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Abstract

We consider bounding the probability of a finite union of events, P
(∪N

i=1Ai

)
where

N is a finite integer, using partial information on the event probabilities, such as the

individual event probabilities, {P (Ai)}, and the pairwise event probabilities, {P (Ai∩

Aj)}.

First, for bounds of P
(∪N

i=1Ai

)
that are established in terms of {P (Ai)} and

{
∑

j P (Ai ∩ Aj)}, the optimal lower/upper bound are proposed by solving a linear

programming (LP) problem, which has only N2 − N + 1 variables. Furthermore, a

new suboptimal analytical lower bound is derived by solving a relaxed LP problem,

which is proven to be at least as good as the existing Kuai-Alajaji-Takahara (KAT)

bound.

Second, for bounds of P
(∪N

i=1 Ai

)
that are established in terms of {P (Ai)}

and {
∑

j cjP (Ai ∩ Aj)} for a given weight or parameter vector c = (c1, . . . , cN)
T ,

a new class of lower bounds are established which has at most pseudo-polynomial

computational complexity and can be sharper than the existing Gallot-Kounias (GK)

bound under certain conditions.

Finally, for bounds of P
(∪N

i=1Ai

)
that fully exploit {P (Ai)} and {P (Ai ∩ Aj)},

a new numerical lower/upper bound is proposed by solving an LP problem with

(N−1)3+N+3
2

variables. This numerical lower/upper bound is proven to be an optimal
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lower/upper bound when N ≤ 7, and always sharper than the optimal lower/upper

bound using {P (Ai)} and {
∑

j P (Ai ∩ Aj)}.
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Chapter 1

Introduction

Consider a finite family of events {A1, . . . , AN} in a general probability space (Ω,F , P ),

where N is a fixed positive integer. Note that there are only finitely many Boolean

atoms1 specified by the Ai’s [8]. We are interested in bounding the probability of

the finite union of events, i.e., P
(∪N

i=1 Ai

)
, in terms of partial probabilistic event

information such as knowing the individual event probabilities, {P (A1), . . . , P (AN)},

and the pairwise event probabilities {P (Ai ∩ Aj), i ̸= j}, or (linear) functions of the

probabilities of individual and pairwise events.

For example, the well-known union upper bound and the Bonferroni inequality

[12] are respectively given as follows:

P

(
N∪
i=1

Ai

)
≤

N∑
i=1

P (Ai), (1.1)

P

(
N∪
i=1

Ai

)
≥

N∑
i=1

P (Ai)−
∑
i<j

P (Ai ∩ Aj). (1.2)

1The problem can be directly reduced to the finite probability space case. Thus, through the
numerical examples, as well as Chapters 4 and 5 of this work, we will consider finite probability
spaces where ω ∈ Ω denotes an elementary outcome instead of an atom.
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We note that the union upper bound (1.1) is established in terms of only
∑N

i=1 P (Ai)

so that each of the individual event probability P (Ai) is actually not needed. However,

the Bonferroni lower bound (1.2) is established using two terms,
∑N

i=1 P (Ai) and∑
i<j P (Ai∩Aj). Therefore, the union upper bound (1.1) and the Bonferroni inequality

(1.2) are established based on different partial information on the event probabilities.

In order to distinguish the use of different partial information, we assume that a

vector θ = (θ1, . . . , θm) ∈ Rm represents partial probabilistic information about the

union
∪N

i=1Ai. Specifically, we assume that for a given integer m ≥ 1, Θ denotes

the range of a function of P (Ai)’s and P (Ai ∩ Aj)’s, ηm : [0, 1]N+(N2 ) → Rm. Then θ

equals to the value of the function ηm for given A1, . . . , AN . For example,

θ = (P (A1), P (A2), . . . , P (AN)) , (1.3)

or

θ =

(
N∑
i=1

P (Ai),
∑
i<j

P (Ai ∩ Aj)

)
. (1.4)

Then, we can define a lower bound (and similarly an upper bound) on P
(∪N

i=1Ai

)
that is established using the partial information represented by θ as follows.

Definition. A lower bound of P
(∪N

i=1 Ai

)
is a function of θ, ℓ(θ), such that

P

(
N∪
i=1

Ai

)
≥ ℓ(θ), (1.5)

for any set of events {Ai} that the value of ηm for given {Ai} equals to θ.

Note that, for given θ, such as θ = (P (A1), . . . , P (AN)), there are multiple
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functions of θ that are lower bounds, for example,

P

(
N∪
i=1

Ai

)
≥ θ1 = P (A1),

P

(
N∪
i=1

Ai

)
≥
∑

i θi
N

=

∑
i P (Ai)

N
,

P

(
N∪
i=1

Ai

)
≥ max

i
θi = max

i
P (Ai).

(1.6)

Therefore, we need to define an optimal lower bound in a general class of lower bounds

that are functions of θ.

Let LΘ denote the set of all lower bounds on P
(∪N

i=1Ai

)
that are functions of

only θ.

