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Abstract

In this work, we introduce a binary communication channel with memory. The noise
process of the channel is based on a finite queue. More specifically, we consider the
channel in two cases: a uniform queue-based mode where we experiment on the cells
of the queue with equal probability, and a non-uniform queue-based mode where we

experiment on the cells of the queue with different probabilities.

The statistical properties of the uniform queue-based channel are first investigated.
The resulting channel noise is a stationary and ergodic Markov process of order K.
The state of the channel is a one-step Markov process with 2% states. Expressions
for the channel capacity, the stationary distribution, the gap frequency and the burst
frequency of the Markovian noise process are presented in terms of K. In the case of
the non-uniform queue-based channel, we have no closed-form expression for the noise

stationary distribution; hence, only numerical results are given.

Next, the capacity, burst frequency and average burst duration of the uniform and
the non-uniform queue-based channel with memory are compared with those of the
finite-memory contagion channel and the Gilbert-Elliott channel. It is shown (both
numerically and analytically) that, surprisingly, the uniform queue-based channel and
the finite-memory contagion channel have an identical block transition probability when
they have the same memory, bit error rate and correlation coefficient; hence, they have
identical capacities and burst frequencies. The non-uniform queue-based channel has
larger capacities than the uniform case when the queue probability ¢; < %, and it has
smaller capacities than the uniform case when ¢; > % When ¢; — 1, the non-uniform
case converges to the uniform case with memory K = 1. The non-uniform queue-

based channel has lower burst frequencies than the uniform channel for low correlation

coefficients, and it has higher burst frequencies for high correlation coefficients.
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Chapter 1

Introduction

In most real-world communications channels, noise distortion may produce errors in a
bursty fashion; i.e., errors occur in clusters or bunches separated by fairly long error-
free segments of data. This phenomenon is commonly know as “memory”[7]. In the
quest to develop models that adequately represent real channel behavior and that are
mathematically tractable, we introduce a binary channel with additive bursty noise
based on a finite queue. It offers an interesting alternative to the Gilbert model and

others.

In this chapter we present a literature review of the articles upon which our research
is based. We then specify the main contributions of this project. Finally, we outline the

general flow of the project.

1.1 Literature Review

Gilbert [6] initiated the study of finite-state Markov models for channels with memory
by proposing a two-state model. Elliott [3] suggested a modification to Gilbert’s model

by introducing a parameter, which denotes the probability of correct reception when the



channel is in the good state. In [8], Mushkin and Bar-David introduced a method for
calculating the capacity of the Gilbert-Elliott channel; they defined two Markov random
processes, {¢;} and {¢ }, and gave their initial distribution and transition probabilities.
Also for the Gilbert-Elliott channel, Pimentel presented an equation in matrix form to

calculate the probability of an error sequence in his Ph.D. thesis [10].

The Polya urn model and the Polya process are models for contagion where every
accident effectively increases the probability of future accidents [4]. A detailed study of
the Polya-contagion channel and the finite-memory contagion channel is given in [2] by

Alajaji and Fuja.

1.2 Contribution

The contributions of this project are as follows:

e we calculate the statistical properties of the binary process {Z;} generated by the

finite queue experiment;
e we obtain the capacity of the channel;

e we obtain the noise gap and burst process statistics for the uniform queue-based

channel with memory.

As well, C++ programs perform the following tasks:

e the computation of the capacity for the uniform and non-uniform queue-based

channels, the finite-memory contagion channel and the Gilbert-Elliott channel;

e the computation of the burst frequency for the uniform and non-uniform queue-
based channel, the finite-memory contagion channel and the Gilbert-Elliott chan-

nel.



A matlab program performs the following task:

e the determination of the stationary distribution of the non-uniform queue-based

channel with memory.

1.3 Project Overview

This project is organized in the following manner.

Chapter 2 presents background material needed to understand the arguments pre-
sented later. We start by introducing the finite-memory contagion channel [2] and the
Gilbert-Elliott channel [3, 6], since we will later compare them to our proposed queue-
based channel. Since we study the gap and the burst process of the channels, we also

introduce the definitions of the gap process in Section 2.3.

In Chapter 3, we introduce a binary communication channel with additive bursty
noise based on a finite queue. More specifically, we consider the channel in two cases:
a uniform queue-based channel with memory where we experiment on the cells of the
queue with equal probability, and a non-uniform queue-based channel with memory
where we experiment on the cells of the queue with different probabilities. We begin
by investigating the statistical properties of the uniform queue-based channel. The
resulting channel noise is a stationary and ergodic Markov process of order K. The state
of the channel is a one-step Markov process with 2% states. We study the stationary
distribution of the Markovian noise process and give our results in terms of K. We then
derive the capacity and the gap and the burst statistics of the channel in terms of K.
In the case of the non-uniform queue-based channel, we have no closed-form expression

for the noise stationary distribution; hence, we only numerically calculate the capacity.

In Chapter 4, we compare the capacity, noise burst frequency and average burst

duration of the uniform and the non-uniform queue-based channels with memory with



those of the finite-memory contagion channel and the Gilbert-Elliott channel. We show
(both numerically and analytically) that, surprisingly, the uniform queue-based channel
and the finite-memory contagion channel have an identical block transition probability
when they have the same memory, bit error rate and correlation coefficient; hence, they
have identical capacities and burst frequencies. The non-uniform case is even more
interesting. It has one more parameter ¢; which denotes the probability of selecting
the first cell of the queue. When ¢; < %, the capacity values for the non-uniform case
are larger than those for the uniform case. When ¢; > %, the capacity values for the
non-uniform case are lower than those for the uniform case. The burst frequencies for
the non-uniform case are lower than the uniform case for low correlation coefficients and

larger for high correlation coefficients.

Finally, Chapter 5 summarizes the project.



Chapter 2

Preliminaries: Previous Binary

Channels with Memory

In this chapter, we introduce two previous models for binary channels with memory; we

will be comparing them with our proposed channel model in Chapter 4.

2.1 Finite-Memory Contagion Channel

The following comes from [2].

Consider a discrete, binary, additive noise communication channel; i.e., a channel for
which the ith output Y; € {0,1} is the modulo-two sum of the ith input X; € {0,1} and
the ith noise symbol Z; € {0,1}. More succinctly, ¥; = X; @ Z;, for i = 1,2,3,--- (see
Fig. 2.1).

We assume that the input and noise sequences are independent of each other. The
noise sequence {Z;}2°, is drawn according to the following urn scheme: an urn originally
contains 7" balls, of which R are red and S are black (7" = R + S). At the jth draw,

j=1,2,---, we select a ball from the urn and replace it with 1 + A balls of the same



Random

Noise
Source
TRANSMITTER Z; RECEIVER
Information
Source

<::>———————» CHANNEL

Figure 2.1: Digital communication channel.

color (A > 0); then M draws later - after the (j + M)th draw - we retrieve from the urn
A balls of the color picked at time j. Let p=R/T ,0 =1—p=5/T and 6 = A/T.
Then the noise process {Z;} corresponds to the outcomes of the draws from the urn,

where

P 1, if the ¢ drawn ball is red,
"] 0. if the i*" drawn ball is black.

2.1.1 The distribution of the noise

The noise process {Z;}2,,,, is a Markov process of order M. For an input block
X = [X1, X5+, X,] and an output block ¥ = [Y3,Y5,---,Y,], the block transition

probability of the resulting binary channel is as follows.

e For block length n < M, the block transition probability of this channel is

p(p+96)---[p+ (d—1)lo(c +6)---[o+ (n—d—1)d]

(140)(1+20)---[1+ (n—1)d] ,(2.1)

PY =ylX=z)=

where d = d(y, z) =weight(z = y®z), and weight(a) denotes the Hamming weight

of the vector a (i.e., the number of “ones” in a).

6



e For n > M + 1, the block transition probability of this channel is

P =ylX=1) = P(Z=¢)

I
=

P(Zi = €¢|Zi—1 =€i_1, " Ly = ei—M)
1

-
Il

(ot M) [o+ (M = Ny)s]
= L 2.2
izlj\;[H[lJer] l 1+ M§ - (22)

where

_ TIE55(p + 50) T (0 + 9)

L
M1+ 16) ’

?:0(')é1, if a < 0, e, =x; By, k=e +--+4+eyand \ji_1 =¢;_; + -+ ei_um.

We thus see that the noise process is stationary.

We now consider the properties of the noise process {Z;}. Define {I¥,,} to be the

process obtained by M-step blocking {Z,}; i.e., {Wy,} = (Zn, Zns1, Znio, s Znini—1)-

Then {W,} is a one-step Markov process with 2M states. We denote each state by its

decimal representation; i.e., state 0 corresponds to state (0---00), state 1 corresponds

to state (0---01),---, and state (2 — 1) corresponds to state (1---11).

The process {W,,} has the following properties:

e {W,} is a stationary Markov process with stationary distribution =« = [mg, 7y, -,
monm_1|, where m; is computed as follows. Let w(i) denote the number of 1’s in the
binary representation of the decimal integer 7. Then

IO 400 I (0 + ko)
T — M—1 )
e (L+19)

(2.3)

where H;‘ZO(-)él, if a < 0.



o If we let p;; be the one-step transition probabilities, then

gHM W@ - if j = 2 (modulo 2M),

1+M§
pij = gl if j = (2 + 1) (modulo 2M), (2.4)
0, otherwise.

The Markov process {W,} is irreducible and aperiodic; therefore it is ergodic.

2.1.2 Capacity of the finite-memory contagion channel
Using the results in the previous section, we arrive at the following proposition.

Proposition 1 The capacity Cy; of the M-memory contagion channel is nondecreasing

MM p+kd
Cu=1-) <k>Lkhb<1+M5>, (2.5)

k=0

i M and given by

where
;IS + 50) I (0 +19)
k — M—1 )
mei (L +md)

a

Z~:0(-)él, if a < 0 and hy(-) is the binary entropy function:

ho(q) = —qlogy ¢ — (1 — q) logy(1 — q).

