(p) =C—-H(Q) and 9E(p) = R — log|S],
hence 2) follows immediately by considering the concavity of E(p). O

We stress that Property 3 is very useful to judge if E;(Q, W) can be determined
exactly or not. If the lower bound to E;(Q, W) is attained at a rate smaller than R,,,
then it has a very simple form: E(1). These conclusions will be used frequently in
Section 4.4.2.

Observation: The random-coding lower bound to E;(Q, W) was originally expressed
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as the minimum of the sum of E,. (R, W) and e(R, Q)) over R. By Theorem 4.1, we show
that this minimization problem is equivalent to a more concrete maximization problem
of the function E(p) with respect to the parameter 0 < p < 1, where E(p) is the
difference between Gallager’s channel function E,(p) and source function F(p). Thus,
solving the maximization of E(p), whose properties are provided in Proposition 4.1,
boils down to the determination of E,(p). Although E,(p) does not admit analytical
expression for arbitrary DMCs, it can always be obtained numerically via Arimoto’s
algorithm [10]. Therefore, we can always compute numerically (as we will show in
Section 4.1.3) the lower bound to E;(Q, W). Furthermore, for class of DMCs satisfying
a certain symmetry, E,(p) can be analytically solved, hence yielding a parametric

expression for the lower bound to E;(Q), W). This is examined next.

4.1.2 DMS over Symmetric Channels

Definition 4.2 [7] A DMC with input alphabet X, output alphabet Y is said to be
symmetric if the rows of the channel transition matriz Py x(y|z) are permutations of

each other, and the columns are permutations of each other.

Definition 4.3 A DMC with input alphabet X, output alphabet Y and channel transi-
tion matriz W £ Py x (y|x) is said to be quasi-symmetric® if W can be partitioned along

its columns into symmetric sub-arrays Wy, Wa, ..., Wy, each W; having size |X| x |V,

where | J._, Yi=Y and Y;(Y; =0 Vi # j.

30ur notion of “quasi-symmetry” is actually identical to Gallager’s notion of “symmetry” (see

[4, p. 94]). We use the term “quasi-symmetric channel” since we have already denoted the term

“symmetric channel” in Definition 4.2.
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For example, the following channels with transition matrices

L 1 1 L 1 1 L 1 1
3 6 2 3 6 2 3 2 6
L1 1 L1 1 111
3 2 6 6 3 2 2 3 6

are all quasi-symmetric. Note that a symmetric DMC must be quasi-symmetric, and

we have the following important property for a quasi-symmetric DMC.

Lemma 4.4 For any quasi-symmetric DMC, E,(p) (defined in (2.16)) is mazimized

by a uniform input distribution.

The proof of this lemma is lengthy, and we defer it to the Appendix. Consider a
quasi-symmetric DMC with channel transition matrix W £ Py|x(y|z). Suppose W
can be partitioned along its columns into symmetric sub-matrices Wy, W, ..., Wy, each
W; having size |X'| x |V;|. Now denote the transition probabilities in any column of the
symmetric sub-matrix W; by {pﬂ,pig, ...,pim}, 1 =1,2,...,s. By Lemma 4.4, we can
write F,(p) as

1+p
5 X

Ey(p) = (14 p) log |X] —log § > |V Zp“" : (4.36)

i=1
Differentiating E,(p) with respect to p yields

|X| o 717%

s i+ ij

O ( ) Zi:l |yl| <Zy 1Pij p) H sl ™
Op :10g|X|_ JIU .

dp

v 1+p
s (zj | pE )

(4.37)

Consider a DMS with distribution () and alphabet & that is to be sent over this
quasi-symmetric DMC W. By Theorem 4.1, if

H(@Q <0 =2 g Zw S | a2
dp |X| Z =1 N Z_L')jlpij 7
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then

1+p
s |x| 1
_ T+p
E;(QW) = max |(1+p)log|X|—log ;I% Zp
sl
—(L+p)log | Y a/ ™ || (4.38)
=1

By Proposition 4.1, we can deduce the following result.

Corollary 4.1 Consider a DMS {Q : 8} and a quasi-symmetric DMC {W : X — Y},
1) If

\X\ Zz 1 il (E‘]X‘ﬂ%) < %t ) + H(Q) < log |X|,

E\X\

S Wil (S0 v ) H( Y
| x| oty +H( \‘\s/|Q7 )Zlog|X|7
Z?:l ‘yi|(2j=1 pij) Zz 1\/11_

then the joint source-channel coding exponent is exactly given by

. x| 1+p* S| 1+p*
E;(Q,W) = (14 p*)log|X| —log ¢ | > |V pr Zq“" ,
i=1
(4.39)
where p* is the root of equation
14p p;%p
yz(ZLMﬂ’Hp) H - 1
Elill pi14+p q;
o\ +H( o ) log [X].
Zf 1 |yl‘ (Zl‘zll Pij ) Zz 1%
2) If
s ) |X| ) H Dij
Zz:l |yl| (Z <Zyill pz‘j) \/q—
H(—Y——) < log|X],
s x| 2 Z|S| V@
S i (S ) =
then the lower bound of joint source-channel coding exponent is given by
. X /s ’
B(Q W) > 21og|¥| ~logd [l [Yovms | | [ Mova] ¢ @ao)
i=1 j=1 i=1
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Note that for b 0 V)] (z‘f‘l pw) H <E§’;J ) +H(Q) > log |X|, E,(Q,W) = 0.

Observation: Symmetric Channels
A special case of Corollary 4.1 is that if the DMC is symmetric, then each column
of the probability transition matrix W is the permutation of the same set of transition

probabilities, denoted by {pl,pg, ...,pm} and Corollary 4.1 is simplified to

1) If H <z"_"p> +H@Q) < log|X| and H (gff) +H <Z§W> > log | X,

then the joint source-channel coding exponent is exactly given by

X1 E

E;(@Q,W) = (14 p")log|X| —log |¥] — (1 + p") log Zp“” O a ™), (441)

_1-%-0 _1-%-0

where p* is the root of equation H | —2%—— | + H %71 = log | X|.

x| Ts S|
Z— pl Zz 1 A
2) If H (ﬁ) +H <ﬁ> < log|X|, then the lower bound of joint source-
i=1 VPi
channel coding exponent is given by

x| S|

E;(Q, W)>log|g}| —2log Z\/@ Z\/_ : (4.42)

For H <Z|T> +H(Q) > lOg|X|, EJ(Q, W) =0.

=1t

Example 4.1 (Binary DMS over Binary Symmetric Channel (BSC)) A BSC has 2
mputs, 2 outputs with error transition probability €, as shown in Figure 4.1. Consider
a binary source with probability distribution {q,1 — q}.

1) If hy(e) + hp(q) < 1 and hy (ﬁ) + hb< V4 ) > 1, where hy(-) is the

binary entropy function, then

Es(Q W) =p" = (14 p")log [ (s77 + (1= &) ) (477 + (1 - 77 )|, (4.43)
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0
PY|X(]-|0) =&
X Yy
Py|X(O|1) =&
1

Figure 4.1: Binary symmetric channel with parameter ¢.

where p* is the root of equation

2) If hy <1 then

Ve V1
(vevrm=s) + o (veis)

Es(Q.W) > 1~ 2log [(VZ+ VI=2)(Va+v1-a)].

(4.44)

Figure 4.2: The regions for the (¢, ¢) pairs in the binary DMS and BSC system.
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Fix g=0.2, R_vse. Fix e=0.1,R_vsq.
m m

0.95 0.6
EJ(Q,W) is determined exactly
0.9 0.5
when £>0.0001.
0.85 0.4
€ €
o o
0.8 0.3
0.75 0.2 E,(Q,W) is determined exactly
-
when g>0.0005.
0.7 0.1
0 0.01 0.02 0.03 0.04 0.05 0 0.05 0.1 0.15 0.2
€ q
Fix 9=0.2, E (QW) vs Fixe=0.1,E (QW)vsq
0.14 0.35
0.12 EJ(O,W) is determined exactly 0.3
04 when £>0.0001. 0.25 EJ(Q,W) is determined exactly
. . when g>0.0005.
= 0.08 £ 02
S S
°0.06 015
0.04 0.1
0.02 0.05
0 0
0 0.01 0.02 0.03 0.04 0.05 0 0.05 0.1 0.15 0.2
£ q

Figure 4.3: The joint source-channel exponent lower bound vs BSC parameter £ (left
side), and the joint source-channel exponent lower bound vs binary source distribution

q (right side). R,, is the rate attaining the lower bound of E;(Q, W).

In Figure 4.2, we see that if the pair (g, ¢) is located in region B, then the corre-
sponding joint source-channel exponent can be determined exactly by (4.43). If (g, q)
is located in region C, then (4.44) holds. When (g,q) € A, E;(Q,W) is zero, and
the error probability of this communication system will converge to 1 for n sufficiently
large. So we are only interested in the cases when (g,¢q) € BUC.

