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Abstra
t

In this work, we introdu
e a binary 
ommuni
ation 
hannel with memory. The noise

pro
ess of the 
hannel is based on a �nite queue. More spe
i�
ally, we 
onsider the


hannel in two 
ases: a uniform queue-based mode where we experiment on the 
ells

of the queue with equal probability, and a non-uniform queue-based mode where we

experiment on the 
ells of the queue with di�erent probabilities.

The statisti
al properties of the uniform queue-based 
hannel are �rst investigated.

The resulting 
hannel noise is a stationary and ergodi
 Markov pro
ess of order K.

The state of the 
hannel is a one-step Markov pro
ess with 2

K

states. Expressions

for the 
hannel 
apa
ity, the stationary distribution, the gap frequen
y and the burst

frequen
y of the Markovian noise pro
ess are presented in terms of K. In the 
ase of

the non-uniform queue-based 
hannel, we have no 
losed-form expression for the noise

stationary distribution; hen
e, only numeri
al results are given.

Next, the 
apa
ity, burst frequen
y and average burst duration of the uniform and

the non-uniform queue-based 
hannel with memory are 
ompared with those of the

�nite-memory 
ontagion 
hannel and the Gilbert-Elliott 
hannel. It is shown (both

numeri
ally and analyti
ally) that, surprisingly, the uniform queue-based 
hannel and

the �nite-memory 
ontagion 
hannel have an identi
al blo
k transition probability when

they have the same memory, bit error rate and 
orrelation 
oeÆ
ient; hen
e, they have

identi
al 
apa
ities and burst frequen
ies. The non-uniform queue-based 
hannel has

larger 
apa
ities than the uniform 
ase when the queue probability q

1

<

1

K

, and it has

smaller 
apa
ities than the uniform 
ase when q

1

>

1

K

. When q

1

! 1, the non-uniform


ase 
onverges to the uniform 
ase with memory K = 1. The non-uniform queue-

based 
hannel has lower burst frequen
ies than the uniform 
hannel for low 
orrelation


oeÆ
ients, and it has higher burst frequen
ies for high 
orrelation 
oeÆ
ients.
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Chapter 1

Introdu
tion

In most real-world 
ommuni
ations 
hannels, noise distortion may produ
e errors in a

bursty fashion; i.e., errors o

ur in 
lusters or bun
hes separated by fairly long error-

free segments of data. This phenomenon is 
ommonly know as \memory"[7℄. In the

quest to develop models that adequately represent real 
hannel behavior and that are

mathemati
ally tra
table, we introdu
e a binary 
hannel with additive bursty noise

based on a �nite queue. It o�ers an interesting alternative to the Gilbert model and

others.

In this 
hapter we present a literature review of the arti
les upon whi
h our resear
h

is based. We then spe
ify the main 
ontributions of this proje
t. Finally, we outline the

general 
ow of the proje
t.

1.1 Literature Review

Gilbert [6℄ initiated the study of �nite-state Markov models for 
hannels with memory

by proposing a two-state model. Elliott [3℄ suggested a modi�
ation to Gilbert's model

by introdu
ing a parameter, whi
h denotes the probability of 
orre
t re
eption when the

1




hannel is in the good state. In [8℄, Mushkin and Bar-David introdu
ed a method for


al
ulating the 
apa
ity of the Gilbert-Elliott 
hannel; they de�ned two Markov random

pro
esses, fq

�

l

g and fq

l

g, and gave their initial distribution and transition probabilities.

Also for the Gilbert-Elliott 
hannel, Pimentel presented an equation in matrix form to


al
ulate the probability of an error sequen
e in his Ph.D. thesis [10℄.

The Polya urn model and the Polya pro
ess are models for 
ontagion where every

a

ident e�e
tively in
reases the probability of future a

idents [4℄. A detailed study of

the Polya-
ontagion 
hannel and the �nite-memory 
ontagion 
hannel is given in [2℄ by

Alajaji and Fuja.

1.2 Contribution

The 
ontributions of this proje
t are as follows:

� we 
al
ulate the statisti
al properties of the binary pro
ess fZ

i

g generated by the

�nite queue experiment;

� we obtain the 
apa
ity of the 
hannel;

� we obtain the noise gap and burst pro
ess statisti
s for the uniform queue-based


hannel with memory.

As well, C++ programs perform the following tasks:

� the 
omputation of the 
apa
ity for the uniform and non-uniform queue-based


hannels, the �nite-memory 
ontagion 
hannel and the Gilbert-Elliott 
hannel;

� the 
omputation of the burst frequen
y for the uniform and non-uniform queue-

based 
hannel, the �nite-memory 
ontagion 
hannel and the Gilbert-Elliott 
han-

nel.

2



A matlab program performs the following task:

� the determination of the stationary distribution of the non-uniform queue-based


hannel with memory.

1.3 Proje
t Overview

This proje
t is organized in the following manner.

Chapter 2 presents ba
kground material needed to understand the arguments pre-

sented later. We start by introdu
ing the �nite-memory 
ontagion 
hannel [2℄ and the

Gilbert-Elliott 
hannel [3, 6℄, sin
e we will later 
ompare them to our proposed queue-

based 
hannel. Sin
e we study the gap and the burst pro
ess of the 
hannels, we also

introdu
e the de�nitions of the gap pro
ess in Se
tion 2.3.

In Chapter 3, we introdu
e a binary 
ommuni
ation 
hannel with additive bursty

noise based on a �nite queue. More spe
i�
ally, we 
onsider the 
hannel in two 
ases:

a uniform queue-based 
hannel with memory where we experiment on the 
ells of the

queue with equal probability, and a non-uniform queue-based 
hannel with memory

where we experiment on the 
ells of the queue with di�erent probabilities. We begin

by investigating the statisti
al properties of the uniform queue-based 
hannel. The

resulting 
hannel noise is a stationary and ergodi
 Markov pro
ess of order K. The state

of the 
hannel is a one-step Markov pro
ess with 2

K

states. We study the stationary

distribution of the Markovian noise pro
ess and give our results in terms of K. We then

derive the 
apa
ity and the gap and the burst statisti
s of the 
hannel in terms of K.

In the 
ase of the non-uniform queue-based 
hannel, we have no 
losed-form expression

for the noise stationary distribution; hen
e, we only numeri
ally 
al
ulate the 
apa
ity.

In Chapter 4, we 
ompare the 
apa
ity, noise burst frequen
y and average burst

duration of the uniform and the non-uniform queue-based 
hannels with memory with

3



those of the �nite-memory 
ontagion 
hannel and the Gilbert-Elliott 
hannel. We show

(both numeri
ally and analyti
ally) that, surprisingly, the uniform queue-based 
hannel

and the �nite-memory 
ontagion 
hannel have an identi
al blo
k transition probability

when they have the same memory, bit error rate and 
orrelation 
oeÆ
ient; hen
e, they

have identi
al 
apa
ities and burst frequen
ies. The non-uniform 
ase is even more

interesting. It has one more parameter q

1

whi
h denotes the probability of sele
ting

the �rst 
ell of the queue. When q

1

<

1

K

, the 
apa
ity values for the non-uniform 
ase

are larger than those for the uniform 
ase. When q

1

>

1

K

, the 
apa
ity values for the

non-uniform 
ase are lower than those for the uniform 
ase. The burst frequen
ies for

the non-uniform 
ase are lower than the uniform 
ase for low 
orrelation 
oeÆ
ients and

larger for high 
orrelation 
oeÆ
ients.

Finally, Chapter 5 summarizes the proje
t.

4



Chapter 2

Preliminaries: Previous Binary

Channels with Memory

In this 
hapter, we introdu
e two previous models for binary 
hannels with memory; we

will be 
omparing them with our proposed 
hannel model in Chapter 4.

2.1 Finite-Memory Contagion Channel

The following 
omes from [2℄.

Consider a dis
rete, binary, additive noise 
ommuni
ation 
hannel; i.e., a 
hannel for

whi
h the ith output Y

i

2 f0; 1g is the modulo-two sum of the ith input X

i

2 f0; 1g and

the ith noise symbol Z

i

2 f0; 1g. More su

in
tly, Y

i

= X

i

� Z

i

, for i = 1; 2; 3; � � � (see

Fig. 2.1).

We assume that the input and noise sequen
es are independent of ea
h other. The

noise sequen
e fZ

i

g

1

i=1

is drawn a

ording to the following urn s
heme: an urn originally


ontains T balls, of whi
h R are red and S are bla
k (T = R + S). At the jth draw,

j = 1; 2; � � � ; we sele
t a ball from the urn and repla
e it with 1 + � balls of the same

5
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Figure 2.1: Digital 
ommuni
ation 
hannel.


olor (� > 0); then M draws later - after the (j+M)th draw - we retrieve from the urn

� balls of the 
olor pi
ked at time j. Let � = R=T , � = 1 � � = S=T and Æ = �=T .

Then the noise pro
ess fZ

i

g 
orresponds to the out
omes of the draws from the urn,

where

Z

i

=

8

>

<

>

:

1; if the i

th

drawn ball is red;

0; if the i

th

drawn ball is bla
k:

2.1.1 The distribution of the noise

The noise pro
ess fZ

i

g

1

i=M+1

is a Markov pro
ess of order M . For an input blo
k

X = [X

1

; X

2

; � � � ; X

n

℄ and an output blo
k Y = [Y

1

; Y

2

; � � � ; Y

n

℄, the blo
k transition

probability of the resulting binary 
hannel is as follows.

� For blo
k length n �M , the blo
k transition probability of this 
hannel is

P (Y = yjX = x) =

�(� + Æ) � � � [� + (d� 1)Æ℄�(� + Æ) � � � [� + (n� d� 1)Æ℄

(1 + Æ)(1 + 2Æ) � � � [1 + (n� 1)Æ℄

;(2.1)

where d = d(y; x) =weight(z = y�x), and weight(a) denotes the Hamming weight

of the ve
tor a (i.e., the number of \ones" in a).
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� For n �M + 1, the blo
k transition probability of this 
hannel is

P (Y = yjX = x) = P (Z = e)

=

n

Y

i=1

P (Z

i

= e

i

jZ

i�1

= e

i�1

; � � � ; Z

i�M

= e

i�M

)

= L

n

Y

i=M+1

"

�+ �

i�1

Æ

1 +MÆ

#

e

i

"

� + (M � �

i�1

)Æ

1 +MÆ

#

1�e

i

; (2.2)

where

L =

Q

k�1

s=0

(� + sÆ)

Q

M�1�k

j=0

(� + jÆ)

Q

M�1

l=1

(1 + lÆ)

;

Q

a

i=0

(�)

4

=1, if a < 0, e

i

= x

i

� y

i

, k = e

1

+ � � �+ e

M

and �

i�1

= e

i�1

+ � � �+ e

i�M

:

We thus see that the noise pro
ess is stationary.

We now 
onsider the properties of the noise pro
ess fZ

i

g. De�ne fW

n

g to be the

pro
ess obtained by M -step blo
king fZ

n

g; i.e., fW

n

g = (Z

n

; Z

n+1

; Z

n+2

; � � � ; Z

n+M�1

).

Then fW

n

g is a one-step Markov pro
ess with 2

M

states. We denote ea
h state by its

de
imal representation; i.e., state 0 
orresponds to state (0 � � �00), state 1 
orresponds

to state (0 � � �01); � � �, and state (2

M

� 1) 
orresponds to state (1 � � �11).

The pro
ess fW

n

g has the following properties:

� fW

n

g is a stationary Markov pro
ess with stationary distribution � = [�

0

; �

1

; � � � ;

�

2

M

�1

℄, where �

i

is 
omputed as follows. Let !(i) denote the number of 1's in the

binary representation of the de
imal integer i. Then

�

i

=

Q

!(i)�1

j=0

(�+ jÆ)

Q

M�1�!(i)

k=0

(� + kÆ)

Q

M�1

l=1

(1 + lÆ)

; (2.3)

where

Q

a

i=0

(�)

4

=1, if a < 0.
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� If we let p

ij

be the one-step transition probabilities, then

p

ij

=

8

>

>

>

>

>

<

>

>

>

>

>

:

�+[M�!(i)℄Æ

1+MÆ

; if j = 2i (modulo 2

M

);

�+!(i)Æ

1+MÆ

; if j = (2i + 1) (modulo 2

M

);

0; otherwise:

(2.4)

The Markov pro
ess fW

n

g is irredu
ible and aperiodi
; therefore it is ergodi
.

2.1.2 Capa
ity of the �nite-memory 
ontagion 
hannel

Using the results in the previous se
tion, we arrive at the following proposition.

Proposition 1 The 
apa
ity C

M

of the M-memory 
ontagion 
hannel is nonde
reasing

in M and given by

C

M

= 1�

M

X

k=0

 

M

k

!

L

k

h

b

 

� + kÆ

1 +MÆ

!