2.2 Gilbert-Elliott Channel

The following is from [8] and [10].

The Gilbert-Elliott channel is a time varying binary symmetric channel, the crossover
probabilities of which are determined by the current state of a discrete-time stationary
binary Markov process (see Fig. 2.2). The states are designated G for good and B for
bad. Due to the underlying Markov nature of the channel, it has memory that depends

on the transition probabilities between the states.

8



g
1-— 1-—
0 y4el 0 0 PB 0
Pc < PB X
1 1 1 1
1 —pc 1—ps

Figure 2.2: The Gilbert-Elliott channel model.

2.2.1 Basic properties of the conditional probabilities of chan-

nel errors

Let X, € {0,1}, 7, € {0,1} and YléXl @ Z; denote, respectively, the input, the noise,
and the output of the channel at the {th use, [ = 1,2,---. The error process {Z;}{°, is

independent of the channel input, that is

PrY,|X)] = Pr[Z}]. (2.6)

The error process has memory in the sense that it depends on an underlying state
process {S;}7°,, S; € {G, B}, where G stands for good and B for bad. When conditioned
on the state process, the error process is memoryless, that is

!

Pr(Z,|S;] = [] Pr[Zi|S:). (2.7)

1=1

The conditional probabilities Pr[Z;|S;] do not depend on the time index [. The state



process is a stationary first-order Markov process; that is,
Pr[Si|S; 1] = Pr[Si]Si-], (2.8)

and the right side of (2.8) does not depend on the index . The parameters of the channel

are the crossover probabilities in the G and B states

peEPr[Z = 1|5, = G, (2.9)

pp=Pr[Z, = 1|8, = B], (2.10)
and the transition probabilities

9= PrS = G|Si-, = B, (2.11)

b2 Pr[S, = B|Si_, = G]. (2.12)
The initial distribution of the state process is given by its stationary distribution
Pr[So =G| =g/(g+0) (2.13)
and
Pr[So = B] =b/(g9 +b); (2.14)
this ensures that {S;} is stationary. We define the good-to-bad ratio p of the channel by
p2P1[S, = G]/ Pr[S, = B] = ¢/b, (2.15)
and define the parameter p by

pEl—g—b. (2.16)

10



Definition 1 For sample paths such that Pr[Z,_;,So] # 0, let ¢ (Z,_,,So) denote the
probability for a channel error at the lth use, conditioned on the initial state, and the

previous channel errors, that s,
% A
4 (Zi—1, S0)=Pr[Z = 1Z,_,, So], (2.17)

and let q(Z,_,) denote the same probability conditioned only on the previous channel

errors, that is,
A *
@(Z,-1)=Elq/(Z,-1,50)|Z,-1] = Pr[Z, = 1]|Z,_4], (2.18)

where E[-] denotes expectation. The stationarity of the channel allows shifting the time

reference and thus the following notation s valid
G (L5 T2 Sk) = PrlZiem = 12315, 1, il (2.19)
and
02850 ) = PrlZsn = 1|ZEE ] m=0,1,2,- -, (2.20)

where the subscripts and superscripts to vectors are to be interpreted as follows:
Zm= (Zm, i1y Zn) form < n and Znéz,ll.

The special cases m = 0,1 mean that previous errors are not available, and therefore

G (ZE, Sk) and qi(Z51Y) are denoted, for simplicity, by
a5 (Sk) = Pr(Z; = 1] (2.21)
and by
A
@1 ="Pr[Zy1 = 1], (2.22)

which, due to stationarity, do not depend on k.

The following proposition gives recursions for these functions.

11



Proposition 2 The following recursions hold:

(11*+1(Zza So) = v(Z1, 4/ (Z,-1, S))

and

a1(Zy) =v(Z, q(Z,-)),

where the function v(-,-) is defined by

A{ pe + b(ps — pa) + g — pa) (1 — ps) /(1 — q)], ps #1
v(0,q)=

(l_b)pG+b7 pB:]_,q;é]_
and by
V(1,021 Pe +0(ps — pe) + 1la — pa)(ps)/0), pe #0
(1—g)ps, pe=0,q#0

for pa < q < pg. The initial values for these recursions

% PG, SO — G
o (So) =
pe, So=DB

and

¢ = (ppe +ps)(p+1)7"

follow directly from Definition 1.

Considering {g; };°, and {¢ }°, as random sequences, the following holds.

Corollary 1 The sequence {q; }2, is a Markov process with initial distribution

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)



and transition probabilities

1-8, a=v(0,
Prlg/., = alg = B8] = fr a=v0.5) (2.30)

where v(-,-) is as in (2.25) and (2.26).

Corollary 2 The sequence {q}i2, is also a Markov process with the same transition

probabilities (2.30) and with initial distribution

Prigi = (ppc +ps)(p+1) 1 = 1. (2.31)

2.2.2 Evaluation of capacity

Having established the basic properties of ¢, and ¢/, we turn to the problem of evaluating
the capacity. The issues involved in the definition of the capacity of a finite-state time-
varying channel are discussed in [5]. The capacity C of the Gilbert-Elliott channel can

be formulated in terms of input and output sequences as follows:

1
C = lim - max I(X;;Y)) (2.32)

I=00 [ Pr(X,)
where I(-;-) denotes mutual information and where the maximum is taken over all
possible probability functions Pr(X;) of the input sequence X;. It can be shown [8]
that
C'=1- lim JH(Z) =1~ Jim Elhu(a)]

[—00

where hy(+) is the binary entropy. Furthermore, the following two propositions are proved

in [8].

Proposition 3 Let f(-) be continuous over [pg, pgl. Then the following limits exist and

are equal:
lim E[f(g;)] = lim E[f(q))), (2.33)
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Proposition 4 Let f(-) be conver over [pg,pg|. Then the sequence {E[f(q)]}2, is

monotonically increasing, the sequence {E[f(q)]}2, is monotonically decreasing,

Elf ()] < E[f(a+1)] < Elf (a71)] < E[f(q))], (2.34)
and both converge to the same limit

lim F[f(q})] = Jim E[/(q)] (2.35)

Since the binary entropy function hy(q) = —qlogeq — (1 — q)loga(1 — q) is concave

(and continuous on [pg,pg|), we thus have
Elhy(a)] = Elhulas)] = Elhulaio)] = Elha(a), (2.36)
and
Jim Elhy ()] = lim Elhy(q,)].
Thus the capacity of the Gilbert-Elliott channel, in bits per channel use, is given by
C =1-lim E[h(q))] =1 — lim Elhy(q)]- (2.37)
[—00 [—00

Note also that it follows from (2.36) and (2.37) that

and
C = lim C, = lim O},
|—o00 |—o00
where
C/ =1 - Elhy(a)),
and

Ci=1 - Elhy(q)))-

Thus for [ > 1, C; and C; can be computed to provide a lower and upper estimate,
respectively, to the capacity C; as [ increases, the estimates become more accurate. We

will use (2.38) with [ =9 to estimate C' in Chapter 4.
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2.2.3 Calculation of the probability of an error sequence

A useful approach for calculating the probability of an error sequence for the Gilbert-
Elliott Channel is discussed in [10]. By the law of total probability, the probability of
an error sequence of length n, ¢, = ejes - - - e,, may be expressed as:

n

Pr(e,) = 7rT(k1:[ P(ex))1. (2.39)

where P(e;) is a 2 x 2 matrix whose (4, 7)™ entry is the probability that the output

symbol is e, when the chain makes a transition from state s,_; =7 to s = j.

The following expression is valid for the vector 7 = [ry m]%:

m'P ==n", (2.40)

where

1
P => P(e), (2.41)
e=0
P1=1, (2.42)
and

71 =1. (2.43)

From (2.40) and (2.42) we conclude that the vectors 7w and 1 are the left and right

eigenvectors of the matrix P, respectively, corresponding to the eigenvalue 1.

For the Gilbert-Elliot channel, the matrices P, P(0), P(1) and the vectors 1 and =

are given by:

P = , (2.44)



P(0) = , (2.45)

P(1) = , (2.46)

1
1= , (2.47)
1
and
9
m=| "0 =] P (2.48)
T b

2.3 A Critical Statistic for Channels with Memory

The following is from [1].

Consider the channel model described by the diagram in Fig. 2.1. As before Y; and X
are, respectively, the output and input symbol and Z; is the noise symbol. Throughout it
will be assumed that the input sequence and noise sequence are statistically independent

of each other.

2.3.1 The error-gap process

The state space of the error process is composed of two states: error (or 1) and error
free (or 0). A positive integer exponent is used to indicate the number of consecutive

symbols of the same type. In this notation the sequence 100001001 is written as 10*10%1.

In probability expressions we use the notation,

Pr[Z, =0,--+,Z, 1=0,7Z, =1 = P(0"'1). (2.49)



A conditional probability is also written in terms of sequences:
Pr [sequence B | sequence A].

If no other indication is given in the conditional part, it is understood that sequence B

directly follows sequence A.

Definition 2 Sequences of zeros between two errors (1 states) are called error gaps (also
error-free runs). The length of a gap is defined as one plus the total number of zeros in

the sequence between two 1’s.

Let GG, denote the length of the gap starting at Z,,, conditioned on Z,, = 1. Assuming

stationarity, the following equations hold

PI‘[Gn — m] — PI‘[Zn+1 — 0, Y Zn+m,]_ — 0, Zn+m — ]_|Zn — ].]
= P(O0™'1)1) (2.50)
and
1
E(G,) = —— (2.51)

(1)

for all positive integers m, where P(1) is the probability of error and is equal to E(Z,).
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Chapter 3

A Queue-Based Channel with

Memory

In this chapter, we present a binary channel with additive bursty noise based on a finite
queue. Consider the binary channel given by Y; = X; & Z;, where the input stream is

independent from the noise stream (see Fig. 2.1).

Consider the following two parcels.

e Parcel 1 is a queue of length K, that contains initially K balls.