From Figure 4.3 we observe that in practical communication systems we always
hope that the noise distribution ¢ is as small as possible. When ¢ decreases, we can
attain a higher reliability exponent. However, once ¢ is fixed, as we decrease (, the
joint source-channel exponent increases, i.e., when ¢ (or 1 — ¢) becomes very small

(“skewed” source), we can attain a higher exponent.
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Example 4.2 (DMS over N-ary Strong Symmetric Channel (N-ary SSC)) An N-ary

SSC has N inputs, N outputs with error transition probability matriz

NN (4.45)

Pyix(ylz) =

Consider an M-ary source with probability distribution Q={qi,...qun }-
1) If

hy(e) +elog(N — 1) + H(Q) < log N,

e(N—1) e(N—1) _ ( NG ) >
b (\/E(N1)+m> + VeN-1)+vI—¢ log(N —1) + H St Vi log IV,

then

E;(Q,W) = p“logN — (1L + p*)log [((1 — &) + (N — 1)(N )y ) (Zqﬁ" )]

(4.46)
where p* is the root of
by ( (N - D(5= )1+P ) “H qiljp : log N
(1= )% + (N = (z) ™ S o
2) If
(N —1) (N —1) (N N .
(\/a N -1 +\/1—s>+\/s N -1) T SN+ (Z?L@) = los
then
Ey(Q, W) > log N — 2log [(xﬂ e+ ) (Z f)] (4.47)

In Figure 4.4, we see that if the pair (g, ¢) is located in region B, then the corre-

sponding joint source-channel exponent can be determined exactly by (4.46). If (g, q)

40



0.9

0.8

0.7r

0.6

0.4r

0.3

0.2r

0.1

Figure 4.4: The regions for the (e, ¢) pairs in the binary DMS and 4-ary SSC system.

is located in region C, then (4.47) holds. When (g, ¢) € A, the error probability of this
communication system will converge to 1 for n sufficiently large. Figure 4.5 shows for

various values of (£, ¢) the joint source-channel exponent lower bound.

Example 4.3 Consider a DMS {Q : S8} and a binary erasure channel (BEC) {W :
X — Y} with transition probability W = Py x with parameter o as shown in Fig-

ure 4.6. The channel probability transition matriz

l—-a o 0
W = , (4.48)
0 a 11—«
1S quasi-symmetric since it can be partitioned into two symmetric sub-matrices
l-«o 0 e}
W1 == and W2 = (449)
0 -« «@

In sub-matriz Wi, p;; =1 —a, p1o = 0, V1| = 2. In sub-matriz Wy, p1; = pe = «,

| V| = 1. Applying Corollary 4.1, we have
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1.4

-+ g=0.2
- - 0g=0.3
E,(Q,W) is determined exactly when £>0.0179. q=04
19+ — q=0.5 ||
§ \ N EJ(Q,W) is determined exactly when €>0.0183.
g |
w1 EJ(Q,W) is determined exactly when €>0.0199. T
ks
T S EJ(Q,W) is determined exactly when £>0.0236.
3 08 .
8 .
> EJ(Q,W) vanishes
E when €>0.1893.
> 06 _ ]
35 EJ(Q,W) vanishes
3 when £>0.1973.
1
IS
g 04r E,(Q,W) vanishes )
c
]
= when £>0.2229.
02+ . E (Q,W) vanishes -
when £>0.2729.
0 - S l |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Figure 4.5: The joint source-channel exponent lower bound of the binary DMS {¢, 1—¢}

and 4-ary SSC system.

1IfHQ)+a <1 and H <%> > 122 then the joint source-channel exponent
Zl 1V 4 +a

1s exactly given by

S|
E/(Q,W) = p ~log[(1 — a) + 02" — (1 + ) log Zqz S s0)

where p* is the root of equation

1
T+p

q; _ -«
Z|S| (1—a)+ a2

H

2) If H (le(f> < 1 1+ , then the lower bound of joint source-channel exponent is
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Figure 4.6: Binary erasure channel with parameter «.
given by
S|
Ey(Q W) >1—log(l+a)—2log | Y & | . (4.51)
i=1
For HQ)+a>1, E;(Q,W)=0.

1

0.9r

0.8

0.7r

0.6

O o05F

0.4

0.3F

0.2r

0.1

Figure 4.7: The regions for the («, ¢) pairs in the binary DMS and BEC system.

For example, if the source is binary {q, 1 —¢}, Figure 4.7 shows that if the pair (¢, q)

in the binary DMS and BEC system is located in region B, then the corresponding
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joint source-channel exponent can be determined exactly. If (g, ¢) is located in region
C, then (4.51) holds. When (g,q) € A, the error probability of this communication

system will converge to 1 for n sufficiently large.

4.1.3 Arimoto’s Algorithm: DMS over Arbitrary DMC

As we have mentioned before, for arbitrary DMC, we cannot write out the para-
metric form of E,(p) because we do not know under what channel input distribution
the maximization in (2.16) can be achieved. Thus we are not able to directly maximize
E,(p) — Es(p) for an arbitrary DMC, if the transition matrix is not quasi-symmetric
or has a large input or output alphabet.

To investigate how to maximize the right side of (4.35), we write

max [E,(p) — Es(p)]

0<p<1
S| 1+p
J— 1+ 1+
= max max § —(1+p)log ZQ ’ log;y (;(PX TP y|:r))
Yy T

It is possible to rewrite the above maximization as

S
max maxmax { —(1 + p) log LZQI+FJ _

0<p<l Px @x|y P

log [Z > P (x) P;K y | w)¢xy($|y)‘”] }

yey zeX
s
= max { —(1+ p)log ZQ”” —l—p[maxmaxG (PX,q)Xy):| , (4.52)

0<p<l T Px ®x)y
i=

where

Gp(PX’q)XY)—7IOg[ZyZXPX P;\Jr?? |){%€;ly)}_]’

and @ x|y (z]y) is an arbitrary transition probability matrix from the channel {W~! :

Y — X}, often called a dummy “backward” channel. The form (4.52) was introduced
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by Blahut [8] and Arimoto [10]. To compute the joint source-channel exponent lower
bound (4.35), we therefore can apply Arimoto’s algorithm [10].

From [10], we know that Arimoto’s iterative algorithm is to maximize G,(Px, ®xy)
over Py and ®xy based on a given p, but our problem is to maximize (4.52) over p
from 0 to 1. Although we do not have the parametric expression of E,(p), we note
by Proposition 4.1 that E(p) is concave and must has a global maximum at a finite
p > 0. Therefore, we can apply these properties of E(p) to search for the maximizer
p* as follows: at each iteration s, we choose t + 1 (t > 3) points pgs),pgs), ...,pii)l to
divide the interval Z(*) (Z() = [0, 1]) into ¢ consecutive sub-intervals and compute each

E() (i=1,...,t+1). Suppose E(pg-s)) is the biggest among the ¢ + 1 numbers, then

p* must be in the new interval

A 08|, it =1,

e+ = [pgsl,p]+1], if1<j<tstl,
[Pt 7Pt+1]7 ifj=t+1.
b

Specially, if E(pg-S ) = E(pﬁl) oth are the biggest among the ¢ + 1 numbers, then p*
must be in the new interval

7t = [pg g P§J21] -
Note that whatever the positive integer t is, we always can choose ¢ 4+ 1 points in the
closed interval [0, 1], such that for the first (initial) iteration, we compute E (pl ) for
t+ 1 points, but for the next iteration we only need to compute E(pZ ) for t — 1 points
ifj=1o0orj=1t+1and for t — 2 points if 1 < 5 < t + 1. Define the p-fidelity

error § = ‘pg-s) p*|. If we want § < 107%, we need to compute approximately at most

(t +1+(t—-1)x Ligéff)b points in total, where [z] is equal to the smallest integer
which is no less than x. To reduce the computation time, it is easy to see that ¢ should
be as small as possible, that is, ¢ is chosen to be 3. Considering how to choose the 4

points for each iteration, we can employ golden section [5, Section 2.3] search®, so that

4Golden section search is also called a limiting form of Fibonacci search in some books.
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the computation iterations is approximately equal to ([4.784k]) for a p-fidelity error §
such that § < 107*.

The algorithm for computing the source-channel coding exponent lower bound
(4.35) is as follows,
1) Initialize E©® = 0, let s = 1, and set p®)(1) = 0, p(*)(2) = 0.382, p{*)(3) = 0.618,
pPI4) =15
2) Use Arimoto’s iteration algorithm (see Appendix B) to compute

sl
E(p) = —(1+ p)log ZQ;*” +p [maxmapr(PX, Px|y)

- Px ®x)y
=1

for each p'*) (i), i = 1,2,3,4, and denote the results as E® (i), i = 1,2, 3, 4.
3) Let E®) = max{E® (1), E®)(2), E®)(3), E®)(4)}. If

stop; else continue.

4) If there exists a j such that £ = E®)(5) = E®)(j+1), j = 1,2,3, then ECTY(1) =
E¥)(j), BTV (4) = BC(j + 1), ptt0(1) = p(j), ptD(4) = p®)(j +1). Compute
EGtD(4), 4 = 2,3 for

pI(2) = P + (D (8) = (1) x 0382,

PO (8) = (1) + (D) — p (L) x 0.618;

else continue.
3) It B = BO(1), then B+)(1) = BO(1), BEH(1) = BO(2), p0+)(1) = p0(1),
Pt (4) = p)(2). Compute ECHV(4), i = 2,3 for

P (2) = D (1) + (oD (4) = pD(1)) x 0.382,

p(s+1) (3) — p(5+1)(1) + (p(5+1) (4) — p(5+1)(1)) x 0.618.
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If £ = E®)(2), then ECHI(1) = EG)(1), ECHD(3) = EG)(2), EGTD(4) = EG)(3),
pEHD(1) = p) (1), petH(3) = p)(2), pFY(4) = p()(3). Compute E+Y(2) for

p(s+1)(2) _ p(s+1)(1) + (p(8+1)(4) — p(s+1)(1)) x 0.382.

If E¢) = E®)(3), then ECHI(1) = EG)(2), EGHD(2) = EG)(3), EGTD(4) = EG)(4),
pet(1) = pt)(2), pt(2) = pi)(3), pF1 (4) = p*)(4). Compute ECH1(3) for

p(s+1)(3) — p(5+1)(1) + (p(5+1)(4) — p(s+1)(1)) x 0.618.