; (2.5)

where

L

k

=

Q

k�1

j=0

(� + jÆ)

Q

M�1�k

l=0

(� + lÆ)

Q

M�1

m=1

(1 +mÆ)

;

Q

a

i=0

(�)

4

=1, if a < 0 and h

b

(�) is the binary entropy fun
tion:

h

b

(q) = �q log

2

q � (1� q) log

2

(1� q):

2.2 Gilbert-Elliott Channel

The following is from [8℄ and [10℄.

The Gilbert-Elliott 
hannel is a time varying binary symmetri
 
hannel, the 
rossover

probabilities of whi
h are determined by the 
urrent state of a dis
rete-time stationary

binary Markov pro
ess (see Fig. 2.2). The states are designated G for good and B for

bad. Due to the underlying Markov nature of the 
hannel, it has memory that depends

on the transition probabilities between the states.
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Figure 2.2: The Gilbert-Elliott 
hannel model.

2.2.1 Basi
 properties of the 
onditional probabilities of 
han-

nel errors

Let X

l

2 f0; 1g; Z

l

2 f0; 1g and Y

l

4

=X

l

� Z

l

denote, respe
tively, the input, the noise,

and the output of the 
hannel at the lth use, l = 1; 2; � � �. The error pro
ess fZ

l

g

1

l=1

is

independent of the 
hannel input, that is

Pr[Y

l

jX

l

℄ = Pr[Z

l

℄: (2.6)

The error pro
ess has memory in the sense that it depends on an underlying state

pro
ess fS

l

g

1

l=0

, S

l

2 fG;Bg, where G stands for good and B for bad. When 
onditioned

on the state pro
ess, the error pro
ess is memoryless, that is

Pr[Z

l

jS

l

℄ =

l

Y

i=1

Pr[Z

i

jS

i

℄: (2.7)

The 
onditional probabilities Pr[Z

l

jS

l

℄ do not depend on the time index l. The state

9



pro
ess is a stationary �rst-order Markov pro
ess; that is,

Pr[S

l

jS

l�1

℄ = Pr[S

l

jS

l�1

℄; (2.8)

and the right side of (2.8) does not depend on the index l. The parameters of the 
hannel

are the 
rossover probabilities in the G and B states

p

G

4

=Pr[Z

l

= 1jS

l

= G℄; (2.9)

p

B

4

=Pr[Z

l

= 1jS

l

= B℄; (2.10)

and the transition probabilities

g

4

=Pr[S

l

= GjS

l�1

= B℄; (2.11)

b

4

=Pr[S

l

= BjS

l�1

= G℄: (2.12)

The initial distribution of the state pro
ess is given by its stationary distribution

Pr[S

0

= G℄ = g=(g + b) (2.13)

and

Pr[S

0

= B℄ = b=(g + b); (2.14)

this ensures that fS

l

g is stationary. We de�ne the good-to-bad ratio � of the 
hannel by

�

4

=Pr[S

l

= G℄=Pr[S

l

= B℄ = g=b; (2.15)

and de�ne the parameter � by

�

4

=1� g � b: (2.16)
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De�nition 1 For sample paths su
h that Pr[Z

l�1

; S

0

℄ 6= 0, let q

�

l

(Z

l�1

; S

0

) denote the

probability for a 
hannel error at the lth use, 
onditioned on the initial state, and the

previous 
hannel errors, that is,

q

�

l

(Z

l�1

; S

0

)

4

=Pr[Z

l

= 1jZ

l�1

; S

0

℄; (2.17)

and let q

l

(Z

l�1

) denote the same probability 
onditioned only on the previous 
hannel

errors, that is,

q

l

(Z

l�1

)

4

=E[q

�

l

(Z

l�1

; S

0

)jZ

l�1

℄ = Pr[Z

l

= 1jZ

l�1

℄; (2.18)

where E[�℄ denotes expe
tation. The stationarity of the 
hannel allows shifting the time

referen
e and thus the following notation is valid

q

�

m

(Z

k+1

k+m�1

; S

k

) = Pr[Z

k+m

= 1jZ

k+1

k+m�1

; S

k

℄ (2.19)

and

q

m

(Z

k+1

k+m�1

) = Pr[Z

k+m

= 1jZ

k+1

k+m�1

℄; m = 0; 1; 2; � � � ; (2.20)

where the subs
ripts and supers
ripts to ve
tors are to be interpreted as follows:

Z

m

n

4

=(Z

m

; Z

m+1

; � � � ; Z

n

) for m � n and Z

n

4

=Z

1

n

.

The spe
ial 
ases m = 0; 1 mean that previous errors are not available, and therefore

q

�

0

(Z

k+1

k�1

; S

k

) and q

1

(Z

k+1

k�1

) are denoted, for simpli
ity, by

q

�

0

(S

k

)

4

=Pr[Z

k

= 1jS

k

℄ (2.21)

and by

q

1

4

=Pr[Z

k+1

= 1℄; (2.22)

whi
h, due to stationarity, do not depend on k.

The following proposition gives re
ursions for these fun
tions.
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Proposition 2 The following re
ursions hold:

q

�

l+1

(Z

l

; S

0

) = �(Z

l

; q

�

l

(Z

l�1

; S

0

)) (2.23)

and

q

l+1

(Z

l

) = �(Z

l

; q

l

(Z

l�1

)); (2.24)

where the fun
tion �(�; �) is de�ned by

�(0; q)

4

=

8

>

<

>

:

p

G

+ b(p

B

� p

G

) + �(q � p

G

)[(1� p

B

)=(1� q)℄; p

B

6= 1

(1� b)p

G

+ b; p

B

= 1; q 6= 1

(2.25)

and by

�(1; q)

4

=

8

>

<

>

:

p

G

+ b(p

B

� p

G

) + �(q � p

G

)(p

B

)=q); p

G

6= 0

(1� g)p

B

; p

G

= 0; q 6= 0

(2.26)

for p

G

� q � p

B

. The initial values for these re
ursions

q

�

0

(S

0

) =

8

>

<

>

:

p

G

; S

0

= G

p

B

; S

0

= B

(2.27)

and

q

1

= (�p

G

+ p

B

)(� + 1)

�1

(2.28)

follow dire
tly from De�nition 1.

Considering fq

�

l

g

1

l=0

and fq

l

g

1

l=1

as random sequen
es, the following holds.

Corollary 1 The sequen
e fq

�

l

g

1

l=0

is a Markov pro
ess with initial distribution

Pr[q

�

0

= �℄ =

8

>

<

>

:

�=(�+ 1); � = p

G

1=(�+ 1); � = p

B

(2.29)

12



and transition probabilities

Pr[q

�

l+1

= �jq

�

l

= �℄ =

8

>

<

>

:

1� �; � = �(0; �)

�; � = �(1; �)

(2.30)

where �(�; �) is as in (2.25) and (2.26).

Corollary 2 The sequen
e fq

l

g

1

l=1

is also a Markov pro
ess with the same transition

probabilities (2.30) and with initial distribution

Pr[q

1

= (�p

G

+ p

B

)(�+ 1)

�1

℄ = 1: (2.31)

2.2.2 Evaluation of 
apa
ity

Having established the basi
 properties of q

l

and q

�

l

, we turn to the problem of evaluating

the 
apa
ity. The issues involved in the de�nition of the 
apa
ity of a �nite-state time-

varying 
hannel are dis
ussed in [5℄. The 
apa
ity C of the Gilbert-Elliott 
hannel 
an

be formulated in terms of input and output sequen
es as follows:

C = lim

l!1

1

l

max

Pr(X

l

)

I(X

l

;Y

l

) (2.32)

where I(�; �) denotes mutual information and where the maximum is taken over all

possible probability fun
tions Pr(X

l

) of the input sequen
e X

l

. It 
an be shown [8℄

that

C = 1� lim

l!1

1

l

H(Z

l

) = 1� lim

l!1

E[h

b

(q

l

)℄;

where h

b

(�) is the binary entropy. Furthermore, the following two propositions are proved

in [8℄.

Proposition 3 Let f(�) be 
ontinuous over [p

G

; p

B

℄. Then the following limits exist and

are equal:

lim

l!1

E[f(q

�

l

)℄ = lim

l!1

E[f(q

l

)℄; (2.33)
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Proposition 4 Let f(�) be 
onvex over [p

G

; p

B

℄. Then the sequen
e fE[f(q

l

)℄g

1

l=1

is

monotoni
ally in
reasing, the sequen
e fE[f(q

�

l

)℄g

1

l=1

is monotoni
ally de
reasing,

E[f(q

l

)℄ � E[f(q

l+1

)℄ � E[f(q

�

l+1

)℄ � E[f(q

�

l

)℄; (2.34)

and both 
onverge to the same limit

lim

l!1

E[f(q

�

l

)℄ = lim

l!1

E[f(q

l

)℄: (2.35)

Sin
e the binary entropy fun
tion h

b

(q) = �qlog

2

q � (1 � q)log

2

(1 � q) is 
on
ave

(and 
ontinuous on [p

G

; p

B

℄), we thus have

E[h

b

(q

l

)℄ � E[h

b

(q

l+1

)℄ � E[h

b

(q

�

l+1

)℄ � E[h

b

(q

�

l

)℄; (2.36)

and

lim

l!1

E[h

b

(q

�

l

)℄ = lim

l!1

E[h

b

(q

l

)℄:

Thus the 
apa
ity of the Gilbert-Elliott 
hannel, in bits per 
hannel use, is given by

C = 1� lim

l!1

E[h

b

(q

�

l

)℄ = 1� lim

l!1

E[h

b

(q

l

)℄: (2.37)

Note also that it follows from (2.36) and (2.37) that

C

l

� C � C

l

; 8l � 1; (2.38)

and

C = lim

l!1

C

l

= lim

l!1

C

l

;

where

C

l

4

=1� E[h

b

(q

l

)℄;

and

C

l

4

=1� E[h

b

(q

�

l

)℄:

Thus for l � 1, C

l

and C

l


an be 
omputed to provide a lower and upper estimate,

respe
tively, to the 
apa
ity C; as l in
reases, the estimates be
ome more a

urate. We

will use (2.38) with l = 9 to estimate C in Chapter 4.
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2.2.3 Cal
ulation of the probability of an error sequen
e

A useful approa
h for 
al
ulating the probability of an error sequen
e for the Gilbert-

Elliott Channel is dis
ussed in [10℄. By the law of total probability, the probability of

an error sequen
e of length n, e

n

= e

1

e

2

� � � e

n

, may be expressed as:

Pr(e

n

) = �

T

(

n

Y

k=1

P(e

k

))1: (2.39)

where P(e

k

) is a 2 � 2 matrix whose (i; j)

th

entry is the probability that the output

symbol is e

k

when the 
hain makes a transition from state s

k�1

= i to s

k

= j.

The following expression is valid for the ve
tor � = [�

0

�

1

℄

T

:

�

T

P = �

T

; (2.40)

where

P =

1

X

e=0

P(e); (2.41)

P1 = 1; (2.42)

and

�

T

1 = 1: (2.43)

From (2.40) and (2.42) we 
on
lude that the ve
tors � and 1 are the left and right

eigenve
tors of the matrix P, respe
tively, 
orresponding to the eigenvalue 1.

For the Gilbert-Elliot 
hannel, the matri
es P, P(0), P(1) and the ve
tors 1 and �

are given by:

P =

2

6

4

1� b b

g 1� g

3

7

5

; (2.44)
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P(0) =

2

6

4

(1� b)(1� p

G

) b(1� p

B

)

g(1� p

G

) (1� g)(1� p

B

)

3

7

5

; (2.45)

P(1) =

2

6

4

(1� b)p

G

bp

B

gp

G

(1� g)p

B

3

7

5

; (2.46)

1 =

2

6

4

1

1

3

7

5

; (2.47)

and

� =

2

6

4

�

0

�

1

3

7

5

=

2

6

4

g

b+g

b

b+g

3

7

5

: (2.48)

2.3 A Criti
al Statisti
 for Channels with Memory

The following is from [1℄.

Consider the 
hannel model des
ribed by the diagram in Fig. 2.1. As before Y

i

andX

i

are, respe
tively, the output and input symbol and Z

i

is the noise symbol. Throughout it

will be assumed that the input sequen
e and noise sequen
e are statisti
ally independent

of ea
h other.

2.3.1 The error-gap pro
ess

The state spa
e of the error pro
ess is 
omposed of two states: error (or 1) and error

free (or 0). A positive integer exponent is used to indi
ate the number of 
onse
utive

symbols of the same type. In this notation the sequen
e 100001001 is written as 10

4

10

2

1.

In probability expressions we use the notation,

Pr[Z

1

= 0; � � � ; Z

n�1

= 0; Z

n

= 1℄ = P (0

n�1

1): (2.49)
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A 
onditional probability is also written in terms of sequen
es:

Pr [sequen
e B j sequen
e A℄:

If no other indi
ation is given in the 
onditional part, it is understood that sequen
e B

dire
tly follows sequen
e A.

De�nition 2 Sequen
es of zeros between two errors (1 states) are 
alled error gaps (also

error-free runs). The length of a gap is de�ned as one plus the total number of zeros in

the sequen
e between two 1's.