Let the random variables A;; (i is a time index refering to the i experiment),

j=1,2,---, K, indicate the color of the ball in the corresponding cell of the queue

18



at time 7:

A 1, if the j™ cell contains a red ball at time 1,
ij =
0, if the % cell contains a black ball at time q.
e Parcel 2 is an urn that contains a very large number of balls where the proportion

of black balls is 1 — p and the proportion of red balls is p, where p € (0, 1); usually
p < 1/2.

Let the probability of selecting parcel 1 (the queue) be £ and the probability of
selecting parcel 2 (the urn) be 1 — ¢; where € € (0,1).

The noise process {Z;} is generated by one of the following mechanisms.

Mechanism 1 Uniform queue-based channel with memory: By flipping a biased
coin (with P(Head)=c), we select one of the 2 parcels (select the queue if Head and
the urn if Tail). Then a pointer randomly points at a ball from the selected parcel, and

tdentifies its color.

o [f the selected ball is red, we introduce a red ball in cell 1 of the queue, pushing

the last ball in cell K out.

o [f the selected ball is black, we introduce a black ball in cell 1 of the queue, pushing
the last ball in cell K out.

The noise process {Z;} is then modeled as follows:

p 1, if the 5" experiment points at a red ball;

0, if the i"* experiment points at a black ball.

Mechanism 2 Non-uniform queue-based channel with memory: By flipping a

biased coin (with P (Head)=¢), we select one of the 2 parcels (select the queue if Head and
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the wrn if Tail). If parcel 1 (the queue) is selected, then a pointer points at the ball in cell
1 with probability q; and points at the ball in cell | with probability ¢, = (1 —q)/(K —1),
for 1l = 2,3,--- K, and identifies its color. If parcel 2 (the urn) is selected, a pointer

randomly points at a ball, and identifies its color.

e [f the selected ball is red, we introduce a red ball in cell 1 of the queue, pushing

the last ball in cell K out.

e [f the selected ball is black, we introduce a black ball in cell 1 of the queue, pushing
the last ball in cell K out.

The noise process {Z;} is then modeled as follows:

P 1, if the ¢ experiment points at a red ball;
i pu—

0, if the i"" experiment points at a black ball.
Definition 3 For a given mechanism, define the state of the channel to be §Z~é(Ai1, Ao,
-, Aik), the binary K—tuple in the queue after the i'™ experiment is completed, where
Aij, 7 =1,2,--- K, is an indicator random variable for cell j in the queue after the i
experiment is performed. Note that, in terms of the noise process, the channel state at

time i can be written as S; = (Z;, Zi_1,+ -+, Zi_k+1), fori > K.

3.1 Properties of the Uniform Queue-Based Noise

We now investigate the properties of the binary noise process {Z,,}5°,. To gain more
insight , we first study the noise process for different values of K, and then give our results
in terms of K for the general case. We first observe that {Z,,}°°, is a homogeneous (on
time-invariant [4]) Markov process of order K, since for n > K + 1,

Pr[Zn = ]-|an1 =0p-1,"" '721 = al] = gan_l s K+ Ik + (]' o {—:)p

= Pr[Zn = ]-|an1 =0Qp-1,""", Zn K = aan]a (31)
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where a; € {0,1}, j=1,---,n.
Thoughout this work, we consider the case where the initial distribution of the

Markov noise {Z,,} is drawn according to its stationary distribution; hence the noise

process {Z,} is stationary.

3.1.1 Case for K =1

For K = 1, the noise process becomes a simple Markov process. After analyzing this

process we get, the following results.

e {Z,} is a binary homogeneous Markov process with Pr(Z, = j|Z,_; = i)épij.

The transition matrix of the process is:

Q- Poo Por | _ e+(l-¢g)(1-p) (—¢)p ' (3.2)
Pio Pu (1-¢)1-p) e+ (1—¢)p

e We can observe from the transition matrix Q that it is possible to go with positive

probability from any state to any other state in a finite number of steps. Therefore

the Markov process is irreducible (and hence ergodic [9]).

e Since the process {Z,} is irreducible, its stationary distribution ré(w(Zoo =
0);7(Zs = 1))é(7r0;7r1) is unique, and it can be computed by solving # = 7wQ.

This yields = = (1 — p; p).

Noise entropy rate

We know that if a stochastic process W, is stationary, then its conditional entropy
H(W,|W,_1,---,Wj) is decreasing in n; and therefore lim, o H(W,|W, 1,---, W)

exists. Therefore, we get for our Markov process {Z,}:

lim H(Zn|Zn_1, e Zl) = H(Z2|Zl)

n—00
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where

H(Z)|Z,) = — i Tipij logy pij
= (1 —=p)h[(1 —&)p] + phs[(1 — £)(1 = p)], (3.3)

where hy(-) is the binary entropy function.

Now by the Cesaro-mean average, we get that as n — oo,

n

1
E ZH(Zn|Zn—17 SR Zl) — H(Z2|Z1)
=1

1
EH(Zh;Zn):

Thus we can obtain the entropy rate h(Zy) of the Markov noise process:

W(Zo)2 lim SH(Z,,---, Z) = H(Z|2)). (3.4)

n—oon

3.1.2 Case for K =2

For K = 2, the noise process becomes a 2" order Markov process. As we defined above,

ﬁné(AnlaAnZ; t '7AnK); i.e., ﬁn = (Zna Zn—1)7 for n Z 2.

We have that for n > 2,

Pr[in = §n|§n—1 —Sp—1,""" ;ﬁl = §1]
= Pr[Zn =y, Lp-1 = an—1|Zn—1 =Qp_1, ", 41 = CL1]
= Pr[Zn = an|anl = QGp—1, Lp_yp = an72]

= Pr[ﬁn = §n|§n—1 = §n—1] (35)

where a,, € {0,1} and s, € {(0,0),(0,1),(1,0),(1,1)}.

Thus {5, } is a Markov process with 4 states. We denote each state by its decimal
representation; i.e., state 0 corresponds to state (0,0) or (00), state 1 corresponds to
state (01), state 2 corresponds to state (10) and state 3 corresponds to state (11). We

now get the following results about {5, }.
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e Since {Z,,} is stationary, it is also 2-step block stationary, which implies that {S,,}

is stationary.

e {S,} isalso a homogeneous Markov process with stationary (or initial) distribution

w=(n(S; = 00);7(S; = 01);7(S; =10);7(S; = 11))é(7r0;7r1;7r2;7r3). (3.6)

e If we denote by p;; the transition probability that S, goes from state i to state j,

i,7=0,1,2,3, we can write the transition matrix of the process {3, }:

Poo Por DPo2 Po3
Pio P11 P12 P13

Q =
P20 P21 P22 P23
i P3o P31 P32 P33 |
_6+(1—6)(1—p) 0 (1—¢)p 0 W
| sra-an-p 0 S+ (=< .
0 s+l -¢)(1-p) 0 S+(1—-e)p
I 0 (I—-¢)(1—p) 0 €+(1—6)p_

From the transition matrix Q, we can clearly see that any state can reach any
other state with positive probability in a finite number of steps. Therefore the

process S, is irreducible (and hence ergodic).

e We can compute the stationary distribution Wé(m;m;wz;m) of the process by
solving w = wQ. This yields
- - (ETA-90 —p)][(l —&)(1-p)] [A1-29)(1 p)][(l —e)pl,
[1-351(1—¢) / [1—31(1 - ’

(1= £)(1 1 )] (1= 5 + (L= 2l
T == &
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Noise entropy rate

As we did in the previous section, we can obtain the entropy rate of the 2"¢ order Markov

noise process {Z,,} as follows.

1
lim —H(Zy,- -, Z,)

n—oo n,

— H(Z3|ZQ, Zl)

(1>

W(Z)

= H(§2|§1)
3

= - Z TiPij 108y Pij
[5+ (1 —e)1—p)]l(1—e)(1—p)
[1-35](1—¢) hy[(1 = €)p]
2[(1 —e)(1 = p)][(1 —&)p] [
[1-3](1—¢) 2
(1 —e)pl5 + (1 = &)p]
[1-5]1—¢)

where hy(-) is the binary entropy function.

+ (1 —¢)p]

+ ho[(1 =) (1 =p)], (3.9)

3.1.3 Case for K =3

For K = 3, the noise process becomes a 3" order Markov process and S,, = (Z,, Z, 1,

Zp_o) for n > 3.

We can easily show, as we did for the K = 2 case, that S,, is a Markov process with 8
states; i.e., s, € {(000), (001), (010), (011), (100), (101),(110), (111)}. Again we denote

each state by its decimal representation. We get the following results about {S,, }:

e {5, } is a homogeneous Markov process with stationary (or initial) distribution

A
7":(7T0;7T1;7T2;7T3;7T4;7T5;7T6;7T7)- (3-10)

e If we denote by p;; the transition probability that S,, goes from state ¢ to state j,
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i,7=0,1,2,3,4,5,6,7, we can write the transition matrix of the process {S,,}:

poo
P10
P20
P30

p4o

po1 po2 po3 Ppo4 pos

p21 p22 p23 pb24 P25
p31 p32 p33 P34 P35

Ppa1 pa2 Pa3 Paa Pas

P50 P51 P52 P53 P54 P55
P60 P61 P62 P63 Pea P65
P70 p71 p72 p73 P74 P75
e+ (1—-¢)(1-p) 0
2¢e
It 0
(1—-¢)(1-p)
2e
0 S+
(1—-¢e)1-p)
E
0 §+
(1—-¢e)1-p)
0 0
0 0
0 0
0 0

Poe
P16
P26
P36
P46
P56
P66
P76

pot

p27
p37

pat

P57
P67
pr7 |
0 0 (L—e)p 0
0 0 £+ 0
(L=2)p
0 0 0 £+
(I—¢e)p
0 0 0 2+
(I —¢e)p
2T5+ 0 0 0
(I —e)1-p)
£+ 0 0 0
(I —e)(1-p)
0 £+ 0 0
(1—e)(1-p)
0 (1—¢e)(1—p) 0 0

£t

(L—e)p
24

(L—e)p

2
24
1 —e)p

e+ (1 —e)p J

From the transition matrix Q, we can clearly see that any state can reach any

other state with positive probability in a finite number of steps. Therefore the

process S, is irreducible (and hence ergodic).