If B® = E®(4), then ECHI(1) = EC)(3), ECHI(4) = ECI(4), ptHD(1) = p)(3),
Pt (4) = p)(4). Compute ECHV(4), i = 2,3 for

pE() = () + (0 (4) - (1)) x 0382,

p(s+1)(3) _ p(s+1)(4) + (p(5+1)(4) — p(s+1)(1)) x 0.618.

6) Let s = s+ 1, goto 3).

In Figure 4.8, we determine the joint source-channel exponent lower bound us-
ing (4.43), (4.44), for ¢=0.1, 0.15 and 0.2, and compare with the lower bound obtained
by our algorithm. We see that the two group of curves coincide with each other. In [10],
it is assumed that ® x|y (z|y) > 0, but we see that G,(Px, ®x|y) in any given iteration
may go to infinite if ® x|y (x|y) is zero, since @;{"’Y(p > () appears in (4.52). From the
iterative equations (see [10]) uesd to compute ®yjy and Px, we note that the neces-
sary and sufficient condition for ®xy # 0 is Pyx # 0. This leads us to suggest a
modification if there are zero entries in the channel transition matrix Py x. Because
the reliability function is continuous in each Py x(y|z), one could add a very small

quantity § to obtain a new channel W' £ Pi,’l  without 0 entries

Pyix(yjlzi) — 7245, if Pyix (y;la) # 0,
Py x (yslw) = . (4.53)
6, if Py|X(yj|£L’i) = 0,
such that E;(Q, W') converges to E;(Q,W) if 6 goes to 0, where n; is the number of

zero’s in row i, for each i = 1,2, ..., |X| and j = 1,2, ...,|Y|. For example, the BEC can
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0.35

T T T
—o— By exact parametric expressions.
—— By Arimoto’s algorithm.

0.3F 4
q=0.1

W).

when €>0.0005, EJ(Q,W) is determined exactly.

o
[}
o

-0.15
7 when £50.00025, E (Q.W) is determined exactly.

=0.2
qi when €>0.0001, EJ(O,W) is determined exactly.

o
o

EJ(Q,W) vanishes
EJ(Q,W) vanishes when €>0.1206.
when £>0.0766.

o
.
[6)]

EJ(Q,W) vanishes

0.1 when £>0.0481.

Random-coding lower bound of EJ(Q

g=0.1

0 002 00a " 006 0.08 01 0.12 0.14
Figure 4.8: The joint source-channel exponent lower bound of binary DMS {q,1 — ¢}

and BSC pairs: Arimoto’s algorithm vs exact expressions given in Example 4.1

be replaced by the new channel

. 1—a—05 a—0.50 )
Y|X — ) (4-54)
) a—055 1—a—0.50

then we can apply our algorithm to compute the joint source-channel exponent lower
bound for the binary DMS and BEC pairs, see Figure 4.9.

From Figure 4.9 we remark that when we set 6 = 107%, the error resulting from
involving the “noise” ¢ is very small. From Figure 4.11, we show the joint source-
channel exponent lower bound for binary DMS and Z-DMC (described in Figure 4.10)
pairs, computed using Arimoto’s algorithm with § = 107%. Note that in the case, no

analytical exact expression for the exponent lower bound exists.
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0.35

—©- g=0.1, by exact expressions.
—*— =0.1, 3=1075.
q=0.1, =104,
q=0.1, 5=10"3.
g=0.2, by exact expressions.
g=0.2,35=1075.
g=0.3, by exact expressions.
q=0.3, =105,

*

E (Q,W) is determined exactly when 0>0.016.

* 0 % O *

0.2F
EJ(Q,W) vanishes

when a=0.119.
0.15%
EJ(Q,W) vanishes

when a=0.278.
0.1

Random-coding lower bound of EJ(Q,W).

EJ(Q,W) vanishes

when a=0.534.
0.05f%;

0 0.1 0.2 703 0.4 0.5 0.6 0.7

Figure 4.9: The joint source-channel exponent lower bound of binary source {¢q,1 — ¢}

and BEC pairs: Arimoto’s algorithm vs exact expressions given in Example 4.3

Figure 4.10: Z-DMC with parameter .
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0.35

159

000
W=

0.3

EJ(Q,W) is determined exactly when £>0.01.

0.25
EJ(Q,W) is determined exactly when £>0.004.

0.2 EJ(Q,W) is determined exactly when 107>,

0.15%
EJ(Q,W) vanishes when €>0.042.

0.1 E (QW) vanishes when £>0.112.

Random-coding lower bound of EJ(Q,W).

EJ(Q,W) vanishes when €>0.31.
0.05

1
0 0.0 0.1 0.15 € 0.2 0.25 0.3 0.35

Figure 4.11: The joint source-channel exponent lower bound of the binary source {¢, 1—

q} and Z-DMC pairs, computed using Arimoto’s algorithm with § = 1079,
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4.2 The Joint Source-Channel Expurgated Lower
Bound

4.2.1 A General Derivation

In Section 3.2, it is mentioned that if some condition about the channel charac-
teristics holds (see Corollary 3.1), then the joint source-channel coding lower bound

satisfies

E;(Q,W) > min [Eer(R,W) +e(R,Q)].

T 0<R<min(E (1) log [S))

Based on this corollary, we next investigate the analytical computation of

[Eex(R, W) + (R, Q)] (4.55)

min
H(Q)<R<min(log|S|,Ex(1))

for any DMS and DMC with zero-error capacity equal to 0. Like the random-coding
lower bound E, (R, W), since

Eex( R, W) = max|—pR + Eau(p));

by setting the derivative of [—pR + E,(p)] with respect to p to zero, we obtain the
parametric expressions of R and E., (R, W) in terms of p* (p* maximizes [—pR+ E,(p)]

in [1,400), see [4, p. 155]). When 0 < R < Rl = 220

pr=1
8Eez *
Ee(R,W) = E.(p*) —p* ap(*p ), (4.56)
OE,(R,W) .
o = o (4.57)

i.e., —p* is the slope of E (R, W), where R(p*) = 8%”7;*’)*) is a decreasing function in

p* (1 < p* < 400). When R, < R < E,(1), the slope is -1 and hence

E(R,W) = E,(1) — R. (4.58)
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R/, is described in Lemma 2.2. It is very similar to the critical rate R, but it is smaller
than R.. In words, for 0 < R < R!, (or (1 < p* < +00)), Ee,(R, W) is strictly convex
in R and the slope is —p*. For R, < R < E,(1) (or p* = 1), E..(R,W) is a straight
line with slope -1. First, we assume that log|S| > R.,.. For the sake of convenience,

we may write (4.55) as

min [Eex(R; W) + 6(R, Q)]

H(Q)<R<min(log |S|,Ex (1))

— min [Eex(R W)+ min  D(P | Q)]

H(Q)<R<min(log |S[, £ (1)) P:H(P)=R

= ' Eer(R, D(P
P,R;H(Q)SR:H(%?MH(EI(mog|S|)[ (B,W)+D(P | Q)]

= min {PR:H(Q) min [Eex(R, W)+ D(P || Q)],

<R=H(P)<R,

nin E,(1)~ R+ D(P| Q)]}

P,R: Ry, SR=H(P)<min(E(1),log |S]))

= min {PR:H(Q) min [Eee(R, W)+ D(P || Q)],

<R=H(P)<R,

min [E,(1) — H(P)+ D(P | Q)]} . (4.59)

R}, <H(P)<min(E,(1),log|S|))
By applying Lagrange multipliers, we obtain

S|
min E.(R,W)+ Zpi log & = max|[E,(p) — Es(p)],

P,R:R=H(P) — i

where the minimum of the left side is attained at p; = ————, i = 1,...,|S], and
Ziill qi1+P*
e

rate R/, = H <71>, where p* maximizes E,(p) — Es(p). On the other hand, it
Z *

15|

i=1%

is easily seen that

S|
B.(1) — H(P) + D(P | Q) = Ea(1) -2} 1

is a convex function in the distribution P = {py,ps, ..., ps} and the minimization of

the above formula with respect to P is attained at p; = El‘\s/\ﬁ\/—v i =1,..,|S|, and
i=1 Vi
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hence the minimum of the left side is attained at rate R, £ H ( va > Now we

Zl'i‘l qi
consider the following two cases: H( \;( > < R!, and H( |“S‘F > > R
Zz 1\/_ Zz 1\/q_z
Case 1: If H ;/_ < R._, then it can be shown that p* > 1 and hence R,, < R.,..
Z\l ll\/QT cr cr
Therefore,
i E..(R,W)+ D(P
Prst(@) u py< gy, e (B W) + D(P | Q)]
IS
- P,R:r}zllI}I(P) Eer (R, W) +;Pz log—
= LEu(p") — Es(p")
= Eeo(Ru, W)+ e(Rn, Q). (4.60)
Since R, = H Vi < R!_, it follows by Lemma 4.3 that
m SV “r
min E.(1) - H(P)+ D(P = R. W) +e(R.,
re() < g s (1) = H(P) + D(P || Q)] = Ees( )+ e(Re,, Q)
(4.61)
Comparison of (4.60) with (4.61) reveals that
min [Eex (R, W) + e(R, Q)] = max[E,(p) — Es(p)]. (4.62)

H(Q)<R<min(log |S|,E+(1)) p>1

Case2: IfR, < H (ES\"F\/_> then it can be shown that p* < 1 and hence R, > R,

By Lemma 4.3,

: _ / /
iy M o Be(RW) + DP | Q)] = BBl W) + (R, Q). (463)

Conversely, since R, = H < ‘;/lﬂ ) >R,
Zz 1 \/E

ey E,(1) = H(P) + D(P || Q)] = Eeal( R}, W) + e(R},, Q)
Rl . <H(P)<min(E.(1 )10g‘s‘))[ ( ) ( ) ( || Q)] ( ) ( Q)