Let G

n

denote the length of the gap starting at Z

n

, 
onditioned on Z

n

= 1. Assuming

stationarity, the following equations hold

Pr[G

n

= m℄ = Pr[Z

n+1

= 0; � � � ; Z

n+m�1

= 0; Z

n+m

= 1jZ

n

= 1℄

= P (0

m�1

1j1) (2.50)

and

E(G

n

) =

1

P (1)

(2.51)

for all positive integers m, where P (1) is the probability of error and is equal to E(Z

n

).
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Chapter 3

A Queue-Based Channel with

Memory

In this 
hapter, we present a binary 
hannel with additive bursty noise based on a �nite

queue. Consider the binary 
hannel given by Y

i

= X

i

� Z

i

, where the input stream is

independent from the noise stream (see Fig. 2.1).

Consider the following two par
els.

� Par
el 1 is a queue of length K, that 
ontains initially K balls.

-

A

i1

A

i2

A

i3

� � �

A

iK

-

Let the random variables A

ij

(i is a time index refering to the i

th

experiment),

j = 1; 2; � � � ; K, indi
ate the 
olor of the ball in the 
orresponding 
ell of the queue
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at time i:

A

ij

=

8

>

<

>

:

1; if the j

th


ell 
ontains a red ball at time i,

0; if the j

th


ell 
ontains a bla
k ball at time i:

� Par
el 2 is an urn that 
ontains a very large number of balls where the proportion

of bla
k balls is 1� p and the proportion of red balls is p, where p 2 (0; 1); usually

p� 1=2.

Let the probability of sele
ting par
el 1 (the queue) be " and the probability of

sele
ting par
el 2 (the urn) be 1� "; where " 2 (0; 1).

The noise pro
ess fZ

i

g is generated by one of the following me
hanisms.

Me
hanism 1 Uniform queue-based 
hannel with memory: By 
ipping a biased


oin (with P (Head)="), we sele
t one of the 2 par
els (sele
t the queue if Head and

the urn if Tail). Then a pointer randomly points at a ball from the sele
ted par
el, and

identi�es its 
olor.

� If the sele
ted ball is red, we introdu
e a red ball in 
ell 1 of the queue, pushing

the last ball in 
ell K out.

� If the sele
ted ball is bla
k, we introdu
e a bla
k ball in 
ell 1 of the queue, pushing

the last ball in 
ell K out.

The noise pro
ess fZ

i

g is then modeled as follows:

Z

i

=

8

>

<

>

:

1; if the i

th

experiment points at a red ball;

0; if the i

th

experiment points at a bla
k ball:

Me
hanism 2 Non-uniform queue-based 
hannel with memory: By 
ipping a

biased 
oin (with P (Head)="), we sele
t one of the 2 par
els (sele
t the queue if Head and
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the urn if Tail). If par
el 1 (the queue) is sele
ted, then a pointer points at the ball in 
ell

1 with probability q

1

and points at the ball in 
ell l with probability q

l

= (1� q

1

)=(K�1),

for l = 2; 3; � � � ; K, and identi�es its 
olor. If par
el 2 (the urn) is sele
ted, a pointer

randomly points at a ball, and identi�es its 
olor.

� If the sele
ted ball is red, we introdu
e a red ball in 
ell 1 of the queue, pushing

the last ball in 
ell K out.

� If the sele
ted ball is bla
k, we introdu
e a bla
k ball in 
ell 1 of the queue, pushing

the last ball in 
ell K out.

The noise pro
ess fZ

i

g is then modeled as follows:

Z

i

=

8

>

<

>

:

1; if the i

th

experiment points at a red ball;

0; if the i

th

experiment points at a bla
k ball:

De�nition 3 For a given me
hanism, de�ne the state of the 
hannel to be S

i

4

=(A

i1

; A

i2

;

� � � ; A

iK

); the binary K�tuple in the queue after the i

th

experiment is 
ompleted, where

A

ij

; j = 1; 2; � � � ; K, is an indi
ator random variable for 
ell j in the queue after the i

th

experiment is performed. Note that, in terms of the noise pro
ess, the 
hannel state at

time i 
an be written as S

i

= (Z

i

; Z

i�1

; � � � ; Z

i�K+1

), for i � K.

3.1 Properties of the Uniform Queue-Based Noise

We now investigate the properties of the binary noise pro
ess fZ

n

g

1

n=1

. To gain more

insight , we �rst study the noise pro
ess for di�erent values ofK, and then give our results

in terms of K for the general 
ase. We �rst observe that fZ

n

g

1

n=1

is a homogeneous (on

time-invariant [4℄) Markov pro
ess of order K, sin
e for n � K + 1,

Pr[Z

n

= 1jZ

n�1

= a

n�1

; � � � ; Z

1

= a

1

℄ = "

a

n�1

+ � � �+ a

n�K

K

+ (1� ")p

= Pr[Z

n

= 1jZ

n�1

= a

n�1

; � � � ; Z

n�K

= a

n�K

℄; (3.1)
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where a

j

2 f0; 1g, j = 1; � � � ; n:

Thoughout this work, we 
onsider the 
ase where the initial distribution of the

Markov noise fZ

n

g is drawn a

ording to its stationary distribution; hen
e the noise

pro
ess fZ

n

g is stationary.

3.1.1 Case for K = 1

For K = 1, the noise pro
ess be
omes a simple Markov pro
ess. After analyzing this

pro
ess we get the following results.

� fZ

n

g is a binary homogeneous Markov pro
ess with Pr(Z

n

= jjZ

n�1

= i)

4

=p

ij

.

The transition matrix of the pro
ess is:

Q =

2

6

4

p

00

p

01

p

10

p

11

3

7

5

=

2

6

4

"+ (1� ")(1� p) (1� ")p

(1� ")(1� p) "+ (1� ")p

3

7

5

: (3.2)

� We 
an observe from the transition matrix Q that it is possible to go with positive

probability from any state to any other state in a �nite number of steps. Therefore

the Markov pro
ess is irredu
ible (and hen
e ergodi
 [9℄).

� Sin
e the pro
ess fZ

n

g is irredu
ible, its stationary distribution �

4

=(�(Z

1

=

0); �(Z

1

= 1))

4

=(�

0

; �

1

) is unique, and it 
an be 
omputed by solving � = �Q:

This yields � = (1� p; p).

Noise entropy rate

We know that if a sto
hasti
 pro
ess W

n

is stationary, then its 
onditional entropy

H(W

n

jW

n�1

; � � � ;W

1

) is de
reasing in n; and therefore lim

n!1

H(W

n

jW

n�1

; � � � ; W

1

)

exists. Therefore, we get for our Markov pro
ess fZ

n

g:

lim

n!1

H(Z

n

jZ

n�1

; � � � ; Z

1

) = H(Z

2

jZ

1

)
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where

H(Z

2

jZ

1

) = �

1

X

i;j=0

�

i

p

ij

log

2

p

ij

= (1� p)h

b

[(1� ")p℄ + ph

b

[(1� ")(1� p)℄; (3.3)

where h

b

(�) is the binary entropy fun
tion.

Now by the Cesaro-mean average, we get that as n!1,

1

n

H(Z

1

; � � � ; Z

n

) =

1

n

n

X

i=1

H(Z

n

jZ

n�1

; � � � ; Z

1

)! H(Z

2

jZ

1

):

Thus we 
an obtain the entropy rate h(Z

1

) of the Markov noise pro
ess:

h(Z

1

)

4

= lim

n!1

1

n

H(Z

1

; � � � ; Z

n

) = H(Z

2

jZ

1

): (3.4)

3.1.2 Case for K = 2

For K = 2, the noise pro
ess be
omes a 2

nd

order Markov pro
ess. As we de�ned above,

S

n

4

=(A

n1

; A

n2

; � � � ; A

nK

); i.e., S

n

= (Z

n

; Z

n�1

), for n � 2.

We have that for n � 2,

Pr[S

n

= s

n

jS

n�1

= s

n�1

; � � � ; S

1

= s

1

℄

= Pr[Z

n

= a

n

; Z

n�1

= a

n�1

jZ

n�1

= a

n�1

; � � � ; Z

1

= a

1

℄

= Pr[Z

n

= a

n

jZ

n�1

= a

n�1

; Z

n�2

= a

n�2

℄

= Pr[S

n

= s

n

jS

n�1

= s

n�1

℄ (3.5)

where a

n

2 f0; 1g and s

n

2 f(0; 0); (0; 1); (1; 0); (1; 1)g.

Thus fS

n

g is a Markov pro
ess with 4 states. We denote ea
h state by its de
imal

representation; i.e., state 0 
orresponds to state (0; 0) or (00), state 1 
orresponds to

state (01), state 2 
orresponds to state (10) and state 3 
orresponds to state (11). We

now get the following results about fS

n

g.
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� Sin
e fZ

n

g is stationary, it is also 2-step blo
k stationary, whi
h implies that fS

n

g

is stationary.

� fS

n

g is also a homogeneous Markov pro
ess with stationary (or initial) distribution

�

4

=(�(S

1

= 00); �(S

1

= 01); �(S

1

= 10); �(S

1

= 11))

4

=(�

0

; �

1

; �

2

; �

3

): (3.6)

� If we denote by p

ij

the transition probability that S

n

goes from state i to state j,

i; j = 0; 1; 2; 3, we 
an write the transition matrix of the pro
ess fS

n

g:

Q =

2

6

6

6

6

6

6

6

6

6

4

p

00

p

01

p

02

p

03

p

10

p

11

p

12

p

13

p

20

p

21

p

22

p

23

p

30

p

31

p

32

p

33

3

7

7

7

7

7

7

7

7

7

5

=

2

6

6

6

6

6

6

6

6

4

"+ (1� ")(1 � p) 0 (1� ")p 0

"

2

+ (1� ")(1� p) 0

"

2

+ (1� ")p 0

0

"

2

+ (1� ")(1� p) 0

"

2

+ (1� ")p

0 (1� ")(1� p) 0 "+ (1� ")p

3

7

7

7

7

7

7

7

7

5

: (3.7)

From the transition matrix Q, we 
an 
learly see that any state 
an rea
h any

other state with positive probability in a �nite number of steps. Therefore the

pro
ess S

n

is irredu
ible (and hen
e ergodi
).

� We 
an 
ompute the stationary distribution �

4

=(�

0

; �

1

; �

2

; �

3

) of the pro
ess by

solving � = �Q: This yields

� =

 

[

"

2

+ (1� ")(1� p)℄[(1� ")(1� p)℄

[1�

"

2

℄(1� ")

;

[(1� ")(1� p)℄[(1� ")p℄

[1�

"

2

℄(1� ")

;

[(1� ")(1� p)℄[(1� ")p℄

[1�

"

2

℄(1� ")

;

[(1� ")p℄[

"

2

+ (1� ")p℄

[1�

"

2

℄(1� ")

!

: (3.8)
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Noise entropy rate

As we did in the previous se
tion, we 
an obtain the entropy rate of the 2

nd

order Markov

noise pro
ess fZ

n

g as follows.

h(Z

1

)

4

= lim

n!1

1

n

H(Z

1

; � � � ; Z

n

)

= H(Z

3

jZ

2

; Z

1

)

= H(S

2

jS

1

)

= �

3

X

i;j=0

�

i

p

ij

log

2

p

ij

=

[

"

2

+ (1� ")(1� p)℄[(1� ")(1� p)℄

[1�

"

2

℄(1� ")

h

b

[(1� ")p℄

+

2[(1� ")(1� p)℄[(1� ")p℄

[1�

"

2

℄(1� ")

h

b

[

"

2

+ (1� ")p℄

+

[(1� ")p℄[

"

2

+ (1� ")p℄

[1�

"

2

℄(1� ")

h

b

[(1� ")(1� p)℄; (3.9)

where h

b

(�) is the binary entropy fun
tion.

3.1.3 Case for K = 3

For K = 3, the noise pro
ess be
omes a 3

rd

order Markov pro
ess and S

n

= (Z

n

; Z

n�1

;

Z

n�2

) for n � 3.