. T A
e We can compute the stationary distribution w=(mg; 71; mo; 73; 74; 75; 76; w7) Of the

process by solving @ = 7w Q. This yields

([%f FL= - plis+ (=)=l —¢
~EL -5l -9)

[

5+ (-2 -p(1—=
|

1=z

1

5+ 0 -2 -p)(t—¢)A—-p)[(1 —<)p],

1=z



5+ (=)= pl - )= pIiL-)p]
-3l -9) |

(1 =&)X =p)][(1 —e)p][5 + (1 —¢)p]
[1—Z]1-£](1—¢)
[(L—e)plls + (1 —e)pl[E+ (1 —2)p]
1-ZJ- 509 > (311

Noise entropy rate

Similarly to the previous section, we can obtain the entropy rate of the 3" order Markov

noise process {Z,,} as follows.

1
lim —H(Zy,- -, Zy)

n—oo n

- H(Z4|Z37 ZZ: Zl)

>

M Zs)

= H(§2|§1)
7

= - Z Tipij logy pij
t,j=0

_ E+a-90 —[zl))ﬂég[il_—g]:zil_—gz)o)][(1 —e)(1 - p)]hb[(l — o)yl
PR 0l OB
3[(1 — 5)([1 :2]][[(11_—;)(?][_%5 (L—e)l, [2_36 (1 =2
e e (R IURYY NCATS

where hy(-) is the binary entropy function.
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3.1.4 General case

We now analyze the noise process for the general case as a function of K. The noise
process, as we showed earlier, is a K™ order stationary Markov process and S, =

(Zna Zn—la Ty Zn—K—l—l) for n > K.

We can easily show, as we did for the previous cases, that {S,,} is a Markov process
with 2K states; i.e., s, € {(0---00),(0---01),---,(1---11)} where each string is of
length K. We denote each state by its decimal representation. We get the following
results about {S,,}.

e {5, } is a homogeneous Markov process with stationary (or initial) distribution

AN
= (o5 15+ 5 a5+ + 5 Mok ).

e If we denote by p;; the transition probability that S,, goes from state ¢ to state j,

i, =0,1,2,---,25 — 1, we can write the transition matrix of the process {S,,}:
Q = [pyj]
with

Ko (1 - )(1—p), ifj=|i];
pi =\ €42+ (1-2)p, i = 145 ); .

0, otherwise;

where w(7) is the number of “ones” in the K-bit binary (or base 2) representation

of the row number 7.

The form of the 2K x 2K transition matrix Q will look as follows:
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_E+(1—E)(1—p) 0 (1=¢e)p 0 0 ]
EKI;1+ 0 E%.*_ 0 0
1 —-e)(1-p) (1 —2)p
0 EKI;1+ 0 E%Jr 0 0
1=5)(1-p) 1—e)p
0 EKI;2+ 0 E%+ 0 0
1=e5)(1-p) 1—e)p
0 0 E%.*_ 0 E%J’_
(1—-¢)(1-p) (1 —-e)p
L 0 0 e o (I=e)(1=p) 0 e e+ (1—e)p |

h row. We note that

The last row in the above matrix, corresponds to the (25 —1)¢
the matrix has a sliding block form: all entries are “zeros” except for the positions

(4,7) such that j = |£] and j = Li+22KJ, where 7 is the row number and j is the

column number, 7,5 = 0,1,2,---,2% — 1. Also, we notice that there are (Il() rows

for which the binary representation of the number of these rows contain [ “ones”.

From the transition matrix Q, we can clearly see that any state can reach any
other state with positive probability in a finite number of steps. Therefore the

process S, is irreducible (and hence ergodic).

We can compute the stationary distribution ﬂé(wo;m; ey Mok _p) of the
process by solving w = 7w Q. This yields

Lo Vg + (L= 2) (1 = p) I e + (1 — )]
Hg:l(l - 5%) ,

for i =0,1,2,---,2% — 1, where w(i) is the number of “ones” in the binary repre-

(3.14)

T, —

sentation of the decimal integer i and H?ZO(-)él, ifa <0.
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Noise entropy rate

Similarly to the previous section, we can obtain the entropy rate of the K™ order Markov

noise process {Z,,} as follows.

1

hZx) = lim “H(Zy,, Z)
= H(Zgy|Zk,Zg-1,--+, 2)
= H(§2|§1)
= —%Zlﬂipij log, pij
ST e + (=) =) Y + (L —2)p)
- z—: 5 1(1_5%)
-y ( $+(1—6) )
K K w(2)
= +(1—¢) (3.15)
wgo <w(2 ) ( K p)
where
P e S et [ B 0) Ot A )
w(d) )

m:l(l - 6?)

;;0(-)21, if a < 0, and hy(+) is the binary entropy function.

3.2 Block Transition Probability for the Uniform

Queue-Based Channel

For a given input block X = [X,---,X,] and a given output block Y = [Y},---,Y,],
where n is the block length, the block transition probability of the resulting binary

channel is as follows.
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e For block length n < K, the block transition probability of this channel is

PrlY =y|X =2)=Pr(Z =Y m,

JESH

where

— a; = x; DY,

— &, is the set of decimal representations of the set of states
A . Sy
SP={(ayint1, v ix)lis € {0,1}, t=n+1,---, K},
— 7, J € Sy, are the stationary probabilities of the resulting states.

After the n'* experiment, there are 25" states; i.e., (@, -+, a1,0--0), -+, (an, -,
ay,1---1),in S°. S, is the set of decimal representations of these states. The block
probability is the sum of the stationary probabilities of these states. If two states
have the same binary representation except in the last digit, then the weights of
the two states are different by 1 (suppose one is w(j), which is the number of
“ones” in state j (the weight of state j), the other is w(j) + 1). Thus the formulas
of the stationary distribution of the two states are different by only one term,; i.e.,

one includes [e KlTw()—i-(l £)(1—p)] and the other includes [¢2Y )—i-(l )p]. We

can calculate the sum of these two terms to get (1 — 5%), which can be cancelled

by (1 —e+) in the denominator. Then the sum of the two stationary probabilities

i Lo “(“[ F ) 0 DI  ege +0-)p)
Hl=2(176%)

terms, the total number of terms descreases to 25~"~1. By repeating these opera-

Taking pairwise summations of 25"

tions of taking pairwise summation, taking out the common factor, and cancelling
another common factor in the numerator and denominator, we get a final single

term which is the following.

S = 2 ez 4+ (1 —2)(1 = p) IS [e + (1 —2)p]

, (3.16)
JESH HlliK—n-H(l - 5%)

where Hfzo(-)él, if @ < 0 and d is the number of “ones” in the block a.
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e For block length n > K + 1, the block transition probability of this channel is

n a; 1—a;
= L H ls)\ll +(1—6)p] [6K K)\Zl +(1—-¢)(1-p) ,
i=K+1
(3.17)
where .
LIS e+ (L= )= IR e + (L= )p)

Hfil(l _5%) ,

?:0(')é1, ifa<Oand \i_1 =a;_1+ -+ aj_k.

3.3 Capacity of the Uniform Queue-Based Channel
Using the results in the previous sections, we arrive at the following proposition.

Proposition 5 The uniform queue-based channel with memory is a channel with sta-
tionary ergodic Markov additive noise of memory K. The capacity Ck of the channel is
positive and non-decreasing in K and is given by
K .
K w(i)
Ck=1- Lyiyhy | e—— + (1 — 3.18
SR Y STEEY 1)
where KoL) o1
Loy = Moo e+ 1 -e)A -5 g + (1 —e)pl
met (1= £x)
A

o)=L ifa <0, and hy(+) is the binary entropy function.
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Proof The binary channel has an additive noise process Z,,, where Z, is a stationary

ergodic K™ order Markov process. Its capacity is then:

1
Cx = lim sup~I(X;Y)

n—)oo&n

1

n—oo n,

= 1-Nh(Zy)
= ]_—H(ZK+1|ZK;ZK—17"'JZI)

= 1- fj ( K.)>Lw(i)h,b (s% +(1— 6)p> (3.19)

w(i)=0 w(i
from (3.15).

Ck > 0 since the noise entropy rate is bounded above by 1. Finally, we know
that conditioning decreases entropy; thus H(Zg1|Zk, Zk 1, -, 7Z1) decreases as K

increases. Therefore the capacity C increases as the memory K increases. O

3.4 The Error-Gap Process for the Uniform Queue-
Based Channel

The error process {Z,}5°; of the uniform queue-based channel is stationary. According
to Definition 2 in Chapter 2, we obtain the gap frequency Pr[G,, =[] and the average

duration of the gap F(G,,) for the uniform queue-based channel:

e For 1 <[ < K —1, where K > 1,

Pr[Gn - l] — Pr[Zn+]_ — 0, Y Zn+l,]_ - 0, Zn+l - ]-|ZTL — ].]