(4.64)
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Comparison of (4.63) with (4.64) yields

min [Eeo (R, W) + (R, Q)]

H(Q)<R<min(log ||, Ex(1))

= E (R, W)+e(R,, Q)

= E,(1) - E,(1). (4.65)

Finally, recall that we first assumed that log |S| > R.,. If log |S| < R.,, we still have

cr?

min [Eeo(R, W) + (R, Q)]

H(Q)<R<min(log |S|,Ex (1))

= ol [B(l) - R+e(R,Q)

= E,(1) — Es(1). (4.66)
Accordingly, we have the following theorem.
Theorem 4.2 Consider a DMS and a DMC with zero-error capacity equal to 0, if

Eo(R,W) = maxp E (R, P,W) is attained for a P not depending on R, then the

joint source-channel exponent expurgated lower bound of Corollary 3.1 is equal to

E;(Q,W) 2 max[E.(p) — Es(p)], (4.67)
llﬁ
attaining at rate R, = H (% , where p achieves (4.67).
Eiil qi1+ﬁ

Proposition 4.2 (Comparison of Random-Coding Lower Bound with Expurgated Lower
Bound to E;(Q,W)) The random-coding lower bound is better than the expurgated

lower bound to E;(Q,W) iff H (ZS@\F> > Rer; The random-coding lower bound s
i=1 V4

equal to the expurgated lower bound to E;(Q,W) iff R, < H (Z;/'E ) < Rer; The

=1 q;

random-coding lower bound is improved by the expurgated lower bound to E;(Q, W) iff

H <z'5f/q*> <R, ie.,

EJ(Q: W) > maX[Ez(p) - Es(p)] 2> max [Eo(f)/) - ES(V)]a

p>1 ~ 0<9<1

; Vi — 9E:(p)
zﬂ'H( ? ><R'Cr— app

5 .
Z&:‘l \/‘Tz p=1
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it also implies that H ( Vi > < R.. Then

S ) S
PR er s V@

Proof: When H( Vi ) < R

the random-coding lower bound is attained at R,, = H z|fs/\q7\/_ and the expurgated
i=1 Vi
1
T+5
lower bound is attained at R, = H (qli"_l& where p > 1. It follows that the
Ziil qil+p

random-coding lower bound to E;(Q, W) is given by
E (R, W) +e(Rn, Q) < E.(R,,W)+e(R,,Q)
< Eeo(Rp,, W) +e(R,, Q),

which is equal to the expurgated lower bound to E;(Q,W).
When R, < H (ZXF ) < R, the random-coding lower bound is equal to

i=1 Vi

E,(1) — E4(1), and the expurgated lower bound is equal to E,(1) — E4(1). Thus the

two lower bounds are identical since E,(1) = E,(1).

When H <Z|g@ ) > R, it also implies that H <E|g@\r> > R!.. Then the

i=1 i i=1 i
1
7
random-coding lower bound is attained at R,, = H (‘1’7‘)1 where 0 < p < 1 and

S| 1+5
Eizl q;

the expurgated lower bound is attained at R, = H <Z‘\S/'(Tf> It follows that the
i=1 V4

random-coding lower bound to E;(Q, W) is
Ey (B, W) + (B, Q) > Eeo(Bin, W) + (B, Q)
> B (R, ,W)+elR, A Q),

which is the expurgated lower bound to E,;(Q, W). O

4.2.2 DMS over Equidistant DMC

From [2], we know that a channel input distribution Py attains the E,(p) (described
in (2.19)) if and only if it maximizes E., (R, Py, W) (described in (3.8)), and such a P

with the corresponding py (pp achieves E., (R, W)) satisfies the Kuhn-Tucker conditions

; Po() exp {—idB(x, 55)} — ¢ (4.68)

Po

95



for every ¥ € X with P(z) > 0, where ¢ does not depend on = (see [3, p. 193]).

Definition 4.4 (Equidistant Channel) A DMCW £ Py\x is called equidistant if there

exists a number 3 > 0 such that for all pairs of inputs x # x,

S/ Prix(ule) Prix (wf7) = B, (469)

y

For example, all binary input channels are equidistant.

Remark: By Hoélder’s inequality [4] it is easy to see that
B < [Z PY|X(?J|~T)]§[Z PY|X(?J|5)]§ = 1.
y y
This implies that all equidistant DMC’s have zero-error capacity equal to 0 since

E(0,W) = lim E (R, W)
R—0

= Y Pxle)Px()log [Z VP k) Prx 01)

Z PY|X(?J|1’)]

y

= = 3 Pe@)Px@)logB— > Pi(a)log

T,0:TET

= — Z Px(z)Px(7)log f < 400,

o3 a4
for every Px such that Px(z) > 0 for every x € X', which is a sufficient and necessary
condition for a DMC with zero-error capacity equal to 0, see [3, p. 187]. Moreover, for
an equidistant channel, it can be easily verified that Kuhn-Tucker conditions (4.68) are

satisfied by uniform input distributions.

Lemma 4.5 For an equidistant channel, E.(p) is achieved in the range p > 1 by a

channel input distribution
1
PX(x)Z(N)’ V zeX.

The above property of equidistant channels was first given by Jelinek [6, p.231].
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Lemma 4.6 [2] For a given DMS {Q : 8} and an equidistant DMC {W : X — Y},

the joint source-channel exponent satisfies

E; QW) > min [Eee(R,W) + e(R, Q).

H(Q)<R<min(log|5|,C)

By Lemma 4.5, we can write F,(p) (described in (2.19)) as

Egc(p):—plog(N]; 1ﬁi+i) for px1. (4.70)

N

where N is the input alphabet size. Now applying Theorem 4.2, yields the following

result.

Corollary 4.2 For a given DMS {Q : S} and an equidistant DMC {W : X — Y}

with parameter (3, if

Va <|X|_1 1 ) Blog
s =) *! i) S a1 471
<ZE1 %’) e X a X)) = B+ (4.71)

the improved joint source-channel coding lower bound satisfies

E*(Q,W) = Eu(p1) — Es(p), (4.72)

where py 1s the root of the equation
BT x| -1 1 —1)Br1
H|—5 ) 4log <7| | Br + —> _ . )5 logﬁ, (4.73)
Zﬁh g pe+ X1

and E.(p) is given in (4.70).

Example 4.4 Consider a binary DMS {q,1 — q} and a BEC with parameter « (note
that for the BEC, the parameter [ is equal to a),

Eu(p) = p— plog (a% + 1) . (4.74)

From Figure /.12, we see that if the pair (c,q) is located only in region Cy, then
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Figure 4.12: The regions for the («, ¢) pairs in the binary DMS and BEC system.

the joint source-channel exponent lower bound can be improved by (4.72) (regions A
and B were already described in Figure 4.7; also, Cy|JCy = C where C' is described in
Figure 4.7). For example, if the source distribution is Q={0.1,0.9}, the lower bound
is improved for a < 0.0297, and if Q={0.2,0.8}, it is improved for a < 0.0102, see
Figure 4.13.

4.3 The Joint Source-Channel Sphere-Packing Up-

per Bound

The computation for the joint source-channel coding upper bound is similar to that

for the lower bound (of Section 4.1), so we directly state the results.
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0.35

0.3F b

0.25f Fix q=0.1, when 0<0.0297, random-coding /A

lower bound is improved by expurgated lower bound.

0.2 4
Fix g=0.2, when 0<0.0102, random-coding lower bound
is improved by expurgated lower bound.

Lower bounds of EJ(Q,W).

O~
015 *='=g= _ o .
T - —©- =0.1, expurgated lower bound.
—*— =0.1, random-coding lower bound.
©- g=0.2, expurgated lower bound.
* - g=0.2, random-coding lower bound.
01 | | | | |
0 0.005 0.01 0.015 0.02 0.025 0.03

Figure 4.13: Improved expurgated lower bound for the binary DMS and BEC system.

Theorem 4.3 Given a DMS{Q : S} and a DMC{W : X — Y} such that H(Q) < C,

the joint-source channel coding reliability function satisfies

E;(Q,W) < max[Eo(p) — Es(p)], (4.75)

p>0

where equality holds if max,>o[E,(p) — Es(p)] is attained at p € [0, 1].

Note that if Ry = lim,_,, E"T(p) < log|S]|, then the upper bound in Theorem 4.3 is
finite; otherwise, it is infinite. Also, by Proposition 4.1, H(Q) < C and Ry < log|S]

guarantee that E(p) £ E,(p) — E,(p) has a global maximum at a finite positive p.

Proposition 4.3 Denoting p = arg max,~y E(p), then the sphere-packing upper bound
1

IS 1+p
Eizl q;

+7
of E;(Q,W) is attained at rate R,, = H %)
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Corollary 4.3 Consider a DMS {Q : S} and a quasi-symmetric DMC {W : X — V}.
W can be partitioned along its columns into symmetric sub-matrices Wy, W, ..., Wi,
each W; having size |X| x |V;|. Denote the transition probabilities in any column of the
symmetric sub-matriz W; by {pi 1, Di2y o Di, ‘X‘}, 1=1,2,...,s.

Ifﬁ S|V (z‘])jl pi_,-> H <Z'X' " >+H(Q) < log |X|, then the joint source-channel

j=1 ij
coding exponent upper bound is given by

14+p*
.

By QW) < (L+p")loglX| —log{ | S0l | Yo pi™ O ,
1=1

j=1 i=1
(4.76)

where p* is the root of equation

1+p

; 14p ».
R A ] e
EJ 1 1] + H (q7> log |X|

) S|
x| TF
Z?:l | Vil (Zjl P;; p) Zz 19

Equality holds in (4.76) if and only if 0 < p* < 1.