We 
an easily show, as we did for the K = 2 
ase, that S

n

is a Markov pro
ess with 8

states; i.e., s

n

2 f(000); (001); (010); (011); (100); (101); (110); (111)g. Again we denote

ea
h state by its de
imal representation. We get the following results about fS

n

g:

� fS

n

g is a homogeneous Markov pro
ess with stationary (or initial) distribution

�

4

=(�

0

; �

1

; �

2

; �

3

; �

4

; �

5

; �

6

; �

7

): (3.10)

� If we denote by p

ij

the transition probability that S

n

goes from state i to state j,
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i; j = 0; 1; 2; 3; 4; 5; 6; 7, we 
an write the transition matrix of the pro
ess fS

n

g:

Q =

2

6

6

6

6

6

6

6

6

4

p

00

p

01

p

02

p

03

p

04

p

05

p

06

p

07

p

10

p

11

p

12

p

13

p

14

p

15

p

16

p

17

p

20

p

21

p

22

p

23

p

24

p

25

p

26

p

27

p

30

p

31

p

32

p

33

p

34

p

35

p

36

p

37

p

40

p

41

p

42

p

43

p

44

p

45

p

46

p

47

p

50

p

51

p

52

p

53

p

54

p

55

p

56

p

57

p

60

p

61

p

62

p

63

p

64

p

65

p

66

p

67

p

70

p

71

p

72

p

73

p

74

p

75

p

76

p

77

3

7

7

7

7

7

7

7

7

5

=

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

"+ (1� ")(1� p) 0 0 0 (1 � ")p 0 0 0

2"

3

+ 0 0 0

"

3

+ 0 0 0

(1� ")(1� p) (1 � ")p

0

2"

3

+ 0 0 0

"

3

+ 0 0

(1 � ")(1 � p) (1 � ")p

0

"

3

+ 0 0 0

2"

3

+ 0 0

(1 � ")(1 � p) (1 � ")p

0 0

2"

3

+ 0 0 0

"

3

+ 0

(1 � ")(1 � p) (1 � ")p

0 0

"

3

+ 0 0 0

2"

3

+ 0

(1 � ")(1 � p) (1 � ")p

0 0 0

"

3

+ 0 0 0

2"

3

+

(1� ")(1 � p) (1 � ")p

0 0 0 (1� ")(1 � p) 0 0 0 "+ (1 � ")p

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

:

From the transition matrix Q, we 
an 
learly see that any state 
an rea
h any

other state with positive probability in a �nite number of steps. Therefore the

pro
ess S

n

is irredu
ible (and hen
e ergodi
).

� We 
an 
ompute the stationary distribution �

4

=(�

0

; �

1

; �

2

; �

3

; �

4

; �

5

; �

6

; �

7

) of the

pro
ess by solving � = �Q: This yields

� =

 

[

2"

3

+ (1� ")(1� p)℄[

"

3

+ (1� ")(1� p)℄[(1� ")(1� p)℄

[1�

2"

3

℄[1�

"

3

℄(1� ")

;

[

"

3

+ (1� ")(1� p)℄[(1� ")(1� p)℄[(1� ")p℄

[1�

2"

3

℄[1�

"

3

℄(1� ")

;

[

"

3

+ (1� ")(1� p)℄[(1� ")(1� p)℄[(1� ")p℄

[1�

2"

3

℄[1�

"

3

℄(1� ")

;
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[

"

3

+ (1� ")(1� p)℄[(1� ")(1� p)℄[(1� ")p℄

[1�

2"

3

℄[1�

"

3

℄(1� ")

;

[(1� ")(1� p)℄[(1� ")p℄[

"

3

+ (1� ")p℄

[1�

2"

3

℄[1�

"

3

℄(1� ")

;

[(1� ")(1� p)℄[(1� ")p℄[

"

3

+ (1� ")p℄

[1�

2"

3

℄[1�

"

3

℄(1� ")

;

[(1� ")(1� p)℄[(1� ")p℄[

"

3

+ (1� ")p℄

[1�

2"

3

℄[1�

"

3

℄(1� ")

;

[(1� ")p℄[

"

3

+ (1� ")p℄[

2"

3

+ (1� ")p℄

[1�

2"

3

℄[1�

"

3

℄(1� ")

!

: (3.11)

Noise entropy rate

Similarly to the previous se
tion, we 
an obtain the entropy rate of the 3

rd

order Markov

noise pro
ess fZ

n

g as follows.

h(Z

1

)

4

= lim

n!1

1

n

H(Z

1

; � � � ; Z

n

)

= H(Z

4

jZ

3

; Z

2

; Z

1

)

= H(S

2

jS

1

)

= �

7

X

i;j=0

�

i

p

ij

log

2

p

ij

=

[

2"

3

+ (1� ")(1� p)℄[

"

3

+ (1� ")(1� p)℄[(1� ")(1� p)℄

[1�

2"

3

℄[1�

"

3

℄(1� ")

h

b

[(1� ")p℄

+

3[

"

3

+ (1� ")(1� p)℄[(1� ")(1� p)℄[(1� ")p℄

[1�

2"

3

℄[1�

"

3

℄(1� ")

h

b

[

"

3

+ (1� ")p℄

+

3[(1� ")(1� p)℄[(1� ")p℄[

"

3

+ (1� ")p℄

[1�

2"

3

℄[1�

"

3

℄(1� ")

h

b

[

2"

3

+ (1� ")p℄

+

[(1� ")p℄[

"

3

+ (1� ")p℄[

2"

3

+ (1� ")p℄

[1�

2"

3

℄[1�

"

3

℄(1� ")

h

b

[(1� ")(1� p)℄; (3.12)

where h

b

(�) is the binary entropy fun
tion.
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3.1.4 General 
ase

We now analyze the noise pro
ess for the general 
ase as a fun
tion of K. The noise

pro
ess, as we showed earlier, is a K

th

order stationary Markov pro
ess and S

n

=

(Z

n

; Z

n�1

; � � � ; Z

n�K+1

) for n � K.

We 
an easily show, as we did for the previous 
ases, that fS

n

g is a Markov pro
ess

with 2

K

states; i.e., s

n

2 f(0 � � �00); (0 � � �01); � � � ; (1 � � �11)g where ea
h string is of

length K. We denote ea
h state by its de
imal representation. We get the following

results about fS

n

g.

� fS

n

g is a homogeneous Markov pro
ess with stationary (or initial) distribution

�

4

=(�

0

; �

1

; � � � ; �

i

; � � � ; �

2

K

�1

):

� If we denote by p

ij

the transition probability that S

n

goes from state i to state j,

i; j = 0; 1; 2; � � � ; 2

K

� 1, we 
an write the transition matrix of the pro
ess fS

n

g:

Q = [p

ij

℄

with

p

ij

=

8

>

>

>

>

>

<

>

>

>

>

>

:

"

K�!(i)

K

+ (1� ")(1� p); if j = b

i

2


;

"

!(i)

K

+ (1� ")p; if j = b

i+2

K

2


;

0; otherwise;

(3.13)

where !(i) is the number of \ones" in the K-bit binary (or base 2) representation

of the row number i.

The form of the 2

K

� 2

K

transition matrix Q will look as follows:
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Q =

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

"+ (1 � ")(1 � p) 0 � � � � � � � � � (1� ")p 0 � � � � � � 0

"

K�1

K

+ 0 � � � � � � � � � "

1

K

+ 0 � � � � � � 0

(1 � ")(1 � p) (1� ")p

0 "

K�1

K

+ 0 � � � � � � � � � "

1

K

+ 0 � � � 0

(1� ")(1 � p) (1� ")p

0 "

K�2

K

+ 0 � � � � � � � � � "

2

K

+ 0 � � � 0

(1� ")(1 � p) (1� ")p

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 � � � � � � "

1

K

+ 0 � � � � � � � � � "

K�1

K

+

(1 � ")(1 � p) (1� ")p

0 0 � � � � � � (1 � ")(1 � p) 0 � � � � � � � � � "+ (1� ")p

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

:

The last row in the above matrix, 
orresponds to the (2

K

�1)

th

row. We note that

the matrix has a sliding blo
k form: all entries are \zeros" ex
ept for the positions

(i; j) su
h that j = b

i

2


 and j = b

i+2

K

2


, where i is the row number and j is the


olumn number, i; j = 0; 1; 2; � � � ; 2

K

� 1. Also, we noti
e that there are

�

K

l

�

rows

for whi
h the binary representation of the number of these rows 
ontain l \ones".

From the transition matrix Q, we 
an 
learly see that any state 
an rea
h any

other state with positive probability in a �nite number of steps. Therefore the

pro
ess S

n

is irredu
ible (and hen
e ergodi
).

� We 
an 
ompute the stationary distribution �

4

=(�

0

; �

1

; � � � ; �

i

; � � � ; �

2

K

�1

) of the

pro
ess by solving � = �Q: This yields

�

i

=

Q

K�1�!(i)

j=0

["

j

K

+ (1� ")(1� p)℄

Q

!(i)�1

l=0

["

l

K

+ (1� ")p℄

Q

K

m=1

(1� "

m

K

)

; (3.14)

for i = 0; 1; 2; � � � ; 2

K

� 1, where !(i) is the number of \ones" in the binary repre-

sentation of the de
imal integer i and

Q

a

i=0

(�)

4

=1, if a < 0.
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Noise entropy rate

Similarly to the previous se
tion, we 
an obtain the entropy rate of the K

th

order Markov

noise pro
ess fZ

n

g as follows.

h(Z

1

)

4

= lim

n!1

1

n

H(Z

1

; � � � ; Z

n

)

= H(Z

K+1

jZ

K

; Z

K�1

; � � � ; Z

1

)

= H(S

2

jS

1

)

= �

2

K

�1

X

i;j=0

�

i

p

ij

log

2

p

ij

=

2

K

�1

X

i=0

Q

K�1�!(i)

s=0

["

s

K

+ (1� ")(1� p)℄

Q

!(i)�1

l=0

["

l

K

+ (1� ")p℄

Q

K

m=1

(1� "

m

K

)

�h

b

 

"

!(i)

K

+ (1� ")p

!

=

K

X

!(i)=0

 

K

!(i)

!

L

!(i)

h

b

 

"

!(i)

K

+ (1� ")p

!

(3.15)

where

L

!(i)

=

Q

K�1�!(i)

s=0

["

s

K

+ (1� ")(1� p)℄

Q

!(i)�1

l=0

["

l

K

+ (1� ")p℄

Q

K

m=1

(1� "

m

K

)

;

Q

a

i=0

(�)

4

=1, if a < 0, and h

b

(�) is the binary entropy fun
tion.

3.2 Blo
k Transition Probability for the Uniform

Queue-Based Channel

For a given input blo
k X = [X

1

; � � � ; X

n

℄ and a given output blo
k Y = [Y

1

; � � � ; Y

n

℄,

where n is the blo
k length, the blo
k transition probability of the resulting binary


hannel is as follows.
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� For blo
k length n � K, the blo
k transition probability of this 
hannel is

Pr(Y = yjX = x) = Pr(Z = a) =

X

j2S

n

�

j

;

where

{ a

i

= x

i

� y

i

,

{ S

n

is the set of de
imal representations of the set of states

S

b

n

4

=f(a; i

n+1

; � � � ; i

K

)ji

t

2 f0; 1g; t = n+ 1; � � � ; Kg;

{ �

j

, j 2 S

n

, are the stationary probabilities of the resulting states.

After the n

th

experiment, there are 2

K�n

states; i.e., (a

n

; � � � ; a

1

; 0 � � �0); � � � ; (a

n

; � � �,

a

1

; 1 � � �1), in S

b

n

. S

n

is the set of de
imal representations of these states. The blo
k

probability is the sum of the stationary probabilities of these states. If two states

have the same binary representation ex
ept in the last digit, then the weights of

the two states are di�erent by 1 (suppose one is !(j), whi
h is the number of

\ones" in state j (the weight of state j), the other is !(j)+ 1). Thus the formulas

of the stationary distribution of the two states are di�erent by only one term; i.e.,

one in
ludes ["

K�1�!(j)

K

+(1�")(1�p)℄ and the other in
ludes ["

!(j)

K

+(1�")p℄. We


an 
al
ulate the sum of these two terms to get (1� "

1

K

), whi
h 
an be 
an
elled

by (1� "

1

K

) in the denominator. Then the sum of the two stationary probabilities

is

Q

K�2�!(j)

s=0

["

s

K

+(1�")(1�p)℄

Q

!(j)�1

t=0

["

t

K

+(1�")p℄

Q

K

l=2

(1�"

l

K

)

. Taking pairwise summations of 2

K�n

terms, the total number of terms des
reases to 2

K�n�1

. By repeating these opera-

tions of taking pairwise summation, taking out the 
ommon fa
tor, and 
an
elling

another 
ommon fa
tor in the numerator and denominator, we get a �nal single

term whi
h is the following.

X

j2S

n

�

j

=

Q

n�d�1

s=0

["

s

K

+ (1� ")(1� p)℄

Q

d�1

t=0

["

t

K

+ (1� ")p℄

Q

K

l=K�n+1

(1� "

l

K

)

; (3.16)

where

Q

a

i=0

(�)

4

=1, if a < 0 and d is the number of \ones" in the blo
k a.
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� For blo
k length n � K + 1, the blo
k transition probability of this 
hannel is

Pr(Y = yjX = x)

= Pr(Z = a)

=

n

Y

i=1

Pr(Z

i

= a

i

jZ

i�1

= a

i�1

; � � � ; Z

1

= a

1

)

= L

n

Y

i=K+1

"

"

�

i�1

K

+ (1� ")p

#

a

i

"

"

K � �

i�1

K

+ (1� ")(1� p)

#

1�a

i

;

(3.17)

where

L =

Q

K�1��

K

j=0

["

j

K

+ (1� ")(1� p)℄

Q

�

K

�1

l=0

["

l

K

+ (1� ")p℄

Q

K

t=1

(1� "

t

K

)

;

Q

a

i=0

(�)

4

=1, if a < 0 and �

i�1

= a

i�1

+ � � �+ a

i�K

.