= PI‘[ZQZO,"',ZZ:O,Zl+1:1|Z1:1]
PI‘[ZI:1,22:0,"',ZZZO,ZH_1:1]
PI‘[le]_] ’
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From

From

(3.16) with n =141 and d = 2, we get
1 e+ (1 - 1-
by g L e+ (=0 DIl + 02
p Mg (1 — %)
where Pr[Z) = 1] = p from (3.16) with n =d = 1.
e Similarly, for [ = K,
Pr[G,, =]
Pr[Zn-i-l - 07 T Zn—l—l—l = 07 Zn-H = 1|Zn = ]-]
PI‘[ZQZO,"',ZKZO,ZK+1:1|Zl:1]
PI‘[Zl:]_,ZQ:O,"',ZK:O,ZK+1:]_]
PI‘[lel]
PI‘[Zl:]_,ZQ:O,"',ZK:O]PI'[ZK+1:]_|ZK:0,"',Z2:0,Z1:1]
p
(3.16) with n = K and d = 1, and (3.13), we get
1 {Ies + (-0 =pl}[A-ep] | 1
Pr|G,=K|=—-" le—=4+(1—¢)p|.
G =K~ o) e+ (1= <)
(3.21)
Pr[G,, =]
Pr[Zn+1:0,"',Zn+l,1:O,Zn+l:1|Zn:1]
PI‘[ZQZO,"',ZZ:O,Zl+1:1|Z1:1]
PI‘[ZI:1,22:0,"',ZZZO,ZZ+1:1]
PI‘[le]_] ’
PI'[Zl:]_,ZQ:O,"',ZK:O,ZK+1:O,"',Zl:O,Zl+1:]_]
» .
1
E-Pr[Zl:1,Z2:O,---,ZK:O]Pr[ZK+1:O|ZK:0,---,Z2:0,21:1]

{ H PI‘ —0|Zz 1= 0 ,Zz_KZO]}

1=K+2
'PI'[ZH,l == ]-|Zl == 0, e '7Zl7K+1 = 0]
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From (3.16) with n = K and d = 1, and (3.13), we get

1 AP+ (1 —2) 0 -p)} A —2)p] K -1
PrGy =1 = - e e+ 1= 1 - p)]
fe+(1—e)1=p) "t [1—2)pl. (3:22)
Finally,
1 1 1
E(G,) = P = Pz, =1~ p (3.23)

3.5 The Error-Burst Process for the Uniform Queue-

Based Channel

We give the definition of the error-burst process, which is analogous to the definition of

the error-gap process.

Definition 4 Sequences of ones between two zeros (0 states) are called error bursts.
The length of a burst is defined as one plus the total number of ones in the sequence

between two 0’s.

Let B, denote the length of the burst starting at Z,,, conditioned on Z,, = 0. As-

suming stationarity, the following equations hold:

Pr[Bn = m] = Pr[Zn+1 = 1, ey, Zn+m_1 == ]_, Zn+m = 0|ZTL = 0]
= P(1™'0|0), (3.24)
and
E(B,) = — (3.25)
" P(0) '

for all positive integers m, where P(0) is the probability of no error and is equal to

1 - E(Z,).
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Eq. (3.25) is shown as follows:

E(B,) = ilP(ll‘10|0)

= i(l+1)P(llO|0)
= S0+ )PAY0) - PATO)
= > rap)
_ . p(or)
& P0)
_ X P(01")
PO)
where
fjp(oﬂ) = P(0)+ P(01) + P(011) + P(0111) + - -+ + - - -
- = 1—P(1)+ P(01) + P(011) + P(O111) + - - - + - - -
= 1—[P(01) + P(11)] 4+ P(01) + P(011) + P(0111) + - - -
= 1—P(11) + P(011) + P(O111) + -+ -+ - - -
= 1—[P(011) + P(111)] + P(011) 4+ P(O111) + -+ + - -
= 1—P(11) + P(O111) 4 -+ - --
— 1—P(1%),
where
P(]_OO) = PI'[le]_,,ZK:]_] lo—o[ PI'[ZZ':]_|Zi,1:]_,"',Zi,K

= 7TQK_1[€+(1_€)p]OO:0
since ¢ + (1 —¢)p < L.
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So
1-P1®) 1
P(0)  P(0)

E(B,) =

Using the same approach as for the gap process, we get the burst frequency Pr[B,, =[]

and the average duration of the burst E(B,,) for the uniform queue-based channel:

e For 1 <[ < K —1, where K > 1,

= Pr[Zn+1 =1, Zn+l71 =1, Zn+l = 0|Zn = 0]

= Pr[Z2:1,"',Zl = I;Zl-i-l :0|Z1 :0]
PI‘[ZI :O,Zgzl,"',Zl = I;Zl-i-l :0]
Pr[Z; = 0] '

From (3.16) with n =1+ 1 and d = — 1, we get

1 oleg + (1 —e)A —p)|TTiZoleg + (1 —€)p)

Pr[B, =1] = . - . (3.26)
L—=p 5:1(—1(1 5})
e Forl =K,
Pr[B, =]

= Pr[Zn—l—l =1,-- '7Zn+K—1 - 17Zn+K - 0|Zn - 0]

= Pr[Zy=1,---,Zx =1, Zg1 = 0|7, = 0]
Pr[Z, =0,Z,=1,---,Zg =1, Zgc1 = 0]
Pr[Z, = 0]
Pr[Z,=0,Zy =1, Zx = 1|Pr[Zx =0 Zy =1, , Zy = 1,2, = 0]
1—-p

From (3.16) with n = K and d = K — 1, and (3.13), we get

1[0 -1 - p)] Tl + (1= 2)p]
L=p 5:1(1_5E)

ez + (L=2)(1=p)] (3.27)

Pr[B, = K]



e Forl > K+1,

= Pr[Zn+1 =1,--, Zn+l71 =1, Zn+l = 0|Zn = O]

= Pr[Z2:1,"',Zl:1,Zl+1:0|leo]
PI‘[ZI:O,ZQZI,"',ZZZLZH_lz()]

Pr[Z; = (]
P4 =0,Z =1, T =1, 21 = 1,---, Z =1, Zy11 = 0]
_ — _
1
= — P2 =0,Zy =1, , Z = 1]

L—p
'PI‘[ZK+1:1|ZK:]_,"',ZQ:1,Z1:0]

[
. H PI'[ZZ:]_|ZZ,1:]_,,Zl,K:]_]
1=K+2
'PI"[Zl+1 == 0|Zl = ]_, e '7Zl7K+1 = ]_]

From (3.16) with n = K and d = K — 1, and (3.13), we get

Pr[B, =]
1[0 =)0 - p)] Tl + (L= 2)p]
l—p e (1— £%)
R - b+ @—ap 5 (-0 -p) (329)
Finally,
EB)=— -+ 1 (3.29)

3.6 The Non-Uniform Queue-Based Channel

The non-uniform queue-based channel has a similar transition matrix as the uniform
queue-based channel. For example, for the case K = 3, the transition matrix of the

non-uniform queue-based channel is given by the following.
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[ c+a-oa-p) 0 0 0 (1-e)p 0 0 0 i
e(q1 +q2)+ 0 0 0 e g+ 0 0 0
(1-e)1-p) (1—-e)p

0 e(q1 +aq3)+ 0 0 0 <. qat 0 0
1-e)1-p) (1—-¢)p
0 e a1+ 0 0 0 (a2 +a3)+ 0 0
(I-¢e)1-p) (1 =+9)p
0 0 e(g2 +a3)+ 0 0 0 e qit 0
(I=e)(1-p) (1 =29)p
0 0 e ot 0 0 0 e(q1 +a3)+ 0
(I=e)(1-p) (1 =29)p
0 0 0 c-q3+ 0 0 0 e(q1 +q2)+
(1=e)(1-p) (1 —e)p
L 0 0 0 (L—-¢e)(1—-p) 0 0 0 E+(1—E)p_
Given ¢, p, ¢i, we can calculate the stationary distribution = = [mg, 7y, -+, 77| nu-
merically.

The capacity of the non-uniform queue-based channel with K = 3 is

Cs

1- h(ZOO)

1>

1
1— lim —H(Zy, -+, Zy)

n—oo n,

1 — H(Zy|Zs, Zy, Zy)

= 1-H(5,]5)
7
= 1—[= Y mpijlog,pijl, (3.30)
1,j=0

where p;; is the (,7)™ entry of the transition matrix. Similarly, we can get the results

for the cases K =2 and K = 4.

The non-uniform queue-based channel has a similar burst frequency as the uniform
queue-based channel. For example, for the case K = 2, the burst frequency of the

non-uniform queue-based channel is given by the following.
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e For 1 <[ < K —1, where K = 2,

Pr[Z; = 0]
o
= . 3.31
— (331)
e For [ = K, where K = 2,
Pr[B, =]
= Pr[Zn—l—l =1,---, Zn-l—K—l =1, Zn—l—K = 0|Zn - 0]
- PI‘[Zl :0,Z2:1,Z3:0]
B Pr[Z; = 0]
. PI‘[Zl = 0, Z2 = 1] PI‘[Z3 = 0|ZQ == ]_, Zl == 0]
= -
2
= l_p-[5(1—q1)+(1—5)(1—p)]- (3.32)

e For [ > K + 1, where K = 2,

= Pr[Zpi=1,-,Zniy1=1,Zp4 = 0|Z, = 0]
Pr[Z, =0,Zy,=1,-+,Zy =1, Zi41 = 0]

Pr[Z; = (]
Pr[Zi=0,2y=1,Zs=1,---, 2, =1, Z1.; = 0]

l—p
Pr[Z, = 0,72, = 1
_ PlA =0 = iz =12, = 0]

L—=p
: {ﬁPr[Zi =11Z; 1 =1,7Z; o= 1]} Pr[Z1 =012, =1,7Z, , =1]
= 17? > e+ (L—e)pl-[e+ (1 —)p] > - [(1 —e)(1 = p)]. (3.33)
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Chapter 4

Comparisons with Other Channels

with Memory

In this chapter, we compare the uniform queue-based channel with the finite-memory
contagion channel and the Gilbert-Elliott channel in terms of capacity, burst frequency
and average burst duration. Furthermore, we study the capacity of the non-uniform
queue-based channel with memory and compare it with that of the uniform queue-based
channel with memory, and we compare the burst frequency of the non-uniform queue-
based channel with memory with that of the uniform queue-based channel with memory

and the Gilbert-Elliott channel.