Note that for ﬁ S|V (Z‘]’i\l pij> H <Z'§l'] ) + H(Q) > log |X|, E;(Q,W) =0.

J 1Pij

Remark: For the quasi-symmetric DMC,

1+p
(1+ p)log|X| — log{Zle | Vil (Zlyﬂlpzlfp) }
Ry = lim

p—00 P

) o pﬁ

S 1+p %,

Sl (Sel?)
Z] lpu

v 1+p
S (zj | pE )

= log|¥| - lim

Example 4.5 (Binary DMS over BSC) For a binary DMS and a BSC with error

transition probability £, the joint source-channel exponent upper bound is

Ey(@W) < g = (1+ p)log [ (677 + (1= )77 ) (¢ + (1 - )77 )],
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if ho(q) + hi(e) < 1, where p* is the root of

1 1
cl+p qm
hy | —— —— |t | — - | =1
gl+r + (1 _ 5) I+p qite + (1 _ q) I+p

In Figure 4.14, we show the above upper bound and compare it to the lower bound of

(4.35).

045 T I I
—©~ Random-coding lower bound of EJ(Q,W) when q=0.1.
—*— Sphere—packing upper bound of E (Q,W) when q=0.1.
04k —— Random-coding lower bound of EJ(O,W) when q=0.15. | |
. Sphere—-packing upper bound of EJ(Q,W) when q=0.15.

The random-coding lower bound and sphere-packing upper bound

0.35 coincide with each other when £>0.005.

bt
w

0.25

o
)

The random-coding lower bound and sphere-packing upper boun
o coincide with each other when €>0.0025.

Lower and upper bounds of EJ(Q,W).

0.151

0.1 ! ! ! !
0 0.5 1 1.5 2 25

Figure 4.14: The random-coding lower bound and the sphere-packing upper bound for
the joint source-channel reliability function for the binary DMS and BSC system.

Example 4.6 (DMS over N-ary SSC) For a M-ary DMS and N-ary SSC with error

parameter €, the joint source-channel exponent upper bound is given by

M 1
E;(Q,W) < p*log N—(1+p") log <(1 — &) + (N — 1)(N€_ 1)1+1p*> ZquP*
i-1
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if hy(e) +elog(N — 1) + hy(Q) < log N, where p* is the root of

hy ( (N = D(5=)™ 1 ) b
(1-¢)

W (N = 1) (35) ™

1
T+p

4

1
M 14+p
D=1 i

= log N.

Example 4.7 For any binary DMS and BEC pairs, the joint source-channel exponent

upper bound is given by
Es(QW) < p* = log[(1 — @) +02”] = (L+ p") loglg ™ + (1 - )] (477)
where p* is the root of

1
T+ 1—
Iy : i — | = S S — (4.78)
g + (1 —q)T (1—a)+a2°

This upper bound is shown in Figure 4.15 along with the lower bound of (4.35).

4.4 Discussion

4.4.1 Equivalence of Csiszar’s and Gallager’s Random-Coding

Lower Bounds

Definition 4.5 (Gallager Fzponent Eq(Q,W)) The Gallager joint source-channel ex-
ponent for a given DMS with generic distribution Q and finite alphabet S over a DMC

with transition probability W £ Py x input alphabet X and outpul alphabet Y is defined

by

EG(Q: W) = max [Eo(p) - Es(p)] ) (479)

0<p<1

where E,(p) and Es(p) are Gallager’s channel function and source function.
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0.25 I I I
— Random-coding lower bound of E (Q,W) .
.. Sphere-packing upper bound of EJ(Q,W) .

0.2 |

0.15

EJ(Q,W) is determined when 0a>0.0426. b

EJ(Q,W) is determined when a>0.0161.

The Lower and Upper bounds of EJ(Q,W).

| |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Figure 4.15: The random-coding lower bound and the sphere-packing upper bound for

the joint source-channel reliability function for the binary DMS and BEC system.

Theorem 4.4 [/, Problem 5.16] For given DMS with input alphabet S and generic
distribution Q and DMC W with generic transition distribution W £ Py x,

E5(Q,W) > Ea(Q,W). (4.80)

In [1], Csiszar states that Gallager’s joint source-channel coding lower bound can be
larger than the tandem exponent (defined in (4.81)). However, he does not seem to be
aware that Gallager’s bound is indeed equal to ming[e(R) + E,(R)]. This is indeed the
case since the two lower bounds in Theorem 4.4 and in Theorem 4.1 are surprisingly
identical. Note however that the technique employed by Csiszar to prove Theorem 3.1

in [1] is quite different from Gallager’s method to prove Theorem 4.4. Furthermore,
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Csiszar did not only give the lower bound, but he also established an upper bound.
With this two bounds, we can hence determine the exponent exactly for a large class

of source-channel pairs (see Figures 4.2, 4.4 and 4.7).

4.4.2 Comparison with the Tandem Source-Channel Expo-

nent

By concatenating optimal source and channel codes, one can achieve exponential

convergence of the error probability to 0 with exponent
ET(QJW) = ml%xmin {G(R, Q),E(R, W)}, (481)

where Er(Q, W) is called the tandem source-channel reliability function. We note that
Er(Q,W) is positive if and only if H(Q) < C. Otherwise, Er(Q, W) is zero. Since
e(R, Q) is increasing in R and E(R, W) is decreasing in R, and noting that

= in D(P
mfgxe(R’Q) H(Q)<h2log || P:H(P)=R S

= ] D(P
o PP IE)
|S| 1

-y 1o B
i—1 S| 4q;
where G is the geometric mean of the source probabilities, i.e. §= (H‘l‘i‘1 ql)ﬁ < %', if

—log(|S|q) > E(log|S|,W), then e(R, Q) and E(R, W) has an intersection R, and
Er(Q,W) =e(R,,Q) = E(R,,W).
Otherwise, according to (4.81),

Er(Q,W) = max min{e(R,Q), E(R,W)} = max e(R,Q) = —log(|S]9)
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is determined only by the source. If the intersection R, exists and R, > R.., the
tandem exponent can be determined exactly, if R, < R.., we can bound the tandem

exponent by
m}%X min {G(R, Q)a EL(R7 W)} < ET(Q: W) < m}%X min {e(Ra Q): EU(R7 W)} ) (482)

where Ep (R, W) is a lower bound and Ey (R, W) is an upper bound for the channel
reliability function E(R, W). Similarly, if we use E,.(R, W) as E (R, W), then we call
it the “random-coding lower bound” to Ep(Q, W); if we use E,,(R, W) as Ey (R, W),
then we call it the “sphere-packing upper bound” to Er(Q,W).

In general, we know that E;(Q, W) > Ep(Q, W) since tandem coding is a special
case of joint source-channel coding. We are hence interested in determining the con-
dition for which E;(Q, W) > Ep(Q,W). Note that if e(R, Q) and the random-coding
lower bound of E(R,W) have no intersection, i.e., —log(|S|g) < E,(log|S|, W), then
E;(Q,W) is strictly bigger than Er(Q, W) since for any H(Q) < R < min{C, log|S|},

By (Q,W) > E(R,W) + e(R, Q) > B.(R,W) > —log(|S[q) = Er(Q, W).

So in the rest of this section, we assume that —log(|S|q) > E,(log|S|, W) and H(Q) <
C.

Proposition 4.4 Ifmax (H (E_fﬁ> ,Eo(1) — e(RCT,Q)> > Ry, then E;(Q, W) >

Er(Q, W), where R, is the critical rate of the channel.

Proof: By Proposition 4.1, if the DMS and the DMC satisfy

H (#) > R,
Zi:1 q;

the random-coding lower bound of E,(Q, W) must be attained at an R, such that
R.. < R,,. Note that since we assumed that H(Q) < C, then

H(Q) < R,, <min{C,log|S]},
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since R, = H(Q) or R,, = C if and only if H(Q) = C. Accordingly, the joint

source-channel exponent is exactly determined and we have

E QW) = e(Rn, Q)+ Ep(Rpn, W)
> max min{e(R, Q), E,,(R, W)} (since both terms are positive)

> Er(Q,W). (by (4.82))

Similarly, if the intersection rate R, of e(R, Q) and E(R,W) satisfies R, > R, then

the tandem source-channel exponent is exactly determined and we have

ET(Q; W) = Er(Rm W) = 6(R0, Q)
S max(e(Rma Q): ET(Rm7 W))
< e(Rm, Q)+ E.(R,,W) (since both terms are positive)

— EJ(Q, W)
Finally, we complete the proof by observing that
Er(Rcra W) - Eo(]-) - Rcr > e(Rcra Q)

is an equivalent condition for R, > R,.. O
From Figures 4.2, 4.4, and 4.7, we note that if the source and channel pair is

located in region B, then the corresponding joint source-channel exponent is bigger

than the tandem exponent because H (leﬁ ) > R, holds. We next give some

i=1 Vi

numerical examples in order to illustrate the extent to which E;(Q, W) can be bigger

than E7(Q, W), when the condition max <H(Z|}S@\/_),Eo(1) - e(RC,,Q)> > R, is
-

i=1 z

satisfied.

Example 4.8 In Figure 4.16, we compare the joint source-channel exponent with
the tandem exponent for binary DMS {q,1 — q} and BSC pairs. When ¢ = 0.1,
H< Vi ) > R, is satisfied for € > 0.0005, while Ey(1) — e(Rer, Q) > Ry is

seva ) T
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satisfied for € > 0.0012, which implies that E;(Q,W) > Er(Q,W) if ¢ > 0.0005.
We only show the two exponents for ¢ > 0.0012, since Ep(Q, W) is determined ex-
actly for e > 0.0012. (Note that for 0.0005 < & < 0.0012, we still can obtain the
lower and upper bounds of Er(Q,W).) When q = 0.2, both H (ﬁ) > R, and

E,(1) — e(R., Q) > R are satisfied for e > 0.0001, so E;(Q,W) > Er(Q,W) for
€ > 0.0001.