3.3 Capa
ity of the Uniform Queue-Based Channel

Using the results in the previous se
tions, we arrive at the following proposition.

Proposition 5 The uniform queue-based 
hannel with memory is a 
hannel with sta-

tionary ergodi
 Markov additive noise of memory K. The 
apa
ity C

K

of the 
hannel is

positive and non-de
reasing in K and is given by

C

K

= 1�

K

X

!(i)=0

 

K

!(i)

!

L

!(i)

h

b

 

"

!(i)

K

+ (1� ")p

!

(3.18)

where

L

!(i)

=

Q

K�1�!(i)

j=0

["

j

K

+ (1� ")(1� p)℄

Q

!(i)�1

l=0

["

l

K

+ (1� ")p℄

Q

K

m=1

(1� "

m

K

)

;

Q

a

i=0

(�)

4

=1 if a < 0, and h

b

(�) is the binary entropy fun
tion.
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Proof The binary 
hannel has an additive noise pro
ess Z

n

, where Z

n

is a stationary

ergodi
 K

th

order Markov pro
ess. Its 
apa
ity is then:

C

K

= lim

n!1

sup

X

1

n

I(X;Y )

= 1� lim

n!1

1

n

H(Z)

= 1� h(Z

1

)

= 1�H(Z

K+1

jZ

K

; Z

K�1

; � � � ; Z

1

)

= 1�

K

X

!(i)=0

 

K

!(i)

!

L

!(i)

h

b

 

"

!(i)

K

+ (1� ")p

!

(3.19)

from (3.15).

C

K

> 0 sin
e the noise entropy rate is bounded above by 1. Finally, we know

that 
onditioning de
reases entropy; thus H(Z

K+1

jZ

K

; Z

K�1

; � � � ; Z

1

) de
reases as K

in
reases. Therefore the 
apa
ity C

K

in
reases as the memory K in
reases. 2

3.4 The Error-Gap Pro
ess for the Uniform Queue-

Based Channel

The error pro
ess fZ

n

g

1

n=1

of the uniform queue-based 
hannel is stationary. A

ording

to De�nition 2 in Chapter 2, we obtain the gap frequen
y Pr[G

n

= l℄ and the average

duration of the gap E(G

n

) for the uniform queue-based 
hannel:

� For 1 � l � K � 1, where K > 1,

Pr[G

n

= l℄ = Pr[Z

n+1

= 0; � � � ; Z

n+l�1

= 0; Z

n+l

= 1jZ

n

= 1℄

= Pr[Z

2

= 0; � � � ; Z

l

= 0; Z

l+1

= 1jZ

1

= 1℄

=

Pr[Z

1

= 1; Z

2

= 0; � � � ; Z

l

= 0; Z

l+1

= 1℄

Pr[Z

1

= 1℄

:
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From (3.16) with n = l + 1 and d = 2, we get

Pr[G

n

= l℄ =

1

p

�

Q

l�2

s=0

["

s

K

+ (1� ")(1� p)℄

Q

1

t=0

["

t

K

+ (1� ")p℄

Q

K

u=K�l

(1� "

u

K

)

; (3.20)

where Pr[Z

1

= 1℄ = p from (3.16) with n = d = 1.

� Similarly, for l = K;

Pr[G

n

= l℄

= Pr[Z

n+1

= 0; � � � ; Z

n+l�1

= 0; Z

n+l

= 1jZ

n

= 1℄

= Pr[Z

2

= 0; � � � ; Z

K

= 0; Z

K+1

= 1jZ

1

= 1℄

=

Pr[Z

1

= 1; Z

2

= 0; � � � ; Z

K

= 0; Z

K+1

= 1℄

Pr[Z

1

= 1℄

=

Pr[Z

1

= 1; Z

2

= 0; � � � ; Z

K

= 0℄ Pr[Z

K+1

= 1jZ

K

= 0; � � � ; Z

2

= 0; Z

1

= 1℄

p

From (3.16) with n = K and d = 1, and (3.13), we get

Pr[G

n

= K℄ =

1

p

�

n

Q

K�2

s=0

["

s

K

+ (1� ")(1� p)℄

o

[(1� ")p℄

Q

K

u=1

(1� "

u

K

)

� ["

1

K

+ (1� ")p℄:

(3.21)

� For l � K + 1;

Pr[G

n

= l℄

= Pr[Z

n+1

= 0; � � � ; Z

n+l�1

= 0; Z

n+l

= 1jZ

n

= 1℄

= Pr[Z

2

= 0; � � � ; Z

l

= 0; Z

l+1

= 1jZ

1

= 1℄

=

Pr[Z

1

= 1; Z

2

= 0; � � � ; Z

l

= 0; Z

l+1

= 1℄

Pr[Z

1

= 1℄

:

=

Pr[Z

1

= 1; Z

2

= 0; � � � ; Z

K

= 0; Z

K+1

= 0; � � � ; Z

l

= 0; Z

l+1

= 1℄

p

:

=

1

p

� Pr[Z

1

= 1; Z

2

= 0; � � � ; Z

K

= 0℄ Pr[Z

K+1

= 0jZ

K

= 0; � � � ; Z

2

= 0; Z

1

= 1℄

�

8

<

:

l

Y

i=K+2

Pr[Z

i

= 0jZ

i�1

= 0; � � � ; Z

i�K

= 0℄

9

=

;

�Pr[Z

l+1

= 1jZ

l

= 0; � � � ; Z

l�K+1

= 0℄:
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From (3.16) with n = K and d = 1, and (3.13), we get

Pr[G

n

= l℄ =

1

p

�

n

Q

K�2

s=0

["

s

K

+ (1� ")(1� p)℄

o

[(1� ")p℄

Q

K

u=1

(1� "

u

K

)

� ["

K � 1

K

+ (1� ")(1� p)℄

�["+ (1� ")(1� p)℄

l�K�1

� [(1� ")p℄: (3.22)

Finally,

E(G

n

) =

1

P (1)

=

1

Pr[Z

n

= 1℄

=

1

p

: (3.23)

3.5 The Error-Burst Pro
ess for the Uniform Queue-

Based Channel

We give the de�nition of the error-burst pro
ess, whi
h is analogous to the de�nition of

the error-gap pro
ess.

De�nition 4 Sequen
es of ones between two zeros (0 states) are 
alled error bursts.

The length of a burst is de�ned as one plus the total number of ones in the sequen
e

between two 0's.

Let B

n

denote the length of the burst starting at Z

n

, 
onditioned on Z

n

= 0. As-

suming stationarity, the following equations hold:

Pr[B

n

= m℄ = Pr[Z

n+1

= 1; � � � ; Z

n+m�1

= 1; Z

n+m

= 0jZ

n

= 0℄

= P (1

m�1

0j0); (3.24)

and

E(B

n

) =

1

P (0)

(3.25)

for all positive integers m, where P (0) is the probability of no error and is equal to

1� E(Z

n

).
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Eq. (3.25) is shown as follows:

E(B

n

) =

1

X

l=1

lP (1

l�1

0j0)

=

1

X

l=0

(l + 1)P (1

l

0j0)

=

1

X

l=0

(l + 1)[P (1

l

j0)� P (1

l+1

j0)℄

=

1

X

l=0

P (1

l

j0)

=

1

X

l=0

P (01

l

)

P (0)

=

P

1

l=0

P (01

l

)

P (0)

;

where

1

X

l=0

P (01

l

) = P (0) + P (01) + P (011) + P (0111) + � � �+ � � �

= 1� P (1) + P (01) + P (011) + P (0111) + � � �+ � � �

= 1� [P (01) + P (11)℄ + P (01) + P (011) + P (0111) + � � �+ � � �

= 1� P (11) + P (011) + P (0111) + � � �+ � � �

= 1� [P (011) + P (111)℄ + P (011) + P (0111) + � � �+ � � �

= 1� P (111) + P (0111) + � � �+ � � �

.

.

.

! 1� P (1

1

);

where

P (1

1

) = Pr[Z

1

= 1; � � � ; Z

K

= 1℄

1

Y

i=K+1

Pr[Z

i

= 1jZ

i�1

= 1; � � � ; Z

i�K

= 1℄

= �

2

K

�1

["+ (1� ")p℄

1

= 0

sin
e "+ (1� ")p < 1.
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So

E(B

n

) =

1� P (1

1

)

P (0)

=

1

P (0)

:

Using the same approa
h as for the gap pro
ess, we get the burst frequen
y Pr[B

n

= l℄

and the average duration of the burst E(B

n

) for the uniform queue-based 
hannel:

� For 1 � l � K � 1, where K > 1,

Pr[B

n

= l℄

= Pr[Z

n+1

= 1; � � � ; Z

n+l�1

= 1; Z

n+l

= 0jZ

n

= 0℄

= Pr[Z

2

= 1; � � � ; Z

l

= 1; Z

l+1

= 0jZ

1

= 0℄

=

Pr[Z

1

= 0; Z

2

= 1; � � � ; Z

l

= 1; Z

l+1

= 0℄

Pr[Z

1

= 0℄

:

From (3.16) with n = l + 1 and d = l � 1, we get

Pr[B

n

= l℄ =

1

1� p

�

Q

1

s=0

["

s

K

+ (1� ")(1� p)℄

Q

l�2

t=0

["

t

K

+ (1� ")p℄

Q

K

u=K�l

(1� "

u

K

)

: (3.26)

� For l = K,

Pr[B

n

= l℄

= Pr[Z

n+1

= 1; � � � ; Z

n+K�1

= 1; Z

n+K

= 0jZ

n

= 0℄

= Pr[Z

2

= 1; � � � ; Z

K

= 1; Z

K+1

= 0jZ

1

= 0℄

=

Pr[Z

1

= 0; Z

2

= 1; � � � ; Z

K

= 1; Z

K+1

= 0℄

Pr[Z

1

= 0℄

=

Pr[Z

1

= 0; Z

2

= 1; � � � ; Z

K

= 1℄ Pr[Z

K+1

= 0jZ

K

= 1; � � � ; Z

2

= 1; Z

1

= 0℄

1� p

:

From (3.16) with n = K and d = K � 1, and (3.13), we get

Pr[B

n

= K℄ =

1

1� p

�

[(1� ")(1� p)℄

Q

K�2

t=0

["

t

K

+ [(1� ")p℄

Q

K

u=1

(1� "

u

K

)

�["

1

K

+ (1� ")(1� p)℄: (3.27)
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� For l � K + 1,

Pr[B

n

= l℄

= Pr[Z

n+1

= 1; � � � ; Z

n+l�1

= 1; Z

n+l

= 0jZ

n

= 0℄

= Pr[Z

2

= 1; � � � ; Z

l

= 1; Z

l+1

= 0jZ

1

= 0℄

=

Pr[Z

1

= 0; Z

2

= 1; � � � ; Z

l

= 1; Z

l+1

= 0℄

Pr[Z

1

= 0℄

:

=

Pr[Z

1

= 0; Z

2

= 1; � � � ; Z

K

= 1; Z

K+1

= 1; � � � ; Z

l

= 1; Z

l+1

= 0℄

1� p

:

=

1

1� p

� Pr[Z

1

= 0; Z

2

= 1; � � � ; Z

K

= 1℄

�Pr[Z

K+1

= 1jZ

K

= 1; � � � ; Z

2

= 1; Z

1

= 0℄

�

8

<

:

l

Y

i=K+2

Pr[Z

i

= 1jZ

i�1

= 1; � � � ; Z

i�K

= 1℄

9

=

;

�Pr[Z

l+1

= 0jZ

l

= 1; � � � ; Z

l�K+1

= 1℄:

From (3.16) with n = K and d = K � 1, and (3.13), we get

Pr[B

n

= l℄

=

1

1� p

�

[(1� ")(1� p)℄

Q

K�2

t=0

["

t

K

+ [(1� ")p℄

Q

K

u=1

(1� "

u

K

)

�["

K � 1

K

+ (1� ")p℄ � ["+ (1� ")p℄

l�K�1

� [(1� ")(1� p)℄: (3.28)

Finally,

E(B

n

) =

1

P (0)

=

1

Pr[Z

n

= 0℄

=

1

1� p

: (3.29)

3.6 The Non-Uniform Queue-Based Channel

The non-uniform queue-based 
hannel has a similar transition matrix as the uniform

queue-based 
hannel. For example, for the 
ase K = 3, the transition matrix of the

non-uniform queue-based 
hannel is given by the following.
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Q =

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

" + (1 � ")(1 � p) 0 0 0 (1� ")p 0 0 0

"(q

1

+ q

2

)+ 0 0 0 " � q

3

+ 0 0 0

(1 � ")(1 � p) (1� ")p

0 "(q

1

+ q

3

)+ 0 0 0 " � q

2

+ 0 0

(1� ")(1� p) (1� ")p

0 " � q

1

+ 0 0 0 "(q

2

+ q

3

)+ 0 0

(1� ")(1� p) (1� ")p

0 0 "(q

2

+ q

3

)+ 0 0 0 " � q

1

+ 0

(1� ")(1 � p) (1 � ")p

0 0 " � q

2

+ 0 0 0 "(q

1

+ q

3

)+ 0

(1� ")(1 � p) (1 � ")p

0 0 0 " � q

3

+ 0 0 0 "(q

1

+ q

2

)+

(1 � ")(1 � p) (1 � ")p

0 0 0 (1 � ")(1 � p) 0 0 0 " + (1� ")p

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

:

Given ", p, q

1

, we 
an 
al
ulate the stationary distribution � = [�

0

; �

1

; � � � ; �

7

℄ nu-

meri
ally.