In Section 4.1, we first rewrite the block transition probability in terms of the chan-
nel memory, BER and correlation coefficient for the finite-memory contagion channel
and the uniform queue-based channel with memory. We suprisingly find that the two
channels have the same block transition probability for the same memory, BER and
correlation coefficient value. In Section 4.2, we rewrite the capacity in terms of the
channel memory, BER and correlation coefficient for the uniform queue-based chan-

nel with memory (which is the same as the capacity of the finite-memory contagion
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channel) and the Gilbert-Elliott channel. This gives us expressions for channel capacity
upon which the plots in Sections 4.3 and 4.4 are based. In Section 4.3, we provide plots
of channel capacity vs. memory for various BER and correlation combinations for all
three channels. In Section 4.4, we provide plots of channel capacity vs. BE R for various
memory and correlation combinations for all three channels. In Section 4.5, we provide
expressions for the burst frequency and the average burst duration for the finite-memory
contagion channel and the Gilbert-Elliott channel, and provide plots of burst frequency
vs. burst length for all three channel models. In Section 4.6, we compare the capacity
of the non-uniform queue-based channel with memory with the capacity of the uniform
queue-based channel with memory. In Section 4.7, we compare the burst frequency
of the non-uniform queue-based channel with memory with the burst frequency of the
uniform queue-based channel with memory and the Gilbert-Elliott channel. Finally, we

conclude the chapter with a discussion in Section 4.8.

4.1 Block Transition Probability in Terms of Mem-

ory, BE/R and Correlation Coefficient

4.1.1 The finite-memory contagion channel

For the finite-memory contagion channel, we know that the noise process is stationary

and hence identically distributed [2]. We get the bit error rate (BER)
BER =Pr[Z; = 1] = p, (4.1)

and the correlation coefficient (using Cor instead of Cor(Z;, Z;11) for brevity)

COU(Zi, Zi—l—l) . ) >0 (42)

Cor = = 7
\/Var(Zi)Var(ZiH) 140
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for i = 1,2,3,---. From (4.1) and (4.2) we can express p and ¢ in terms of BER and
Cor.

p = BER, (4.3)
and
Cor
= ) 4.4
0 1—Cor (44)

Rewriting (2.1) and (2.2), we get the following in terms of BER, Cor and M.

e For block length n < M, the block transition probability of this channel is

LV BER + s-C2 )V [1"-1%((1 — BER) + j-C2
Py = yx = o) = Pt EE i Tl H0 PPN IEds) -y
lzl( + l—Cor)

where H;‘ZO(-)él, if @ <0 and d = d(y, z)=weight(z = y ® z).
e For n > M + 1,the block transition probability of this channel is

Py(Y =yl X =2z)

= P(Z=¢)
n [BER+ \_, 2% r[(l—BER)Jr(M—)\i_I) Cor_71=¢

Isy

i—17_ _
— I H 1-Cor 1-Cor

Cor Cor )
i=M+1 1 + Ml—Cor 1 + Ml—Cor

(4.6)

where

1-Cor

i (L+I5E) ’

;S BER + 5755 G (L= BER) +j55¢;)

?:0(')é1, if a < 0, e, =x; By, k=e +--+4+eyand \jo1 =¢;_; + -+ ei_p.

4.1.2 The uniform queue-based channel with memory

From the previous chapter, we know that the noise process of the queue-based channel

is stationary; hence it is identically distributed. We first calculate the BER and the
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correlation coefficient.

BER =Pr|Z;=1|=Pr[Z, =1]=p (4.7)
from Section 3.4.
Also
Cor — Cov(Z;, Zis1) _ Cov(Zs, Z4)
\/Var(Zi)Var(ZiH) Var(Z)
We have

CO’U(ZQ, Zl) = E[ZQZl] - E[ZQ]E[Zl] == PI'[ZQ = ]_, Z]_ = ]_] — p2,
and
Var(Z)) = E[Z}] — E[Z,])* = Pr[Z, = 1] — p*.
Using (3.16) with n = 2 and d = 2, we get
1
Cov(Zy, 7)) = —L—p(1 — p).
1 —e==
Since Pr[Z, = 1] = p, we have

Var(Z)) =p—p* =p(1 —p).

Thus
1
—J=rp(1 —p) 1
Cor = =K = SKKfl. (4.8)
p(1—p) 1 - €K

We then can deduce the parameters p and ¢ from (4.7) and (4.8):
p = BER, (4.9)

and

K -Cor
(K—-1)-Cor+1

€= (4.10)
Rewriting (3.16) and (3.17), we get the following in terms of BER, Cor and K.
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e For block length n < K, the block transition probability of this channel is

Pr(Y = y|X =)

= PF(Z:Q)
B 1
HllinnJrl(l_ (K—Kl)%%)
n—d—1 K - Cor S K -Cor
i 2 - 1—- BE
51:[0 [(K— 1)-Cor+1 K+< (K—l)-C’or+1>( R)]
-1 K Cor t K -Cor
1 — BER
Hl -Cor +1 K+< (K—l)-Cor+1> ]
[1=5 [ 1082 + (1 - BER)|TTiS 11585 + BER]

ik on [l + (K - l)lcé’;r]

n:d—l Cor 1— BER d lt Cor +BER
| Iy + (0 BERITES i ] o

[1 + Tlcg’ror]

where d is the number of “ones” in block a, and H?ZO(-)él, if a <0.

e For block length n > K + 1, the block transition probability of this channel is

— e K'COT )\’i—l K'COT a;
" ilI;[Hl(K_l)'COT—i_l. K i (1_ (K_l)'00r+1> BER]

K -Cor K —)\_1 K -Cor ta
'[(K—1)-Cor+1' K +<1_(K—1)-C’or+1>(1_BER)] }

LI [BERM ] [u ~ BER) + (K - mlfg’;rr“i
= C’or Cor )
i=K+1 1 + Kl Cor 1 + K —Cor
(4.12)
where
1
L —

K -Cor
[T (1= (K—tl)w)
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K—1-\ .
K j-Cor K -Cor
]1—[() [(K—l)-Cor-l—l_*_(1_(K_1)_COT+1>(1—BER)]
Ak —1 1-Cor K- Cor
' 1 - BE
H [(K_ )-C'or+1+< (K —1 )-C’or-|—1> R]

=0

[ 8% + (1 - BER)| I}, ‘(1% + BER]

[T+ (K—t)lcé’;r]

_ IS i + (- BERIIY, ‘1%, + BER (1.13)

A7 1+ Cg]‘or] ’

@ ()21, ifa<0,and Ny = a1+ +aig, i=K+1,,n

Comparing (4.11) with (4.5) and (4.12) with (4.6), we can surprisingly observe that
the finite-memory contagion channel and the uniform queue-based channel with memory
have identical block transition probabilities for the same memory, BER and correlation

coefficient value.

4.1.3 The non-uniform queue-based channel with memory

For the non-uniform queue-based channel, we get the BE R and the correlation coefficient

with memory K = 3 as follows.
BER =Pr[Z; =1]|=Pr[Z, = 1] = 14y + 75 + 7 + 77 = p, (4.14)

and
Cov(Zi, Zit1)

\/Var IVar(Zi1)
E[Z,2,] — E[Z,]E[Z)]
Var(Z)
Pi(Z, = 1,71 = 1] — E|Z,]2
B2~ BIAP
(w6 + m7) — Pr[Z) = 1)?
Pr[Z,]| — Pr[Z; = 1]?
(m6 + m7) — p?

= V6T TP 4.15
p— (4.15)

Cor =
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Similarly, we can get the results for the cases K = 2 and K = 4.

4.2 Capacity in Terms of Memory, BER and Corre-

lation Coefficient

4.2.1 The uniform queue-based channel with memory

For the uniform queue-based channel, rewriting (3.18), we get

- - K , w(i) - Cor (1 - Cor)BER
Cx=1 _wéo (W(i)>Lw(z)hb ((K— 1)-Cor +1 + (K1) Cor+ 1) . (4.16)

where

K—1-w(i) j-C 1-Cor
Hj:O o {(Kjl)-gnorﬂ + (Kfl)-C’orJrl(l B BER)}

K [(1fCor)+(Kfm)C’or]
m=1 (K—-1)-Cor+1

H [-Cor n 1—Cor
g LK =1)-Cor+1 (K—1)-Cor+1

BER] ,

and [[% ()21, if a < 0.

Note that comparing with (2.5), for the same BER, memory and correlation co-
efficient, the capacity of the uniform queue-based channel is identical to that of the

finite-memory contagion channel.

4.2.2 The Gilbert-Elliott channel

For the Gilbert-Elliott channel, there are four parameters: ¢, b, pg, pg. Since the

Gilbert-Elliott channel is stationary, we have

BER ="P1[Z;=1] = P1[Z, = 1] = #'P(1)1. (4.17)
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Substituting matrix (2.46) and vectors (2.47) and (2.48) into (4.17), we get

g b ppc + pB
BER =7y - pg + my - = + = 4.18
To PG+ Pp = oo pe e = o (4.18)
Now we calculate the correlation coefficient.
Cor — COU(Zi, Zi-l—l) _ COU(Zl, ZQ) _ COU(Zl, Zg) (419)
\/Var(Zi)Var(ZHl) \/Var(Zl)Var(Zg) Var(Z)
where
COU(Zl, ZQ) == E[Zng] - E[ZQ]E[Zl]

= Pr[Z,=1,Z, =1] - BER?