0.25 I I I
—©- EJ(Q,W) when q=0.1, £>0.0012.
—*— E(QW) when g =0.1, £>0.0001.
& EJ(Q,W) when q=0.2, £>0.0012.
e ET(Q,W) when q=0.2, €>0.0001.
0.2F J

0.05

&

|
0.06 0.08 0.1 0.12 0.14

0.04
€

0 0.02
Figure 4.16: Joint source-channel exponent vs Tandem exponent for binary DMS {¢, 1—

¢} and BSC with parameter ¢.

Example 4.9 In Figure 4.17, we compare the joint source-channel exponent with
the tandem exponent for binary DMS {q,1 — q} and BEC pairs. When q = 0.2,

H <Z";/q7f> > R, is satisfied for a > 0.0426, while E,(1) — e(Rer, Q) > R, is sat-
i=1 Vi
isfied for a > 0.0702, which implies that E;(Q, W) > Ep(Q, W) if a > 0.0426.

When g = 0.3, H (ES@\F> > R is satisfied for a > 0.0161, while E,(1) —
i=1 V4
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e(Rer, Q) > Rey is satisfied for a > 0.0272. Thus E;(Q, W) > Er(Q,W) if a > 0.0161.
Note that for o < 0.0161, we are not sure if E;(Q, W) is strictly bigger than Er(Q,W);

in other words, the tandem exponent can be equal to the joint source-channel exponent.

025 T T T T
X The sphere-packing upper bound of EJ(Q,W) when q=0.2.
The random-coding lower bound of EJ(Q,W) when q=0.2.
% The sphere—packing upper bound of E (Q W) when q=0.2.
The random-coding lower bound of E (Q W) when q=0.2.
0.2r

—x— The sphere—packing upper bound of EJ(Q W) when q=0.3. [
X — — The random-coding lower bound of EJ(Q W) when q=0.3.

. —x— The sphere-packing upper bound of ET(Q,W) when q=0.3.
__ The random-coding lower bound of ET(Q,W) when q=0.3.

= 0.15 b
c E,(Q.W) is determined exactly when 0>0.0426.
T
u‘;’] E(Q,W) is determined exactly when a>0.0702.
>
2
g o041 b
-
w
0.05

EJ(Q,W) is determined exactly when a>0.0161.

ET(O,W) is determined exactly when a>0.0271.

0.2 0.25 0.3 0.35

Figure 4.17: Joint source-channel exponent vs tandem exponent for binary DMS {¢, 1—

¢} and BEC with parameter a.

From Figures 4.16 and 4.17, we remark that the the joint source-channel exponent

can be substantially larger than the tandem exponent.

Now consider a DMS and DMC pair such that

\/E
Yo Va

then the joint source channel exponent is attained at R,, such that R,, < R.., and the

max | H ;Eo(]-) - e(Rcr; Q) < RCTJ

intersection of e(R, Q) and E(R, W) occurs at a rate less than R,.,. In this case, neither

68



E;(Q,W) nor Er(Q,W) are exactly known. If the lower bound of E;(Q, W) is strictly
bigger than the upper bound of E;(Q, W), then we must have E;(Q, W) > Ep(Q,W).

Hence we obtain the following proposition.

Proposition 4.5 If there exists an Ry such that e(Ry,Q) = Es(Ry, W), then when
E,(1) — Es(1) > e(Ry1,Q), we have E;(Q,W) > Ep(Q,W); if such Ry does not exist,
then when E,(1) — Es(1) > —log (|S]g), we also have E;(Q, W) > Er(Q,W).

Proof: By Theorem 4.1, it follows that
EJ(Q; W) > Eo(l) - Es(l)'

Now if e(R, Q) and E,,(R, W) has an intersection at Ry, then Eg, (R, W) = e(R,Q) >
e(R,, Q) = Ep(Q,W) since R; must be no less than R,. If such R; does not exist,

which means E,,(R, W) > e(R, Q) for all R, then according to our assumption,
E,(1) - B(1) > ~log (S7) = maxe(R. Q) > Er(QW).

OJ
Proposition 4.5 is a sufficient condition to judge whether the joint source-channel
coding exponent outperforms the tandem coding exponent if both the E,;(Q, W) and
Er(Q,W) cannot been determined exactly. But as we know, the sphere-packing upper
bound for the channel reliability function is not tight for small rates. Thus some DMS
and DMC pairs may not satisfy the condition E,(1) — Es(1) > e(R;, @), even when the
corresponding E;(Q, W) is much bigger than Er(Q, W). Therefore, we can replace the
sphere-packing upper bound by the straight-line bound, which is much tighter when R
is small, for the DMC for which E,,(0, W) < oo.

Definition 4.6 [/, P.160] (Straight-Line exponent Eg(R,W)) For any DMC such that
E..(0,W) < oo, Eq(R,W) is the smallest linear function of R being tangent to the
curve Eg, (R, W) and also satisfies Eq(0, W) = E.,(0,W).
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Theorem 4.5 [/] (Straight-Line Upper Bound) For a DMC such that E...(0, W) < oo,
let Rs be the R for which Eg(R, W) = E,(R,W), then

E(R,W) < Ey(R, W) (4.83)

for 0 < R < Ry.

Figure 4.18: Straight-line upper bound.

Proposition 4.6 For any DMC such that E..(0,W) < oo, if there exists an inter-
section Ry such that e(Ry,Q) = Eq(Ry, W), then when E,(1) — E4(1) > e(Ry,Q), we
have E;(Q,W) > Ep(Q,W).

Remark: To verify whether E;(Q,W) > Ep(Q, W) for a DMS and DMC pair, we
normally employ Proposition 4.4 first. If the condition is not satisfied, we use Proposi-
tion 4.6. If there is no intersection between Ey(R, W) and e(R, Q) or E,,(0,W) = oo,
we then consider Proposition 4.5.

In practice, for a DMS and an arbitrary DMC (not symmetric), it is not easy to
determine the intersection of e(R, () and E,(R,W) or Ey(R,W), because the com-
putation of E,,(R, W) and R, is hard. But we can compute E,(p) and E, (R, W) easily
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with Arimoto’s algorithm [10]. We next introduce some simpler but weaker sufficient

conditions.
Proposition 4.7 If E,(1) — Es(1) > e(R.., Q), then E;(Q,W) > Er(Q,W).

Proof: If R, > R.,, then Proposition 4.4 is satisfied. If R, < R, then e(R,., Q) >
e(Ry, @), and Proposition 4.5 is satisfied, where R is the intersection of e(R, Q) and
Ey(R,W). 0

For a DMC such that E,.(0,W) < oo, we may denote the upper bound of the

channel reliability function as

Eq(R,W), 0<R<R,
EJ(R,W) =
Ey(R, W), R,<R<C.

It is easily seen that E(R,W) is also convex in R. Now connect (0, E,,(0,W)) and
(Rery Eew(Rer, W) with a line, denoted by [y, and connect (R,,, (R, @)) and (log S|,
e(log|S|,@)) with a line, denoted by lo. Suppose the intersection of the two curves
Es(R,W) and e(R,Q) is (Ry,e(R,Q)), and the intersection of {; and [y is (R, Eg,).
Because of the convexity of e(R, Q)) and E (R, W), Eg, must be bigger than e(Ry, Q).
Thus the condition E,(1) — E4(1) > Eg, ensures that Proposition 4.5 and 4.6 hold.

Proposition 4.8 For a DMS and a DMC for which E..(0, W) < oo, if

k2 log |S| (kl T 15 Z|S| log Qi) + k1 Ee (0, W)
Eo(l) - Es(l) Z ERI = kl _ k2 ’

then E;(Q, W) > Ep(Q, W), where

D (- o) +1os (151 (115, 0) )

H <E'gﬁ> ~ log|S]

lﬁ:

and
E,(1) = R, — E(0,W)




Remark: We note that even though Proposition 4.8 is weaker than Propositions 4.5
and 4.6, the computation is much simpler since we only need to know E,(1), E..(0, W)

and R,,.

Example 4.10 Consider the binary DMS {q,1 — q} and the BEC with parameter «,

then
Eo(1) — E5(1) =1 —log(1 + @) — 2log(vqg + v/1 — q),
and
E..(0,W) = —l°g2(°‘).

Note that log|S| = 1 > C, which guarantees that E;(R,W) and e(R,Q) have an

intersection. Thus if any one of the conditions

1) H (z'ﬁ ) > R

(2) EO( ) - e(RcraQ) > Rcr7

(3) Eo(l) - Es(l) > e(Rcr;Q)

ks log |S] (kl -5 Y0 og qi) 4 kB, (0, W)
ky — ko ’

(4)  Eo(1) - Es(1) = Eg, =

15 satisfied, then the joint source-channel exponent strictly outperforms the tandem

exponent. The above conditions are illustrated in Figure 4.19, where

{(a,q):H (ZI«;/IE ) >Rcr},

L Ey(1) — ¢(Rer, Q) > Rer}
Es(1) > e(Rer, Q)}

E,(1) > Er,},

cH(Q) < C}

[>

A

> >
——

(
: E,(1
(

) =
) =
: E,(1) —
)

> >
—~ o~
N
C

BUCUD)NE ={(a,q) : E;(Q,W) > Ep(Q,W)}

Oé,(]) : EJ(Q: W) = ET(Q: W) = O}

Q = &= U Q W
[>
—~—

[>

]

I
——
—_
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We observe that E;(Q,W) > Ep(Q,W) for a large («,q) pairs, see Region F. Note
that when (e, q) are very small (such as in Region H ), we are not sure whether the joint
source-channel exponent is still strictly bigger than the tandem exponent. Some numer-
ical examples in Figure 4.20 show that the sphere-packing upper bound of Er(Q, W) is
bigger than the random-coding lower bound of E;(Q,W) for ¢ = 0.1 and ¢ = 0.2. In
fact, as we will argue later, in Region H there exist some («,q) pairs, for which the
random-coding lower bound of E;(Q, W) is smaller than the upper bound of E1(Q, W).
(Actually we show a stronger result: the tandem exponent Ep(Q, W) can be bigger than
the lower bound of E;(Q,W).)