The 
apa
ity of the non-uniform queue-based 
hannel with K = 3 is

C

3

= 1� h(Z

1

)

4

= 1� lim

n!1

1

n

H(Z

1

; � � � ; Z

n

)

= 1�H(Z

4

jZ

3

; Z

2

; Z

1

)

= 1�H(S

2

jS

1

)

= 1� [�

7

X

i;j=0

�

i

p

ij

log

2

p

ij

℄; (3.30)

where p

ij

is the (i; j)

th

entry of the transition matrix. Similarly, we 
an get the results

for the 
ases K = 2 and K = 4.

The non-uniform queue-based 
hannel has a similar burst frequen
y as the uniform

queue-based 
hannel. For example, for the 
ase K = 2, the burst frequen
y of the

non-uniform queue-based 
hannel is given by the following.
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� For 1 � l � K � 1, where K = 2,

Pr[B

n

= l℄

= Pr[Z

n+1

= 1; � � � ; Z

n+l�1

= 1; Z

n+l

= 0jZ

n

= 0℄

=

Pr[Z

1

= 0; Z

2

= 0℄

Pr[Z

1

= 0℄

=

�

0

1� p

: (3.31)

� For l = K, where K = 2,

Pr[B

n

= l℄

= Pr[Z

n+1

= 1; � � � ; Z

n+K�1

= 1; Z

n+K

= 0jZ

n

= 0℄

=

Pr[Z

1

= 0; Z

2

= 1; Z

3

= 0℄

Pr[Z

1

= 0℄

=

Pr[Z

1

= 0; Z

2

= 1℄ Pr[Z

3

= 0jZ

2

= 1; Z

1

= 0℄

1� p

=

�

2

1� p

� ["(1� q

1

) + (1� ")(1� p)℄: (3.32)

� For l � K + 1, where K = 2,

Pr[B

n

= l℄

= Pr[Z

n+1

= 1; � � � ; Z

n+l�1

= 1; Z

n+l

= 0jZ

n

= 0℄

=

Pr[Z

1

= 0; Z

2

= 1; � � � ; Z

l

= 1; Z

l+1

= 0℄

Pr[Z

1

= 0℄

=

Pr[Z

1

= 0; Z

2

= 1; Z

3

= 1; � � � ; Z

l

= 1; Z

l+1

= 0℄

1� p

=

Pr[Z

1

= 0; Z

2

= 1℄

1� p

� Pr[Z

3

= 1jZ

2

= 1; Z

1

= 0℄

�

(

l

Y

i=4

Pr[Z

i

= 1jZ

i�1

= 1; Z

i�2

= 1℄

)

Pr[Z

l+1

= 0jZ

l

= 1; Z

l�1

= 1℄

=

�

2

1� p

� ["q

1

+ (1� ")p℄ � ["+ (1� ")p℄

l�3

� [(1� ")(1� p)℄: (3.33)
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Chapter 4

Comparisons with Other Channels

with Memory

In this 
hapter, we 
ompare the uniform queue-based 
hannel with the �nite-memory


ontagion 
hannel and the Gilbert-Elliott 
hannel in terms of 
apa
ity, burst frequen
y

and average burst duration. Furthermore, we study the 
apa
ity of the non-uniform

queue-based 
hannel with memory and 
ompare it with that of the uniform queue-based


hannel with memory, and we 
ompare the burst frequen
y of the non-uniform queue-

based 
hannel with memory with that of the uniform queue-based 
hannel with memory

and the Gilbert-Elliott 
hannel.

In Se
tion 4.1, we �rst rewrite the blo
k transition probability in terms of the 
han-

nel memory, BER and 
orrelation 
oeÆ
ient for the �nite-memory 
ontagion 
hannel

and the uniform queue-based 
hannel with memory. We suprisingly �nd that the two


hannels have the same blo
k transition probability for the same memory, BER and


orrelation 
oeÆ
ient value. In Se
tion 4.2, we rewrite the 
apa
ity in terms of the


hannel memory, BER and 
orrelation 
oeÆ
ient for the uniform queue-based 
han-

nel with memory (whi
h is the same as the 
apa
ity of the �nite-memory 
ontagion
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hannel) and the Gilbert-Elliott 
hannel. This gives us expressions for 
hannel 
apa
ity

upon whi
h the plots in Se
tions 4.3 and 4.4 are based. In Se
tion 4.3, we provide plots

of 
hannel 
apa
ity vs. memory for various BER and 
orrelation 
ombinations for all

three 
hannels. In Se
tion 4.4, we provide plots of 
hannel 
apa
ity vs. BER for various

memory and 
orrelation 
ombinations for all three 
hannels. In Se
tion 4.5, we provide

expressions for the burst frequen
y and the average burst duration for the �nite-memory


ontagion 
hannel and the Gilbert-Elliott 
hannel, and provide plots of burst frequen
y

vs. burst length for all three 
hannel models. In Se
tion 4.6, we 
ompare the 
apa
ity

of the non-uniform queue-based 
hannel with memory with the 
apa
ity of the uniform

queue-based 
hannel with memory. In Se
tion 4.7, we 
ompare the burst frequen
y

of the non-uniform queue-based 
hannel with memory with the burst frequen
y of the

uniform queue-based 
hannel with memory and the Gilbert-Elliott 
hannel. Finally, we


on
lude the 
hapter with a dis
ussion in Se
tion 4.8.

4.1 Blo
k Transition Probability in Terms of Mem-

ory, BER and Correlation CoeÆ
ient

4.1.1 The �nite-memory 
ontagion 
hannel

For the �nite-memory 
ontagion 
hannel, we know that the noise pro
ess is stationary

and hen
e identi
ally distributed [2℄. We get the bit error rate (BER)

BER = Pr[Z

i

= 1℄ = �; (4.1)

and the 
orrelation 
oeÆ
ient (using Cor instead of Cor(Z

i

; Z

i+1

) for brevity)

Cor =

Cov(Z

i

; Z

i+1

)

q

V ar(Z

i

)V ar(Z

i+1

)

=

Æ

1 + Æ

> 0; (4.2)
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for i = 1; 2; 3; � � �. From (4.1) and (4.2) we 
an express � and Æ in terms of BER and

Cor.

� = BER; (4.3)

and

Æ =

Cor

1� Cor

: (4.4)

Rewriting (2.1) and (2.2), we get the following in terms of BER, Cor and M .

� For blo
k length n �M , the blo
k transition probability of this 
hannel is

P (Y = yjX = x) =

Q

d�1

s=0

(BER + s

Cor

1�Cor

)

Q

n�1�d

j=0

((1�BER) + j

Cor

1�Cor

)

Q

n�1

l=1

(1 + l

Cor

1�Cor

)

; (4.5)

where

Q

a

i=0

(�)

4

=1, if a < 0 and d = d(y; x)=weight(z = y � x):

� For n �M + 1,the blo
k transition probability of this 
hannel is

P

M

(Y = yjX = x)

= P (Z = e)

= L

n

Y

i=M+1

"

BER + �

i�1

Cor

1�Cor

1 +M

Cor

1�Cor

#

e

i

"

(1�BER) + (M � �

i�1

)

Cor

1�Cor

1 +M

Cor

1�Cor

#

1�e

i

;

(4.6)

where

L =

Q

k�1

s=0

(BER + s

Cor

1�Cor

)

Q

M�1�k

j=0

((1� BER) + j

Cor

1�Cor

)

Q

M�1

l=1

(1 + l

Cor

1�Cor

)

;

Q

a

i=0

(�)

4

=1, if a < 0, e

i

= x

i

� y

i

, k = e

1

+ � � �+ e

M

and �

i�1

= e

i�1

+ � � �+ e

i�M

:

4.1.2 The uniform queue-based 
hannel with memory

From the previous 
hapter, we know that the noise pro
ess of the queue-based 
hannel

is stationary; hen
e it is identi
ally distributed. We �rst 
al
ulate the BER and the
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orrelation 
oeÆ
ient.

BER = Pr[Z

i

= 1℄ = Pr[Z

1

= 1℄ = p (4.7)

from Se
tion 3.4.

Also

Cor =

Cov(Z

i

; Z

i+1

)

q

V ar(Z

i

)V ar(Z

i+1

)

=

Cov(Z

2

; Z

1

)

V ar(Z

1

)

:

We have

Cov(Z

2

; Z

1

) = E[Z

2

Z

1

℄� E[Z

2

℄E[Z

1

℄ = Pr[Z

2

= 1; Z

1

= 1℄� p

2

;

and

V ar(Z

1

) = E[Z

2

1

℄� E[Z

1

℄

2

= Pr[Z

1

= 1℄� p

2

:

Using (3.16) with n = 2 and d = 2, we get

Cov(Z

2

; Z

1

) =

"

1

K

1� "

K�1

K

p(1� p):

Sin
e Pr[Z

1

= 1℄ = p, we have

V ar(Z

1

) = p� p

2

= p(1� p):

Thus

Cor =

"

1

K

1�"

K�1

K

p(1� p)

p(1� p)

=

"

1

K

1� "

K�1

K

: (4.8)

We then 
an dedu
e the parameters p and " from (4.7) and (4.8):

p = BER; (4.9)

and

" =

K � Cor

(K � 1) � Cor + 1

: (4.10)

Rewriting (3.16) and (3.17), we get the following in terms of BER, Cor and K.
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� For blo
k length n � K, the blo
k transition probability of this 
hannel is

Pr(Y = yjX = x)

= Pr(Z = a)

=

1

Q

K

l=K�n+1

(1�

K�Cor

(K�1)�Cor+1

l

K

)

�

n�d�1

Y

s=0

"

K � Cor

(K � 1) � Cor + 1

�

s

K

+

 

1�

K � Cor

(K � 1) � Cor + 1

!

(1� BER)

#

�

d�1

Y

t=0

"

K � Cor

(K � 1) � Cor + 1

�

t

K

+

 

1�

K � Cor

(K � 1) � Cor + 1

!

BER

#

=

Q

n�d�1

s=0

[s

Cor

1�Cor

+ (1�BER)℄

Q

d�1

t=0

[t

Cor

1�Cor

+BER℄

Q

K

l=K�n+1

[1 + (K � l)

Cor

1�Cor

℄

=

Q

n�d�1

s=0

[s

Cor

1�Cor

+ (1�BER)℄

Q

d�1

t=0

[t

Cor

1�Cor

+BER℄

Q

n�1

r=1

[1 + r

Cor

1�Cor

℄

; (4.11)

where d is the number of \ones" in blo
k a, and

Q

a

i=0

(�)

4

=1, if a < 0.

� For blo
k length n � K + 1, the blo
k transition probability of this 
hannel is

Pr(Y = yjX = x)

= Pr(Z = a)

= L

8

<

:

n

Y

i=K+1

"

K � Cor

(K � 1) � Cor + 1

�

�

i�1

K

+

 

1�

K � Cor

(K � 1) � Cor + 1

!

BER

#

a

i

�

"

K � Cor

(K � 1) � Cor + 1

�

K � �

i�1

K

+

 

1�

K � Cor

(K � 1) � Cor + 1

!

(1�BER)

#

1�a

i

9

=

;

= L

n

Y

i=K+1

"

BER + �

i�1

Cor

1�Cor

1 +K

Cor

1�Cor

#

a

i

"

(1� BER) + (K � �

i�1

)

Cor

1�Cor

1 +K

Cor

1�Cor

#

1�a

i

;

(4.12)

where

L =

1

Q

K

t=1

(1�

t�Cor

(K�1)�Cor+1

)
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�

K�1��

K

Y

j=0

"

j � Cor

(K � 1) � Cor + 1

+

 

1�

K � Cor

(K � 1) � Cor + 1

!

(1�BER)

#

�

�

K

�1

Y

l=0

"

l � Cor

(K � 1) � Cor + 1

+

 

1�

K � Cor

(K � 1) � Cor + 1

!

BER

#

=

Q

K�1��

K

j=0

[j

Cor

1�Cor

+ (1� BER)℄

Q

�

K

�1

l=0

[l

Cor

1�Cor

+BER℄

Q

K

t=1

[1 + (K � t)

Cor

1�Cor

℄

=

Q

K�1��

K

j=0

[j

Cor

1�Cor

+ (1� BER)℄

Q

�

K

�1

l=0

[l

Cor

1�Cor

+BER℄

Q

K�1

r=1

[1 + r

Cor

1�Cor

℄

; (4.13)

Q

a

i=0

(�)

4

=1, if a < 0, and �

i�1

= a

i�1

+ � � �+ a

i�K

, i = K + 1; � � � ; n.