= 7n'P(1)P(1)1 — BER®. (4.20)

Substituting matrix (2.44) and matrix (2.46) and vectors (2.47) and (2.48) into (4.20),

we get
Cov(Z1,Z3) = (1—g—0b)(BER—pg)(pp — BER)
= w(BER - pc)(ps — BER), (4.21)
and
Var(Z)) = E[Z?] - E[Z,? = BER — BER® = BER(1 — BER). (4.22)

Substituting (4.21) and (4.22) into (4.19), we get

p(BER — pg)(ps — BER)

Cor=""BER(i - BER)

(4.23)

We next deduce the needed parameters from (4.18) and (4.23). We divide this

problem into two parts.

e Fix the values of pg and pp and deduce g and b:

o B 4.24
= BER — pa (4.24)
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and

BER-(1— BER)-Cor

= 4.25
"= BER - pc)(ps — BER) (4.25)
Using p=g¢g/band p=1—g—b=1—p-b—b, we get
1— BER(1-BER)-Cor
BER— —BER
b= (1= w)/(1+p) = — IO PR, (4.26)
BER—-pg
and
1 ’ 1 BER(1-BER)-Cor
- (BER—pg)(pe—BER)
1+ 2 1+ 5%
e Fix the values of ¢ and b and deduce ps and pg:
b- BER(1 — BER) - Cor
= BER — 4.28
be J g(1—g—10) (4.28)
and
g-BER(1 — BER) - Cor
= BER 4.29
re ’ J W=y D) 2

In our computations, we will fix the values of the BER, the correlation coefficient,
pe = 0.00002 and pp = 0.92 to calculate the capacity through (2.38) for [ = 9. For this

choice of [, the value of C is accurate up to 6 decimal digits.
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4.3 Capacity vs. Memory Plots

The following are the figures of capacity vs. memory for different BERs and correla-

tion coefficients for the uniform queue-based channel with memory, the finite-memory

contagion channel and the Gilbert-Elliott channel. Note that the capacity of the Gilbert-

Elliott channel does not vary with memory.

Graph of the capacity for BER=0.001 and correlation coefficient=0.1
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0.991

Capacity

0.9905
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0.9895
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0.989
0

—+— The finite—memory contagion channel
—©— The uniform queue-based channel with memory
—— The Gilbert-Elliott channel

20

Figure 4.1: Graph of capacity vs. memory for BER=0.001 and C'or=0.1.

49



Graph of the capacity for BER=0.001 and correlation coefficient=0.5
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Figure 4.2: Graph of capacity vs. memory for BER=0.001 and C'or=0.5.

Graph of the capacity for BER=0.001 and correlation coefficient=0.9
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Figure 4.3: Graph of capacity vs. memory for BER=0.001
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Graph of the capacity for BER=0.05 and correlation coefficient=0.1
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Graph of capacity vs. memory for BER=0.05 and C'or=0.1.
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Graph of the capacity for BER=0.05 and correlation coefficient=0.9
T

0.98 T T T T T T
0.97
0.96 -
2
S
[
Q.
©
[&]
0.95 —+— The finite—memory contagion channel =
—©— The uniform queue—-based channel with memory
—*— The Gilbert—Elliott channel
0.94 : : g
0.93 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
Memory

Figure 4.6: Graph of capacity vs. memory for BER=0.05 and C'or=0.9.

Graph of the capacity for BER=0.1 and correlation coefficient=0.1
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Figure 4.7: Graph of capacity vs. memory for BER=0.1 and Cor=0.1.
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Graph of the capacity for BER=0.1 and correlation coefficient=0.5
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Figure 4.8: Graph of capacity vs. memory for BER=0.1 and C'or=0.5.

Graph of the capacity for BER=0.1 and correlation coefficient=0.9
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Figure 4.9: Graph of capacity vs. memory for BER=0.1 and Cor=0.9.
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4.4 Capacity vs. BER Plots

The following are the figures of capacity vs. BER for different memory values and
correlation coefficients for the uniform queue-based channel with memory, the finite-

memory contagion channel and the Gilbert-Elliott channel.

Graph of the capacity for memory=1 and correlation coefficient=0.1
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Figure 4.10: Graph of capacity vs. BER for memory=1 and Cor=0.1.
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Graph of the capacity for memory=1 and correlation coefficient=0.5
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Figure 4.11: Graph of capacity vs. BER for memory=1 and Cor=0.5.
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Figure 4.12: Graph of capacity vs. BER for memory=1 and Cor=0.9.
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Graph of the capacity for memory=2 and correlation coefficient=0.1
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Figure 4.13: Graph of capacity vs. BER for memory=2 and Cor=0.1.
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Figure 4.14: Graph of capacity vs. BER for memory=2 and Cor=0.5.
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Graph of the capacity for memory=2 and correlation coefficient=0.9
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Figure 4.15: Graph of capacity vs. BER for memory=2 and Cor=0.9.
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Figure 4.16: Graph of capacity vs. BER for memory=10 and C'or=0.1.
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Graph of the capacity for memory=10 and correlation coefficient=0.5
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Figure 4.17: Graph of capacity vs. BER for memory=10 and C'or=0.5.
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Figure 4.18: Graph of capacity vs. BER for memory=10 and C'or=0.9.
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4.5 Burst Frequency vs. Burst Length

In Section 4.5.1 and 4.5.2 we provide expressions for the burst frequencies and average
burst durations for the uniform queue-based channel (which is identical to the finite-
memory contagion channel) and the Gilbert-Elliot channel. In section 4.5.3, plots of the

burst frequency vs. burst length for all three channels are provided.

4.5.1 Burst frequency and average burst duration for the uni-
form queue-based channel with memory

Using (4.9) and (4.10), rewriting (3.26) to (3.28), we get the following in terms of BER,
Cor and K.

e For1 <[/ < K —1, where K > 1,

"0(BER+ j1<%-)- (1 - BER+ {£%-)

Pr[B, =] = : =Cor, (4.30)
Hi’:l(]' + Zl€g’2r)
AL
where [T¢ ,(-)=1, if a < 0.
e Forl =K,
0 (BER + ji<& 1 — BER + 1<%
Pr[B, = K| = J‘OK(_I _ ‘Z;});C“’“) : ( Cm%”‘”") : (4.31)
i=1 (]‘ + ZI—C'or) 1+ KlfCor
e For [ > K +1,
Pi B ] P (BER+j79-) [BER+ (K — 1)
I'[ n ] K—-1 1 - Cor ) 1 K Cor
1=1 ( + Zlfcor) + 1-Cor
BER+ K22 1" /1_BER (432)
L+ Klgg;r 1+ Klfg’ror .
The average burst duration is
1 1 1
E(B,) = (4.33)

~ P(0) PrZ,=0] 1-BER

29



4.5.2 Burst frequency and average burst duration for the Gilbert-

Elliott channel

The burst frequencies for the Gilbert-Elliott channel are

7P (0)[P(1)]-'P(0)1

Pr(B, =1] = , 4.34
1B =1l =TP(0)1 (4:34)
where 7, P(0), P(1) and 1 are defined in (2.45) - (2.48).
The average burst duration is
1 1 1
E(B,) = (4.35)

"~ P(0) Pr[Z,=0] 1-BER

4.5.3 Burst frequency vs. burst length plots

The following are the figures of burst frequency vs. burst length for different memory
values, BERs and correlation coefficients for the uniform queue-based channel with

memory, the finite-memory contagion channel and the Gilbert-Elliott channel.
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Graph of burst frequency for memory=1, BER=0.001 and correlation coefficient=0.1
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Figure 4.19: Graph of burst frequency vs. burst length for memory=1, BER=0.001 and
Cor=0.1.
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Figure 4.20: Zoom graph of burst frequency vs. burst length for memory=1, BER=0.001
and C'or=0.1.
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Graph of burst frequency for memory=1, BER=0.001 and correlation coefficient=0.9
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Figure 4.21: Graph of burst frequency vs. burst length for memory=1, BER=0.001 and
Cor=0.9.
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Figure 4.22: Zoom graph of burst frequency vs. burst length for memory=1, BER=0.001
and Cor=0.9.
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Graph of burst frequency for memory=1, BER=0.05 and correlation coefficient=0.1
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Figure 4.23: Graph of burst frequency vs. burst length for memory=1, BER=0.05 and
Cor=0.1.
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Figure 4.24: Graph of burst frequency vs. burst length for memory=1, BER=0.05 and
Cor=0.9.
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Graph of burst frequency for memory=1, BER=0.1 and correlation coefficient=0.1
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Figure 4.25: Graph of burst frequency vs. burst length for memory=1, BER=0.1 and
Cor=0.1.
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Figure 4.26: Graph of burst frequency vs. burst length for memory=1, BER=0.1 and
Cor=0.9.
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Graph of burst frequency for memory=2, BER=0.001 and correlation coefficient=0.1
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Figure 4.27: Graph of burst frequency vs. burst length for memory=2, BER=0.001 and
Cor=0.1.
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Figure 4.28: Zoom graph of burst frequency vs. burst length for memory=2, BER=0.001
and C'or=0.1.
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Graph of burst frequency for memory=2, BER=0.001 and correlation coefficient=0.9
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Figure 4.29: Graph of burst frequency vs. burst length for memory=2, BER=0.001 and
Cor=0.9.
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Figure 4.30: Zoom graph of burst frequency vs. burst length for memory=2, BER=0.001
and Cor=0.9.
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Graph of burst frequency for memory=2, BER=0.05 and correlation coefficient=0.1
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Figure 4.31: Graph of burst frequency vs. burst length for memory=2, BER=0.05 and
Cor=0.1.
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Figure 4.32: Graph of burst frequency vs. burst length for memory=2, BER=0.05 and
Cor=0.9.
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Graph of burst frequency for memory=2, BER=0.1 and correlation coefficient=0.1
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Figure 4.33: Graph of burst frequency vs. burst length for memory=2, BER=0.1 and
Cor=0.1.
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Figure 4.34: Graph of burst frequency vs. burst length for memory=2, BER=0.1 and
Cor=0.9.
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Graph of burst frequency for memory=10, BER=0.001 and correlation coefficient=0.1
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Figure 4.35: Graph of burst frequency vs. burst length for memory=10, BER=0.001
and Cor=0.1.
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Figure 4.36: Zoom graph of burst frequency vs. burst length for memory=10,
BER=0.001 and Cor=0.1.
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Graph of burst frequency for memory=10, BER=0.001 and correlation coefficient=0.9
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Figure 4.37: Graph of burst frequency vs. burst length for memory=10, BER=0.001
and Cor=0.9.
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Figure 4.38: Zoom graph of burst frequency vs. burst length for memory=10,
BER=0.001 and Cor=0.9.
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Graph of burst frequency for memory=10, BER=0.05 and correlation coefficient=0.1
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Figure 4.39: Graph of burst frequency vs. burst length for memory=10, BER=0.05 and
Cor=0.1.
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Figure 4.40: Graph of burst frequency vs. burst length for memory=10, BER=0.05 and
Cor=0.9.
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Graph of burst frequency for memory=10, BER=0.1 and correlation coefficient=0.1
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Figure 4.41: Graph of burst frequency vs. burst length for memory=10, BER=0.1 and
Cor=0.1.
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Figure 4.42: Graph of burst frequency vs. burst length for memory=10, BER=0.1 and
Cor=0.9.
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4.6 Capacity of Non-Uniform Queue-Based Channel

with Memory

The following are the figures of capacity vs. ¢; for different memory values, p = 0.1 and

¢ = 0.5 for the non-uniform queue-based channel with memory.