0.5
0.4
0.3
Toa A
0.1

0

0 0.5

0.5

0.4

0.3
o

0.2

0.1

0

0 0.2 0.4 0.6 0.8 1

a
0.5
0.4
0.3
o
0.2
o E
00 0.2 0.4 0.6 0.8 1
. 4 & .

Figure 4.19: The regions for the («,q) pairs in the binary DMS and BEC systems.

In Figure 4.19 we note that E,(1) — E (1) > Ef, is satisfied in a fairly large region
(see Region D), and we also know that the condition E,(1) — E4(1) > e(R;, Q) would

involve more («, q) pairs, where R, is the intersection of E (R, W) and e(R, Q). One
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0.45 I I I I I I T

-
- The random-coding lower bound of EJ(Q W) for g =0.2.

o
~
T

—*— The sphere packing upper bound of EL(QW) for g=0.1.
O The random-coding lower bound of EJ(Q,W) for g=0.1.
—x— The sphere packing upper bound of E_(Q,W) for q=0.2.

0.35

o
w

0.25

o
no

o
"
[6)]

The lower bound of EJ(Q,W) vs the upper bound of ET(Q,W)

0.1
0

Figure 4.20: The sphere-packing upper bound of tandem exponent can be bigger than

the random-coding lower bound of joint source-channel exponent.

may ask whether the lower bound of E,(Q, W) is strictly bigger than the upper bound
of E7(Q, W) for all source and channel pairs, where the upper bound can be the sphere-
packing upper bound, straight-line upper bound or any other known upper bounds.

By Theorem 3.1, E;(Q, W) can be bounded by
minle(R, Q) + E(R,W)] < E;(Q, W) < min[e(R, Q) + E(R, W], (4.84)

where H(Q) < R < min(log|S|,C) and E(R,W) is the channel reliability function.
Unfortunately, according to (4.82) and (4.84), we cannot show that E,(Q, W) is strictly
bigger than Ep(Q, W) for all source and channel pairs. Conversely, we note that there
exist some source-channel pairs such that the corresponding tandem exponent can be

bigger than the lower bound of the joint source-channel exponent, only if E(R, W) #
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E.(R,W). To show this, we can choose a sequence of distributions @ = {q1, ..., s/}

such that D <E"S - || Q> — 07, and —log(|S|g) — oo, and hence the random-

T 1

coding lower bound of E;(Q, W) is attained at R, = H (fo> — R, where R,
i=1 V4

is the intersection of e¢(R, Q) and E(R,W). It follows that

BBy, W) = B, (R W) > (B, Q) = D (z[ | Q) 0",

which implies,
Er(Q,W)=E(R,, W) > E, (R,,W)+e(R,,Q),

which is the random-coding lower bound to E;(Q,W). One possible choice for the
distribution Q is
qgq — 0, and ¢ —

1
i # L

4.5 Lossy Joint Source-Channel Exponent with Ham-

ming Distortion Measure

In Section 2.1.2 we noted that in general the source reliability function F(R,Q, A)
under a distortion threshold A is not continuous in R and little is known about the
function F(R,Q,A). Thus it is very hard to analytically compute the joint source-
channel exponent by using F(R,Q,A). Here we only consider the simplest case: the
joint source-channel exponent for a binary DMS and a DMC under the Hamming

distortion measure dy(-,-), given by

1, if s #s,
dy(s,s) = (4.85)
0, ifs=s,
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Lemma 4.7 [7, P.342] The rate-distortion function R(Q,A) for a binary DMS @Q =

{q,1 — ¢} under the Hamming distortion measure is given by

—h(A A : _
RO, A) = ho(q) — he(A), 0 < A < min(g,1—q), (4.86)
0, A > min(g,1 — q).

Remark: From Lemma 4.7, we see that if A > £, then R(Q,A) = 0.

Lemma 4.8 For binary DMS {q,1—q} (¢ < %) under the Hamming distortion measure
and distortion threshold A such that A < %,

1) If 0 < A < g, the source reliability function

MiNy.p, (p)=Rthy(A) 5(17 1q), he(q) —hs(Ad) < R <1 —Rhy(A),

F(R,Q,A) =
0, 0 < R < hy(q) — hy(A),
(4.87)
15 continuous and convex in R;
2) If ¢ < A, the source reliability function
F(R,Q,A)=  min D q), 0<R<1—h(A) (4.88)

pihy(p)=R+hy(A)

is continuous and convez in R, where D(p || q) & plog? + (1 —p)log t—z.

Proof: The proof of continuity and convexity of F(R,Q,A) is the same as for The-
orem 2.2. Since F(R,Q,A) is increasing in R (by Corollary 2.3), it follows that
F(R,Q,A) is strictly increasing and convex in [hy(q) — hp(A), 1 — hp(A)]if 0 < A <,
and (0,1 — hy(A)] if ¢ < A. Thus

F(R,Q.A)= min_ D(P|Q) = min_D(P| Q).

P:R(Q,A)>R T PR(QA)=R
Substituting (4.86) into the right hand side, yields (4.87) and (4.88). O

Since we have obtained the expression of F(R,Q,A), we can apply Theorem 3.3
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to compute the joint source-channel exponent lower and upper bounds for the binary
DMS {¢,1 — ¢} and any DMC systems, under the Hamming distortion measure. We
remark that the source reliability function F(R,Q,A) is very similar to e(R, Q). The
only difference is that the constraint is hy(p) = R + ¢ here (hy(A) can be seen as a
constant c), instead of hy(p) = R. We observe that
i%f[E(R, W)+ F(R,Q,A)] = m}%n[E(R W) + (II)III}Z+C D(p| q)]  (4.89)
= ml%n[E(R, W) +e(R+c Q)]
= rr}{i,n[E(R' —c,W)+e(R,Q)]

= min [E(R W) +cp' +e(R,Q)],

where E(R, W) might be E, (R, W) or Ey,(R, W) and p achieves E,. (R, W) or Ey,(R, W),
depending on R'. Since function F(R,Q,A) is continuous in R > 0, we change the
notation ‘inf’ to ‘min’ in (4.89). By introducing Lagrange multipliers to find out the
stationary point (R',p), it can be shown that ming_p, - [E(R, W)+ D(p || ¢)] will
have the parametric expression [E,(p.) — Es(pe) + cpc], where p,. depends on the con-
straint R = hy(p) — ¢. Since the computation is very similar to that of zero distortion

case, we skip it and give the following results.

Theorem 4.6 Given a binary DMS {q,1—q} (¢ < 3) and a DMC{W : X — Y} under

the Hamming distortion measure and distortion threshold A (A < %), and provided

mle)~ Q) €€ and Roo= tim 2 <1 (),

pP—00 P
where C' = lim,_, Eolo) s the channel capacity , then the joint source-channel exponent
satisfies
1)If0<A< V4 , then

Vit+vi—gq

E}(Q,W) > max |[Ey(p) — (1+ p)log (¢77 + (1 — @) ) + phy(2)] . (4.90)

0<p<1
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Otherwise, if A > va then

VaTI=
E3(Q.W) > E,(1) + D(A || 0). (4.91)
J
EF(Q.W) < max [Eo(p) — (L4 p)log (4757 + (L- @) ) +phy(8)] . (4.92)

Remark: If hy(q) — hy(A) > C, then EX(Q,W) = 0. If Ry, > 1 — hy(A), then
E}Q, W) = <.

Proposition 4.9 Ex(p) £ E,(p) — (1+p)log (qup +(1- q)ﬁ) + phy(A) is strictly
concave in p (p > 0) and has a global mazimum at a finite p iff hy(q) — he(A) < C

and Ry, < 1— hy(A). Denoting p* = arg max,>o Ea(p), then the sphere-packing upper

1
%
bound to E2(Q,W) is attained at R, = H %) Letting p' = min(p*, 1),
EL:\I g +p
1
1+p
hen A < —YL_ the | bound is attained at rate R, = H | —%——|. Wh
when A < 2=, the lower bound is attained a rate I, (El_flq_“rlﬂ’ When
A > \/H‘/jm, the lower bound is attained at R — 0, so E2(Q, W) is strictly bigger

than the bound (4.91).