Comparing (4.11) with (4.5) and (4.12) with (4.6), we 
an surprisingly observe that

the �nite-memory 
ontagion 
hannel and the uniform queue-based 
hannel with memory

have identi
al blo
k transition probabilities for the same memory, BER and 
orrelation


oeÆ
ient value.

4.1.3 The non-uniform queue-based 
hannel with memory

For the non-uniform queue-based 
hannel, we get the BER and the 
orrelation 
oeÆ
ient

with memory K = 3 as follows.

BER = Pr[Z

i

= 1℄ = Pr[Z

1

= 1℄ = �

4

+ �

5

+ �

6

+ �

7

= p; (4.14)

and

Cor =

Cov(Z

i

; Z

i+1

)

q

V ar(Z

i

)V ar(Z

i+1

)

=

E[Z

2

Z

1

℄� E[Z

2

℄E[Z

1

℄

V ar(Z

1

)

=

Pr[Z

2

= 1; Z

1

= 1℄� E[Z

1

℄

2

E[Z

2

1

℄� E[Z

1

℄

2

=

(�

6

+ �

7

)� Pr[Z

1

= 1℄

2

Pr[Z

1

℄� Pr[Z

1

= 1℄

2

=

(�

6

+ �

7

)� p

2

p� p

2

(4.15)
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Similarly, we 
an get the results for the 
ases K = 2 and K = 4.

4.2 Capa
ity in Terms of Memory, BER and Corre-

lation CoeÆ
ient

4.2.1 The uniform queue-based 
hannel with memory

For the uniform queue-based 
hannel, rewriting (3.18), we get

C

K

= 1�

K

X

!(i)=0

 

K

!(i)

!

L

!(i)

h

b

 

!(i) � Cor

(K � 1) � Cor + 1

+

(1� Cor)BER

(K � 1) � Cor + 1

!

; (4.16)

where

L

!(i)

=

Q

K�1�!(i)

j=0

h

j�Cor

(K�1)�Cor+1

+

1�Cor

(K�1)�Cor+1

(1� BER)

i

Q

K

m=1

[

(1�Cor)+(K�m)Cor

(K�1)�Cor+1

℄

�

!(i)�1

Y

l=0

"

l � Cor

(K � 1) � Cor + 1

+

1� Cor

(K � 1) � Cor + 1

BER

#

;

and

Q

a

i=0

(�)

4

=1, if a < 0.

Note that 
omparing with (2.5), for the same BER, memory and 
orrelation 
o-

eÆ
ient, the 
apa
ity of the uniform queue-based 
hannel is identi
al to that of the

�nite-memory 
ontagion 
hannel.

4.2.2 The Gilbert-Elliott 
hannel

For the Gilbert-Elliott 
hannel, there are four parameters: g, b, p

G

, p

B

. Sin
e the

Gilbert-Elliott 
hannel is stationary, we have

BER = Pr[Z

i

= 1℄ = Pr[Z

1

= 1℄ = �

T

P(1)1: (4.17)

46



Substituting matrix (2.46) and ve
tors (2.47) and (2.48) into (4.17), we get

BER = �

0

� p

G

+ �

1

� p

B

=

g

b + g

p

G

+

b

b + g

p

B

=

�p

G

+ p

B

� + 1

: (4.18)

Now we 
al
ulate the 
orrelation 
oeÆ
ient.

Cor =

Cov(Z

i

; Z

i+1

)

q

V ar(Z

i

)V ar(Z

i+1

)

=

Cov(Z

1

; Z

2

)

q

V ar(Z

1

)V ar(Z

2

)

=

Cov(Z

1

; Z

2

)

V ar(Z

1

)

; (4.19)

where

Cov(Z

1

; Z

2

) = E[Z

2

Z

1

℄� E[Z

2

℄E[Z

1

℄

= Pr[Z

2

= 1; Z

1

= 1℄� BER

2

= �

T

P(1)P(1)1�BER

2

: (4.20)

Substituting matrix (2.44) and matrix (2.46) and ve
tors (2.47) and (2.48) into (4.20),

we get

Cov(Z

1

; Z

2

) = (1� g � b)(BER � p

G

)(p

B

� BER)

= �(BER� p

G

)(p

B

� BER); (4.21)

and

V ar(Z

1

) = E[Z

2

1

℄� E[Z

1

℄

2

= BER� BER

2

= BER(1�BER): (4.22)

Substituting (4.21) and (4.22) into (4.19), we get

Cor =

�(BER� p

G

)(p

B

�BER)

BER(1� BER)

: (4.23)

We next dedu
e the needed parameters from (4.18) and (4.23). We divide this

problem into two parts.

� Fix the values of p

G

and p

B

and dedu
e g and b:

� =

p

B

�BER

BER� p

G

(4.24)
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and

� =

BER � (1� BER) � Cor

(BER� p

G

)(p

B

�BER)

(4.25)

.

Using � = g=b and � = 1� g � b = 1� � � b� b, we get

b = (1� �)=(1 + �) =

1�

BER(1�BER)�Cor

(BER�p

G

)(p

B

�BER)

1 +

p

B

�BER

BER�p

G

; (4.26)

and

g = � � b =

1� �

1 +

1

�

=

1�

BER(1�BER)�Cor

(BER�p

G

)(p

B

�BER)

1 +

BER�p

G

p

B

�BER

: (4.27)

� Fix the values of g and b and dedu
e p

G

and p

B

:

p

G

= BER �

v

u

u

t

b �BER(1�BER) � Cor

g(1� g � b)

(4.28)

and

p

B

= BER +

v

u

u

t

g �BER(1� BER) � Cor

b(1� g � b)

: (4.29)

In our 
omputations, we will �x the values of the BER, the 
orrelation 
oeÆ
ient,

p

G

= 0:00002 and p

B

= 0:92 to 
al
ulate the 
apa
ity through (2.38) for l = 9. For this


hoi
e of l, the value of C is a

urate up to 6 de
imal digits.
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4.3 Capa
ity vs. Memory Plots

The following are the �gures of 
apa
ity vs. memory for di�erent BERs and 
orrela-

tion 
oeÆ
ients for the uniform queue-based 
hannel with memory, the �nite-memory


ontagion 
hannel and the Gilbert-Elliott 
hannel. Note that the 
apa
ity of the Gilbert-

Elliott 
hannel does not vary with memory.
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Figure 4.1: Graph of 
apa
ity vs. memory for BER=0.001 and Cor=0.1.
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Figure 4.2: Graph of 
apa
ity vs. memory for BER=0.001 and Cor=0.5.
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Figure 4.3: Graph of 
apa
ity vs. memory for BER=0.001 and Cor=0.9.
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Figure 4.4: Graph of 
apa
ity vs. memory for BER=0.05 and Cor=0.1.
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Figure 4.5: Graph of 
apa
ity vs. memory for BER=0.05 and Cor=0.5.
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Figure 4.6: Graph of 
apa
ity vs. memory for BER=0.05 and Cor=0.9.
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Figure 4.7: Graph of 
apa
ity vs. memory for BER=0.1 and Cor=0.1.
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Figure 4.8: Graph of 
apa
ity vs. memory for BER=0.1 and Cor=0.5.

0 2 4 6 8 10 12 14 16 18 20
0.88

0.89

0.9

0.91

0.92

0.93

0.94

0.95

0.96

Memory

C
a
p
a
ci

ty

Graph of the capacity for BER=0.1 and correlation coefficient=0.9

The finite−memory contagion channel        
The uniform queue−based channel with memory
The Gilbert−Elliott channel                

Figure 4.9: Graph of 
apa
ity vs. memory for BER=0.1 and Cor=0.9.
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4.4 Capa
ity vs. BER Plots

The following are the �gures of 
apa
ity vs. BER for di�erent memory values and


orrelation 
oeÆ
ients for the uniform queue-based 
hannel with memory, the �nite-

memory 
ontagion 
hannel and the Gilbert-Elliott 
hannel.
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Figure 4.10: Graph of 
apa
ity vs. BER for memory=1 and Cor=0.1.
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Figure 4.11: Graph of 
apa
ity vs. BER for memory=1 and Cor=0.5.
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Figure 4.12: Graph of 
apa
ity vs. BER for memory=1 and Cor=0.9.
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Figure 4.13: Graph of 
apa
ity vs. BER for memory=2 and Cor=0.1.
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Figure 4.14: Graph of 
apa
ity vs. BER for memory=2 and Cor=0.5.
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Figure 4.15: Graph of 
apa
ity vs. BER for memory=2 and Cor=0.9.

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

BER

C
a
p
a
ci

ty

Graph of the capacity for memory=10 and correlation coefficient=0.1

The finite−memory contagion channel        
The uniform queue−based channel with memory
The Gilbert−Elliott channel                

Figure 4.16: Graph of 
apa
ity vs. BER for memory=10 and Cor=0.1.
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Figure 4.17: Graph of 
apa
ity vs. BER for memory=10 and Cor=0.5.
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Figure 4.18: Graph of 
apa
ity vs. BER for memory=10 and Cor=0.9.
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4.5 Burst Frequen
y vs. Burst Length

In Se
tion 4.5.1 and 4.5.2 we provide expressions for the burst frequen
ies and average

burst durations for the uniform queue-based 
hannel (whi
h is identi
al to the �nite-

memory 
ontagion 
hannel) and the Gilbert-Elliot 
hannel. In se
tion 4.5.3, plots of the

burst frequen
y vs. burst length for all three 
hannels are provided.

4.5.1 Burst frequen
y and average burst duration for the uni-

form queue-based 
hannel with memory

Using (4.9) and (4.10), rewriting (3.26) to (3.28), we get the following in terms of BER,

Cor and K.

� For 1 � l � K � 1, where K > 1,

Pr[B

n

= l℄ =

Q

l�2
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(BER + j

Cor

1�Cor
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1�Cor
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(1 + i

Cor

1�Cor

)

; (4.30)

where

Q

a

i=0

(�)

4

=1, if a < 0.

� For l = K,
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: (4.31)

� For l � K + 1,
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: (4.32)

The average burst duration is

E(B

n

) =

1

P (0)

=

1

Pr[Z

n

= 0℄

=

1

1�BER

: (4.33)
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4.5.2 Burst frequen
y and average burst duration for the Gilbert-

Elliott 
hannel

The burst frequen
ies for the Gilbert-Elliott 
hannel are

Pr[B

n

= l℄ =

�

T

P(0)[P(1)℄

l�1

P(0)1

�

T

P(0)1

; (4.34)

where �, P(0), P(1) and 1 are de�ned in (2.45) - (2.48).

The average burst duration is

E(B

n

) =

1

P (0)

=

1

Pr[Z

n

= 0℄

=

1

1�BER

: (4.35)

4.5.3 Burst frequen
y vs. burst length plots

The following are the �gures of burst frequen
y vs. burst length for di�erent memory

values, BERs and 
orrelation 
oeÆ
ients for the uniform queue-based 
hannel with

memory, the �nite-memory 
ontagion 
hannel and the Gilbert-Elliott 
hannel.
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Figure 4.19: Graph of burst frequen
y vs. burst length for memory=1, BER=0.001 and

Cor=0.1.
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Figure 4.20: Zoom graph of burst frequen
y vs. burst length for memory=1, BER=0.001

and Cor=0.1.
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Figure 4.21: Graph of burst frequen
y vs. burst length for memory=1, BER=0.001 and

Cor=0.9.

2 2.5 3 3.5 4 4.5 5 5.5 6

10
−5

Burst Length

B
u

rs
t 

F
re

q
u

e
n

cy

Graph of burst frequency for memory=1, BER=0.001 and correlation coefficient=0.9

The finite−memory contagion channel        
The uniform queue−based channel with memory
The Gilbert−Elliott channel                

Figure 4.22: Zoom graph of burst frequen
y vs. burst length for memory=1, BER=0.001

and Cor=0.9.
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Figure 4.23: Graph of burst frequen
y vs. burst length for memory=1, BER=0.05 and

Cor=0.1.
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Figure 4.24: Graph of burst frequen
y vs. burst length for memory=1, BER=0.05 and

Cor=0.9.
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Figure 4.25: Graph of burst frequen
y vs. burst length for memory=1, BER=0.1 and

Cor=0.1.
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Figure 4.26: Graph of burst frequen
y vs. burst length for memory=1, BER=0.1 and

Cor=0.9.
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Figure 4.27: Graph of burst frequen
y vs. burst length for memory=2, BER=0.001 and

Cor=0.1.
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Figure 4.28: Zoom graph of burst frequen
y vs. burst length for memory=2, BER=0.001

and Cor=0.1.
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Figure 4.29: Graph of burst frequen
y vs. burst length for memory=2, BER=0.001 and

Cor=0.9.
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Figure 4.30: Zoom graph of burst frequen
y vs. burst length for memory=2, BER=0.001

and Cor=0.9.
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Figure 4.31: Graph of burst frequen
y vs. burst length for memory=2, BER=0.05 and

Cor=0.1.
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Figure 4.32: Graph of burst frequen
y vs. burst length for memory=2, BER=0.05 and

Cor=0.9.
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Figure 4.33: Graph of burst frequen
y vs. burst length for memory=2, BER=0.1 and

Cor=0.1.
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Figure 4.34: Graph of burst frequen
y vs. burst length for memory=2, BER=0.1 and

Cor=0.9.
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Figure 4.35: Graph of burst frequen
y vs. burst length for memory=10, BER=0.001

and Cor=0.1.
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Figure 4.36: Zoom graph of burst frequen
y vs. burst length for memory=10,

BER=0.001 and Cor=0.1.