Graph of the capacity for memory=2 and p=0.1 and epsilon=0.5 for the non-uniform case
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Figure 4.43: Graph of capacity for the non-uniform queue-based channel with mem-

ory=2.
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Graph of the capacity for memory=3 and p=0.1 and epsilon=0.5 for the non—uniform case
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Figure 4.44: Graph of capacity for the non-uniform queue-based channel with mem-

ory=3.
Graph of the capacity for memory=4 and p=0.1 and epsilon=0.5 for the non—uniform case
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Figure 4.45: Graph of capacity for the non-uniform queue-based channel with mem-

ory=4.
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Next, we compare the capacity for uniform and non-uniform queue-based channel

given the same correlation coefficient for different memory values.

q1 | correlation coefficient | capacity for non-uniform | capacity for uniform
0.01 0.01 0.640983 0.531144
0.1 0.0911111 0.627438 0.540342
0.3 0.231111 0.614337 0.577149
0.5 0.333333 0.613961 0.613961
0.6 0.375344 0.61662 0.630839
0.7 0.412222 0.62108 0.646386
0.8 0.444444 0.626793 0.660498
0.9 0.473333 0.633968 0.673552
0.99 0.497778 0.64196 0.684888

Table 4.1: Table of capacity for the non-uniform and uniform queue-based channel with

memory=2 and BER=0.1.
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0 correlation coefficient | capacity for non-uniform | capacity for uniform
0.01 0.0956556 0.602821 0.545132
0.1 0.141111 0.59858 0.55813
0.2 0.188889 0.596694 0.574272

0.333333 0.25 0.597483 0.597483

0.5 0.3211 0.602684 0.627007
0.6 0.3601 0.607736 0.644062
0.7 0.397878 0.614227 0.66106
0.8 0.433444 0.622028 0.677447
0.9 0.468678 0.631387 0.694021
0.95 0.484444 0.636936 0.701543
0.99 0.496767 0.641804 0.707466

Table 4.2: Table of capacity for the non-uniform and uniform queue-based channel with

memory=3 and BER=0.1.
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q1 | correlation coefficient | capacity for non-uniform | capacity for uniform
0.01 0.0876667 0.58906 0.546145
0.1 0.1302 0.586663 0.559906
0.2 0.178567 0.58601 0.57807
0.25 0.2 0.586703 0.586703
0.4 0.265656 0.591077 0.614629
0.5 0.308778 0.595794 0.633826
0.6 0.348989 0.602134 0.652154
0.7 0.388689 0.60957 0.670568
0.8 0.426767 0.619047 0.688483
0.9 0.463533 0.630005 0.705992
0.95 0.482322 0.636202 0.715016
0.99 0.496567 0.641435 0.721892

Table 4.3: Table of capacity for the non-uniform and uniform queue-based channel with

memory=4 and BER=0.1.
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4.7 Burst Frequency of Non-Uniform Queue-Based

Channel with Memory

The following are the figures of burst frequency (see (3.31) to (3.33)) vs. burst length
for different BE R and correlation coefficient values, ¢; = 0.9 for the non-uniform queue-

based channel with memory.

Graph of burst frequency for memory=2, BER=0.001 and correlation coefficient=0.0990991
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Figure 4.46: Graph of burst frequency vs. burst length for the non-uniform queue-based
channel with memory=2, BER=0.001 and C'or=0.0990991.
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Graph of burst frequency for memory=2, BER=0.001 and correlation coefficient=0.8999
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Figure 4.47: Graph of burst frequency vs. burst length for the non-uniform queue-based

channel with memory=2, BER=0.001 and C'or=0.8999.

Graph of burst frequency for memory=2, BER=0.1 and correlation coefficient=0.0911111
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Figure 4.48: Graph of burst frequency vs. burst length for the non-uniform queue-based
channel with memory=2, BER=0.1 and Cor=0.0911111.
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Burst Frequency

Graph of burst frequency for memory=2, BER=0.1 and correlation coefficient=0.89
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Figure 4.49: Graph of burst frequency vs
channel with memory=2, BER=0.1 and

. burst length for the non-uniform queue-based

Cor=0.89.
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4.8 Discussion

We have shown that the finite-memory contagion channel and the uniform queue-based
channel with memory are surprisingly identical; i.e., they have the same block transition
probability for the same memory, BER and correlation coefficient. Therefore the two

channels have identical capacities and burst frequencies under the above conditions.

Capacity increases as BER decreases and as the correlation coefficient increases. For
the uniform queue-based channel and the finite-memory contagion channel, capacity
also increases with memory. When Cor = 0.1, the capacities of the uniform queue-
based channel and the finite-memory contagion channel are always larger than that of
the Gilbert-Elliott channel for any memory values. But, as the correlation coefficient
increases, the capacity of the Gilbert-Elliott channel grows faster. When Cor = 0.9,
the uniform queue-based channel and the finite-memory contagion channel have lower
capacities than the Gilbert-Elliott channel at smaller memory values and have higher

capacities at larger memory values.

It is clear in Fig. 4.10 and from Fig. 4.19 to Fig. 4.26 that the three channels have
almost equal capacities and burst frequencies when memory=1. This means that in these
cases we can replace the Gilbert-Elliott channel with the (less complex) uniform queue-
based channel (or the finite-memory contagion channel) if our target is to achieve an

error burst behavior and capacity that are close to those of the Gilbert-Elliott channel.

When memory=2,10, the uniform queue-based channel with memory and the finite-
memory contagion channel have higher burst frequencies than the Gilbert-Elliott channel
for low correlation coefficients. The former two have lower burst frequency than the latter

for high correlation coefficients and burst length=5, - - -, 20.

We also notice that the burst frequencies of the uniform queue-based channel with

memory and the finite-memory contagion channel increase with memory for low corre-
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lations and decrease with memory for high correlations.

Since the noise processes of the three channels are all stationary, from (4.33) and
(4.35), we arrive at the conclusion that the average burst duration of the three channels
are equal given the same BER; i.e., E(B,) = 7%

From Table 4.1 to Table 4.3, we conclude that the capacity values for the non-uniform
case are larger than those for the uniform case when ¢; < % and smaller than those for

the uniform case when ¢; > % When ¢; — 1, the non-uniform case with memory K

converges to the uniform case with memory=1.

The non-uniform queue-based channel has lower burst frequencies than the uniform
queue-based channel for low correlation coefficients (see Fig. 4.46 and Fig. 4.48). But it
has higher burst frequencies for high correlation coefficients and burst length= 3, ... ,20
(see Fig. 4.47 and Fig. 4.49). But the burst frequencies of the non-uniform queue-
based channel decreases faster than those of the uniform queue-based channel; thus the
former eventually has lower burst frequency when memory is big enough. We notice that
the non-uniform queue-based channel has similar burst frequency as the Gilbert-Elliott
channel. This is because the non-uniform queue-based channel converges to the uniform

case with memory=1 when ¢, — 1 (we chose ¢; = 0.9).
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Chapter 5

Summary

In this project we considered a binary channel with additive bursty noise based on a
finite queue. We considered the channel in two cases: a uniform queue-based channel
with memory where we experiment on the cells of the queue with equal probability, and a
non-uniform queue-based channel with memory where we experiment on the cells of the
queue with different probabilities. The channel noise process is stationary and ergodic.
The state of the channel is a one-step Markov process with 2% states. We derived the
stationary noise distribution, the capacity, and the gap and the burst distributions of the
channel in terms of K for the uniform case. For the non-uniform case, we numerically
calculated the stationary distributions for memory=2,3,4 using a matlab program. Then
we obtained the BER, the correlation coefficient, capacity, and burst frequency in terms

of the stationary distribution and got the numerical results using C++ programs.

Finally, we compared the capacity, burst frequency and average burst duration of
the uniform and the non-uniform queue-based channel with those of the finite-memory
contagion channel and the Gilbert-Elliott channel. From the discussion in the previous

chapter, we concluded the following.

e The uniform queue-based channel and the finite-memory contagion channel have
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identical block transition probabilities for the same memory, BE R and correlation
coefficient. Therefore the two channels have identical capacity and burst frequency
under the above conditions. It seems we can model the same noise process through
two different channel models: one based on a queue and the other based on a

contagion urn scheme.

The uniform queue-based channel, the finite-memory contagion channel, and the
Gilbert-Elliott channel have almost identical capacities and burst frequency when
memory=1. This means that we possibly can replace the Gilbert-Elliott channel
with the less-complex uniform queue-based channel with memory=1 (or the finite-
memory contagion channel) if our objective is to achieve an error burst behavior

and capacity that are close to those of the Gilbert-Elliott channel.

Since the noise processes of the three channels are all stationary, we arrive at the
conclusion that the average burst duration of the three channels are equal given

equal BER; i.e., E(B,) = ﬁ.

The capacity values for the non-uniform case are larger than those for the uniform

case when ¢; < % and smaller than those for the uniform case when ¢; > % When

¢1 — 1, the non-uniform case converges to the uniform case with memory=1.

The non-uniform queue-based channel has lower burst frequencies than the uniform
queue-based channel for low correlation coefficients. At high correlation coefficit-
nts, the former has higher burst frequencies than the latter and has lower burst

frequency when memory is big enough.
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