Example 4.11 (Binary DMS over BSC with Hamming distortion) For a binary DMS
{¢,1 = q} and a BSC with error transition probability , the joint source-channel ez-
ponent under the Hamming distortion measure with distortion threshold A (A < %)
satisfies

1) 1f () + Iog) < 1+ If(A) and by (5= ) + o () = 1+ hy(A), then

BHQW) = 0" = (14 p)log | (577 + (1= )77 ) (477 + (1= )77 ) | + p'ho(2),
(4.93)

where p* is the root of equation

hy | —— - | +h | —— —— | =1+ y(A).
eTr + (1 — g) T+p qTHr + (1 — q) T+p




Ve Vi Vi
2) ]fhb <m) + hy, <\/§+\/ﬁ> < 1+hb(A) and JivI=q > A, then

E3(Q,W) 2 1-2log [(VE + VT=&) (Vi + V1= g)| + h(A). (4.94)

va
3) If \/6+;ﬁ < A, then

EXQ,W) >1—2log (vVe+VI—¢) +D(A | g). (4.95)

In Figure 4.21, we observe that if the pair (¢,q) is located in region B, then the

A=0.1 A=0.2

Figure 4.21: The regions for the (g, ¢) pairs in the binary DMS and BSC system with

Hamming distortion for different values of the distortion threshold A.

corresponding joint source-channel exponent can be determined exactly by (4.93). If
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(¢,q) is located in region Cy, then (4.94) holds. If (g,q) is located in region Csy, then
(4.95) holds. When (e,q) € A, E;(Q, W) is zero, and the error probability of this com-

munication system will converge to 1 for n sufficiently large. So we are only interested

in the cases when (¢,q) € B U Cy U Cy. Figure 4.22 shows the joint source-channel

(QW).

Delta
J

Lower bound of E

Fix €=0.2.

3.5 T

3 - .
o5l A=0, Eﬁ(O,W):E ,QW)is |

’ determined if gJ[0.0001,0.0481].

2 ~ 8=0.1, E}QW)is -

determined if qJ[0.0209,0.2129].

1.5E b

8=0.2, E}QW)is

Lower Bound determined if q[J[0.0955,0.5].

Section 1
£=0.3, Ej(QW) is
Lower Bound
Section 2

0.5

determined if q[J[0.2854,0.5].

0
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Figure 4.22: The joint source-channel exponent lower bound of the binary DMS {¢, 1 —

q} (¢ <1) and BSC pairs under Hamming distortion.

exponent lower bound of the binary DMS {q,1 — ¢} (¢ < %) and BSC pairs under dif-

ferent distortion thresholds. We fiz the BSC parameter ¢ = 0.2, and vary q from 0 to

0.5. In Figure 4.22, Lower bound section 1 is determined by (4.95), and Lower bound

section 2 is determined by (4.94).
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Chapter 5

Summary

Our main results in this project are to establish simple parametric expressions for

Csiszéar’s lower and upper bounds of the joint source-channel exponent:

max F(p) < E;(Q,W) < max E(p), (5.1)

0<p<t 0<p

where E(p) 2 E,(p) — Es(p). E,(p) reflects the characteristics of the DMC and E(p)
is determined by the DMS. The practical significance of (5.1) is that the computation
of the joint source-channel exponent is actually transformed as the computation of
E,(p), since E(p) is easily obtained. We note that for quasi-symmetric DMC’s, E,(p)
has a simple form, and thus (5.1) can be expressed via single letter formulas. For
arbitrary DMC’s (like non-symmetric channels), E,(p) can be obtained indirectly by
Arimoto’s [10] method. Here we should stress that according to Arimoto’s algorithm,
E,(p) can be computed if p is given. Hence when p is limited in an interval, say [0, 1],
we can search the suitable p to maximize E(p) with a given fidelity, and thus the lower
bound of E;(Q,W) can be obtained. But for the upper bound, p ranges from 0 to
infinity. One way is to increase p gradually until we find the global maximum point of
E(p) (E(p) is concave and has a global maximum at a finite p), but it might take a

long time; so it may not be always efficient to compute the upper bound of E;(Q, W)
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by Arimoto’s method.
Another question we addressed is: for given DMS ) and DMC W, what is the rate

R,, for which the joint source-channel lower (upper) bound is attained? In the ana-

T3%
lytical computation of (5.1), we related R,, and p* by R,, = H (%), where
it

p* achieves the lower (upper) bound of E;(Q,W) in (5.1). Proposition 4.1 gives a
sufficient and necessary condition to verify whether the joint source-channel exponent
is determined exactly or not. From (5.1) once again, we also reveal that Gallager’s
lower bound coincides with Csiszar’s result. With a small modification, we can also
compute the improved expurgated lower bound if some conditions are satisfied, and
the condition when the lower bound can be improved is provided.

Next we employ our results to compare the joint source-channel exponent F;(Q, W)
with the tandem source-channel exponent Ep(Q, W). It is obviously seen that, if any
of E;(Q, W) or Ep(Q, W) is exactly determined (see Proposition 4.4), the joint source-
channel coding strictly outperforms the tandem source-channel coding, and numerical
examples show that E;(Q, W) substantially improves Er(Q, W) for the same source
and channel pair. If both of E,;(Q, W) and E;(Q, W) are not exactly known, we have
to use the lower and upper bounds to approximate them. However, we cannot show
that E;(Q, W) > Er(Q,W) for all source and channel pairs due to the uncertainty
of the channel reliability function for R < R... But we give some sufficient condi-
tions for a DMS ) and DMC W pair for which E,;(Q, W) can be strictly bigger than
Er(Q,W). Fortunately, numerical examples show that our conditions hold for a large
class of source-channel pairs.

In the last part of this project, we investigate whether we can generalize our com-
putation results for the lossy source-channel exponent under the Hamming distortion.
When the DMS is a binary source, we observe that the source reliability function

F(R,Q,A) under the distortion threshold A can be actually seen as the e(R, Q) shifted
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to the left on the abscissa by a constant ¢ = hy(A). Due to the fact that
B(R,W) +e(R+¢,Q) = E(R — ,W) + (R, Q),

where E(R, W) might be E.(R, W) or E,,(R, W), we can therefore compute the joint

source-channel exponent in the same way.
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Appendix A

Proof of Lemma 4.4

Proof:

Lemma A.1 Let Px denote the channel input distribution, the necessary and sufficient
conditions for Px to mazimize E,(p) (given in (2.16)) are
> Prix(y| @)y (Px)” > oy (Px)'™ YV (A.1)
y y
with equality for all v such that Px(x) > 0. The function o, (Px) is given by

ZPX ) Py x (y|z) ™ o

zeX

Proof: see Gallager [4, p. 144]. O
Next we show that, for any symmetric DMC, (A.1) is satisfied by uniform distribu-
tion. Given a symmetric channel Py x with input alphabet size |X'| = N and output

alphabet size |Y| = M, consider the n'* (1 < n < N) row and the m™ (1 < m < M)
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column in the transition matrix as shown below

Py x =

PN,m

Denote set A = {Py, Pomy -, PN}, and set B = {P,1,P,9,..., P, }. When we
compare the two sets, identical elements in A and B are listed once. For example: set
{0.2,0.3,0.2} is equal to set {0.2,0.3}. By definition of a symmetric DMC, the columns
of the transition matrix Py x are permutations of each other, so each element in the
n'" row satisfies P, ; € A (j = 1,2..., M), which implies that B C A. Similarly, it is
easy to see that each element in the m column must also be in B and A C B. Thus
A = B. Therefore, each row and each column has the same elements and may differ in

the frequency of each element. For example, the symmetric channels

0.3 0.2 0.5
0.3 0.2 0.3 0.2

02 03 0.2 0.3

Pyix =102 05 0.3 and Py x =
0.5 0.3 0.2
have the same set of elements in each row and column. Given the channel transition

matrix W, each column is a permutation of the same set, denoted by

{pla"'apla P2, ..., D2, ..., psa"'aps}a
—_—— ——— ———
ai az Qs
where @; is the frequency of element p; (i = 1,...,s) (p; # p; if ¢ # j) such that
Y7, a; = N, and each row of the channel transition matrix W is a permutation of the
set, given by
{pla"'apla P2,y D2, eey psa"'aps}a
—_—— S — ———
by by bs
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such that Y7 | b; = M. Furthermore,

ai  as  ag N

bpb by by M
since a; M = b;N = the total number of element p; in the matrix W. When the chan-
nel input distribution Py (z) = , substituting

S

0y (Px) = = D ()

=1

into the left side of (A.1), yields

s 4 s
1 1 e 1 L
Do Py [0y (P) = (N 2o p)> M2 e
s 14 s
1 o | 1
— [ =S (wp™) | M S (ap
(N =1 (a " )> N =1 (a " )

Now consider a quasi-symmetric DMC {W : X — Y}. Suppose W can be partitioned
along its columns into symmetric sub-matrices Wy, Wy, ..., W;, each W, having size

|X] x |V;|. It follows that

ZPY\X?JW)””% (Px)? ZZPY|X?J|~”U 0y (Px)?

yey i=1 ye);
t
22 alPx)
=1 yel;
d ay(Py) Vo (A2)
yey
This completes the proof. 0
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Appendix B

Arimoto’s Iteration Algorithm

The key to compute
|S]
E(p) = —(1+p)log ZQ1+p +p {maxmaXG (Px,(I)Xy):| ,

Px ®xy

for a given p is to compute

C’p = maxmax G,(Px, ®Pxy).
Px ®xy

In [10], Arimoto developed the following iteration algorithm to compute C,.
1) Initialize t = 0, and let P)(p( )= |X| for all x € &;
2) Then iterate the following steps for t =1,2,3,---,
1/(1
PY (@) P (yl)
/(1
rex Y@ Py (y]7)

®y (zly) =

-1/p

ey Prxtole) {0 (el } |

—1/p"

D gex [Zy@’ PY\X(y|x){ X|Y(x|y)}_p}

The following results show how this iteration converges to C,.
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Lemma B.1 [10]
0) (0 1) (0
GP(P)(()7 q)g(\)y) < Gp(P)(()v (DE‘(|)Y) <. = GP(P§)7 q)g?\y)
< G (P00 < G (PYTY 0 << 0, (B
Theorem B.1 [10] The sequence {Gp(P)((t), @g?‘y)} or {Gp(P)((tH), (I)E?IY)} converges

monotonically from below to C, as t — oo, for any p € (—1,00).
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