Definition. We say that a lower bound ℓ⋆ ∈ LΘ is optimal in LΘ if ℓ⋆(θ) ≥ ℓ(θ) for

all θ ∈ Θ and ℓ ∈ LΘ.

Definition. We say that a lower bound ℓ ∈ LΘ is achievable if for every θ ∈ Θ,

inf
A1,...,AN

P

(
N∪
i=1

Ai

)
= ℓ(θ), (1.7)

where the infimum ranges over all collections {A1, . . . , AN}, Ai ∈ F , such that

{A1, . . . , AN} is represented by θ.

For bounds in LΘ, the following lemma shows that achievability is equivalent to

optimality.

Lemma 1. A lower bound ℓ⋆ ∈ LΘ is optimal in LΘ if and only if it is achievable.

Proof. Suppose that ℓ⋆ is achievable. Let θ ∈ Θ and ϵ > 0 be given, and let ℓ be any

lower bound in LΘ. By achievability there exist sets A1, . . . , AN in F represented by
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θ such that

ℓ⋆(θ) > P

(
N∪
i=1

Ai

)
− ϵ ≥ ℓ(θ)− ϵ.

Since this holds for any ϵ we have ℓ⋆(θ) ≥ ℓ(θ). We prove the converse by the

contrapositive. Suppose that ℓ⋆ is not achievable. Then there exists θ′ ∈ Θ such that

inf
A1,...,AN

P

(
N∪
i=1

Ai

)
> ℓ⋆(θ′),

where the infimum ranges over all collections {A1, . . . , AN}, Ai ∈ F , such that

{A1, . . . , AN} is represented by θ′. Define ℓ by

ℓ(θ) =

 c if θ = θ′

0 if θ ̸= θ′,

where c satisfies

inf
A1,...,AN

P

(
N∪
i=1

Ai

)
> c > ℓ⋆(θ′).

Then ℓ ∈ LΘ and is larger than ℓ⋆ at θ′. Hence, ℓ⋆ is not optimal.

Using Lemma 1, we can therefore prove that a lower bound ℓ(θ) is optimal if for

any value of θ ∈ Θ, one can construct a collection of events {A∗
i } that is represented

by θ and P
(∪N

i=1A
∗
i

)
= ℓ(θ). The optimal upper bound can also be defined similarly

(using a supremum in (1.7)) and proved by achievability. For example, one can easily

verify the following by a construction proof of achievability.

• P
(∪N

i=1 Ai

)
≥

∑
i P (Ai)

N
is the optimal lower bound in the class for θ = (

∑
i P (Ai)).

• P
(∪N

i=1 Ai

)
≥ maxi P (Ai) is the optimal lower bound in the class for θ =

(P (A1), . . . , P (AN)).
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• P
(∪N

i=1 Ai

)
≤ min{

∑
i P (Ai), 1} is the optimal upper bound in the classes for

both θ = (
∑

i P (Ai)) and θ = (P (A1), . . . , P (AN)).

Furthermore, we can prove that a lower bound is not optimal by showing it is

not achievable. For example, in order to show that the Bonferroni inequality (1.2)

is not an optimal lower bound in the class of lower bounds that are functions of

θ =
(∑

i P (Ai),
∑

i<j P (Ai ∩ Aj)
)
, we only need to show it is not achievable. Note

that for N > 3, the lower bound (1.2) can have negative values. However, according

to the definition of achievability, the LHS of (1.7) can never be negative, which means

the lower bound (1.2) cannot be achievable. Therefore, the Bonferroni inequality (1.2)

is not optimal.

In the rest of this work, we first give a review of existing work in Chapter 2. Then

new bounds in terms of {P (Ai)} and {
∑

j P (Ai ∩Aj)} are derived in Chapter 3, and

new bounds in terms of {P (Ai)} and {
∑

j cjP (Ai ∩ Aj)} for a given weight vector

c = (c1, . . . , cN)
T are established in Chapter 4. Finally, we investigate new bounds in

terms of {P (Ai)} and {P (Ai ∩ Aj)} in Chapter 5.

Thoughout the work, we mainly focus on lower bounds using different partial

probabilistic information. Upper bounds are presented as remarks.
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Chapter 2

Review of Existing Bounds

We start from the class of lower bounds in terms of
∑

i P (Ai) and
∑

i<j P (Ai ∩ Aj),

for which the Dawson-Sankoff (DS) lower bound [7] is known as optimal. Then we

introduce some lower bounds in terms of {P (Ai)} and {
∑

j P (Ai ∩ Aj)}, including

the D. de Caen (DC) bound [8] and the Kuai-Alajaji-Takahara (KAT) bound [19].

Next, a review of some lower bounds in terms of {P (Ai)} and {P (Ai ∩Aj)} is given,

including the algorithmic stepwise lower bound [20] and the Gallot-Kounias (GK)

bound [13, 17, 11]. Finally, some existing upper bounds are reviewed, including the

Hunter upper bound and the algorithmic greedy upper bound [20].