69



2 4 6 8 10 12 14 16 18 20

10
−7

10
−6

10
−5

10
−4

Burst Length

B
u

rs
t 

F
re

q
u

e
n

cy

Graph of burst frequency for memory=10, BER=0.001 and correlation coefficient=0.9

The finite−memory contagion channel        
The uniform queue−based channel with memory
The Gilbert−Elliott channel                

Figure 4.37: Graph of burst frequen
y vs. burst length for memory=10, BER=0.001

and Cor=0.9.
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Figure 4.38: Zoom graph of burst frequen
y vs. burst length for memory=10,

BER=0.001 and Cor=0.9.
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Figure 4.39: Graph of burst frequen
y vs. burst length for memory=10, BER=0.05 and

Cor=0.1.
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Figure 4.40: Graph of burst frequen
y vs. burst length for memory=10, BER=0.05 and

Cor=0.9.
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Figure 4.41: Graph of burst frequen
y vs. burst length for memory=10, BER=0.1 and

Cor=0.1.
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Figure 4.42: Graph of burst frequen
y vs. burst length for memory=10, BER=0.1 and

Cor=0.9.
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4.6 Capa
ity of Non-Uniform Queue-Based Channel

with Memory

The following are the �gures of 
apa
ity vs. q

1

for di�erent memory values, p = 0:1 and

" = 0:5 for the non-uniform queue-based 
hannel with memory.
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Graph of the capacity for memory=2 and p=0.1 and epsilon=0.5 for the non−uniform case

−+: The non−uniform queue−based channel with memory

When q1=0.5, it is the uniform queue−based channel with memory.

Figure 4.43: Graph of 
apa
ity for the non-uniform queue-based 
hannel with mem-

ory=2.
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−+: The non−uniform queue−based channel with memory

When q1=0.333333, it is the uniform queue−based channel with memory.

Figure 4.44: Graph of 
apa
ity for the non-uniform queue-based 
hannel with mem-

ory=3.
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−+: The non−uniform queue−based channel with memory

When q1=0.25, it is the uniform queue−based channel with memory.

Figure 4.45: Graph of 
apa
ity for the non-uniform queue-based 
hannel with mem-

ory=4.
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Next, we 
ompare the 
apa
ity for uniform and non-uniform queue-based 
hannel

given the same 
orrelation 
oeÆ
ient for di�erent memory values.

q

1


orrelation 
oeÆ
ient 
apa
ity for non-uniform 
apa
ity for uniform

0:01 0:01 0:640983 0:531144

0:1 0:0911111 0:627438 0:540342

0:3 0:231111 0:614337 0:577149

0:5 0:333333 0:613961 0:613961

0:6 0:375344 0:61662 0:630839

0:7 0:412222 0:62108 0:646386

0:8 0:444444 0:626793 0:660498

0:9 0:473333 0:633968 0:673552

0:99 0:497778 0:64196 0:684888

Table 4.1: Table of 
apa
ity for the non-uniform and uniform queue-based 
hannel with

memory=2 and BER=0.1.
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q

1


orrelation 
oeÆ
ient 
apa
ity for non-uniform 
apa
ity for uniform

0:01 0:0956556 0:602821 0:545132

0:1 0:141111 0:59858 0:55813

0:2 0:188889 0:596694 0:574272

0:333333 0:25 0:597483 0:597483

0:5 0:3211 0:602684 0:627007

0:6 0:3601 0:607736 0:644062

0:7 0:397878 0:614227 0:66106

0:8 0:433444 0:622028 0:677447

0:9 0:468678 0:631387 0:694021

0:95 0:484444 0:636936 0:701543

0:99 0:496767 0:641804 0:707466

Table 4.2: Table of 
apa
ity for the non-uniform and uniform queue-based 
hannel with

memory=3 and BER=0.1.
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q

1


orrelation 
oeÆ
ient 
apa
ity for non-uniform 
apa
ity for uniform

0:01 0:0876667 0:58906 0:546145

0:1 0:1302 0:586663 0:559906

0:2 0:178567 0:58601 0:57807

0:25 0:2 0:586703 0:586703

0:4 0:265656 0:591077 0:614629

0:5 0:308778 0:595794 0:633826

0:6 0:348989 0:602134 0:652154

0:7 0:388689 0:60957 0:670568

0:8 0:426767 0:619047 0:688483

0:9 0:463533 0:630005 0:705992

0:95 0:482322 0:636202 0:715016

0:99 0:496567 0:641435 0:721892

Table 4.3: Table of 
apa
ity for the non-uniform and uniform queue-based 
hannel with

memory=4 and BER=0.1.
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4.7 Burst Frequen
y of Non-Uniform Queue-Based

Channel with Memory

The following are the �gures of burst frequen
y (see (3.31) to (3.33)) vs. burst length

for di�erent BER and 
orrelation 
oeÆ
ient values, q

1

= 0:9 for the non-uniform queue-

based 
hannel with memory.
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Figure 4.46: Graph of burst frequen
y vs. burst length for the non-uniform queue-based


hannel with memory=2, BER=0.001 and Cor=0.0990991.
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Figure 4.47: Graph of burst frequen
y vs. burst length for the non-uniform queue-based


hannel with memory=2, BER=0.001 and Cor=0.8999.
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Figure 4.48: Graph of burst frequen
y vs. burst length for the non-uniform queue-based


hannel with memory=2, BER=0.1 and Cor=0.0911111.
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Figure 4.49: Graph of burst frequen
y vs. burst length for the non-uniform queue-based


hannel with memory=2, BER=0.1 and Cor=0.89.
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4.8 Dis
ussion

We have shown that the �nite-memory 
ontagion 
hannel and the uniform queue-based


hannel with memory are surprisingly identi
al; i.e., they have the same blo
k transition

probability for the same memory, BER and 
orrelation 
oeÆ
ient. Therefore the two


hannels have identi
al 
apa
ities and burst frequen
ies under the above 
onditions.

Capa
ity in
reases as BER de
reases and as the 
orrelation 
oeÆ
ient in
reases. For

the uniform queue-based 
hannel and the �nite-memory 
ontagion 
hannel, 
apa
ity

also in
reases with memory. When Cor = 0:1, the 
apa
ities of the uniform queue-

based 
hannel and the �nite-memory 
ontagion 
hannel are always larger than that of

the Gilbert-Elliott 
hannel for any memory values. But, as the 
orrelation 
oeÆ
ient

in
reases, the 
apa
ity of the Gilbert-Elliott 
hannel grows faster. When Cor = 0:9,

the uniform queue-based 
hannel and the �nite-memory 
ontagion 
hannel have lower


apa
ities than the Gilbert-Elliott 
hannel at smaller memory values and have higher


apa
ities at larger memory values.

It is 
lear in Fig. 4.10 and from Fig. 4.19 to Fig. 4.26 that the three 
hannels have

almost equal 
apa
ities and burst frequen
ies when memory=1. This means that in these


ases we 
an repla
e the Gilbert-Elliott 
hannel with the (less 
omplex) uniform queue-

based 
hannel (or the �nite-memory 
ontagion 
hannel) if our target is to a
hieve an

error burst behavior and 
apa
ity that are 
lose to those of the Gilbert-Elliott 
hannel.

When memory=2,10, the uniform queue-based 
hannel with memory and the �nite-

memory 
ontagion 
hannel have higher burst frequen
ies than the Gilbert-Elliott 
hannel

for low 
orrelation 
oeÆ
ients. The former two have lower burst frequen
y than the latter

for high 
orrelation 
oeÆ
ients and burst length=5; � � � ; 20.

We also noti
e that the burst frequen
ies of the uniform queue-based 
hannel with

memory and the �nite-memory 
ontagion 
hannel in
rease with memory for low 
orre-
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lations and de
rease with memory for high 
orrelations.

Sin
e the noise pro
esses of the three 
hannels are all stationary, from (4.33) and

(4.35), we arrive at the 
on
lusion that the average burst duration of the three 
hannels

are equal given the same BER; i.e., E(B

n

) =

1

1�BER

.

From Table 4.1 to Table 4.3, we 
on
lude that the 
apa
ity values for the non-uniform


ase are larger than those for the uniform 
ase when q

1

<

1

K

and smaller than those for

the uniform 
ase when q

1

>

1

K

. When q

1

! 1, the non-uniform 
ase with memory K


onverges to the uniform 
ase with memory=1.

The non-uniform queue-based 
hannel has lower burst frequen
ies than the uniform

queue-based 
hannel for low 
orrelation 
oeÆ
ients (see Fig. 4.46 and Fig. 4.48). But it

has higher burst frequen
ies for high 
orrelation 
oeÆ
ients and burst length= 3; � � � ; 20

(see Fig. 4.47 and Fig. 4.49). But the burst frequen
ies of the non-uniform queue-

based 
hannel de
reases faster than those of the uniform queue-based 
hannel; thus the

former eventually has lower burst frequen
y when memory is big enough. We noti
e that

the non-uniform queue-based 
hannel has similar burst frequen
y as the Gilbert-Elliott


hannel. This is be
ause the non-uniform queue-based 
hannel 
onverges to the uniform


ase with memory=1 when q

1

! 1 (we 
hose q

1

= 0:9).
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Chapter 5

Summary

In this proje
t we 
onsidered a binary 
hannel with additive bursty noise based on a

�nite queue. We 
onsidered the 
hannel in two 
ases: a uniform queue-based 
hannel

with memory where we experiment on the 
ells of the queue with equal probability, and a

non-uniform queue-based 
hannel with memory where we experiment on the 
ells of the

queue with di�erent probabilities. The 
hannel noise pro
ess is stationary and ergodi
.

The state of the 
hannel is a one-step Markov pro
ess with 2

K

states. We derived the

stationary noise distribution, the 
apa
ity, and the gap and the burst distributions of the


hannel in terms of K for the uniform 
ase. For the non-uniform 
ase, we numeri
ally


al
ulated the stationary distributions for memory=2,3,4 using a matlab program. Then

we obtained the BER, the 
orrelation 
oeÆ
ient, 
apa
ity, and burst frequen
y in terms

of the stationary distribution and got the numeri
al results using C++ programs.

Finally, we 
ompared the 
apa
ity, burst frequen
y and average burst duration of

the uniform and the non-uniform queue-based 
hannel with those of the �nite-memory


ontagion 
hannel and the Gilbert-Elliott 
hannel. From the dis
ussion in the previous


hapter, we 
on
luded the following.

� The uniform queue-based 
hannel and the �nite-memory 
ontagion 
hannel have
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identi
al blo
k transition probabilities for the same memory, BER and 
orrelation


oeÆ
ient. Therefore the two 
hannels have identi
al 
apa
ity and burst frequen
y

under the above 
onditions. It seems we 
an model the same noise pro
ess through

two di�erent 
hannel models: one based on a queue and the other based on a


ontagion urn s
heme.

� The uniform queue-based 
hannel, the �nite-memory 
ontagion 
hannel, and the

Gilbert-Elliott 
hannel have almost identi
al 
apa
ities and burst frequen
y when

memory=1. This means that we possibly 
an repla
e the Gilbert-Elliott 
hannel

with the less-
omplex uniform queue-based 
hannel with memory=1 (or the �nite-

memory 
ontagion 
hannel) if our obje
tive is to a
hieve an error burst behavior

and 
apa
ity that are 
lose to those of the Gilbert-Elliott 
hannel.

� Sin
e the noise pro
esses of the three 
hannels are all stationary, we arrive at the


on
lusion that the average burst duration of the three 
hannels are equal given

equal BER; i.e., E(B

n

) =

1

1�BER

.

� The 
apa
ity values for the non-uniform 
ase are larger than those for the uniform


ase when q

1

<

1

K

and smaller than those for the uniform 
ase when q

1

>

1

K

. When

q

1

! 1, the non-uniform 
ase 
onverges to the uniform 
ase with memory=1.

� The non-uniform queue-based 
hannel has lower burst frequen
ies than the uniform

queue-based 
hannel for low 
orrelation 
oeÆ
ients. At high 
orrelation 
oeÆ
it-

nts, the former has higher burst frequen
ies than the latter and has lower burst

frequen
y when memory is big enough.
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