We first define the degree of an atom (or outcome in finite probability space)

ω ∈ F as follows.

Definition. For each atom ω ∈ F , let the degree of ω, denoted by deg(ω), be the

number of Ai’s that contain ω.

Therefore, the degree of any atom in
∪

iAi equals to an integer in {1, . . . , N}.
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2.1 Lower Bounds Using
∑

i P (Ai) and
∑

i<j P (Ai ∩ Aj)

Considering θ =
(∑

i P (Ai),
∑

i<j P (Ai ∩ Aj)
)
, we note that the Bonferroni inequality

(1.2) is a lower bound in this class. However, we have shown that (1.2) is not optimal,

which means there exists another function of only
∑

i P (Ai) and
∑

i<j P (Ai∩Aj) that

is a lower bound of P
(∪N

i=1Ai

)
and always sharper than the Bonferroni inequality.

Defining

a(k) := P

({
ω ⊆

∪
i

Ai, deg(ω) = k

})
, (2.1)

one can easily verify the following identities:

P

(
N∪
i=1

Ai

)
=

N∑
k=1

a(k), (2.2)

N∑
i=1

P (Ai) =
N∑
k=1

ka(k), (2.3)

∑
i<j

P (Ai ∩ Aj) =
N∑
k=2

(
k

2

)
a(k), (2.4)

∑
i,j

P (Ai ∩ Aj) = 2
∑
i<j

P (Ai ∩ Aj) +
N∑
i=1

P (Ai)

= 2
N∑
k=2

k(k − 1)

2
a(k) +

N∑
k=1

ka(k)

=
N∑
k=1

k2a(k).

(2.5)

Note that using the above equalities, one can derive a lower bound simply via the
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Cauchy-Schwarz inequality:

(∑
k

a(k)

)(∑
k

k2a(k)

)
≥

(∑
k

ka(k)

)2

, (2.6)

where equality holds if and only if a(k) > 0 only for a particular k, i.e., all outcomes

in the union has the same degree k. The resulting lower bound can be written as

P

(
N∪
i=1

Ai

)
≥ (

∑
i P (Ai))

2∑
i,j P (Ai ∩ Aj)

. (2.7)

Since
∑

i,j P (Ai ∩ Aj) ≤
∑

i,j P (Ai) = N
∑

i P (Ai),

(
∑

i P (Ai))
2∑

i,j P (Ai ∩ Aj)
≥
∑

i P (Ai)

N
; (2.8)

hence the lower bound (2.7) is always sharper than
∑

i P (Ai)

N
, which has been shown

to be optimal in the class of θ = (
∑

i P (Ai)). This is reasonable since the lower

bound (2.7) is established using more information than
∑

i P (Ai)

N
. However, it can be

readily shown that the lower bound (2.7) is not always sharper than the Bonferroni

inequality (1.2). Therefore, it cannot be the optimal lower bound in the class of

θ =
(∑

i P (Ai),
∑

i<j P (Ai ∩ Aj)
)
.

2.1.1 Dawson-Sankoff (DS) Bound

The DS bound is known as the optimal lower bound in terms of only
∑

i P (Ai) and∑
i<j P (Ai∩Aj). Denoting θ1 :=

∑
i P (Ai) and θ2 :=

∑
i<j P (Ai∩Aj), the DS bound
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[7] can be written as

P

(
N∪
i=1

Ai

)
≥ κθ21

(2− κ)θ1 + 2θ2
+

(1− κ)θ21
(1− κ)θ1 + 2θ2

, (2.9)

where κ = 2θ2
θ1

− ⌊2θ2
θ1
⌋ and ⌊x⌋ denotes the largest integer less than or equal to x.

We first show that the DS bound is the solution of a linear programming (LP)

problem in the following lemma.

Lemma 2. The DS bound is the solution of the following LP problem.

ℓDS :=min
a(k)

∑
k

a(k),

s.t.
∑
k

ka(k) =
∑
i

P (Ai),

∑
k

k2a(k) =
∑
i,j

P (Ai ∩ Aj),

a(k) ≥ 0, k = 1, . . . , N.

(2.10)

Proof. For an LP problem, when a feasible solution exists and when the objective

function (which is linear) is bounded, the optimal value of the objective function is

always attained on the boundary of the optimal level-set and it is attained on at least

one of the vertices of the polyhedron formed by the constraints (which is the set of

feasible solutions) [3]. Then, the lemma can be readily verified using this fact that

one of the optimal feasible points of the LP problem (2.10) is a vertex. To obtain

a vertex, one need to make N − 2 of the inequalities a(k) ≥ 0 active, which means
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there are only two integers k1 and k2 that 1 ≤ k1 < k2 ≤ N , satisfying

min
k1,k2

a(k1) + a(k2),

s.t. k1a(k1) + k2a(k2) =
∑
i

P (Ai),

k2
1a(k1) + k2

2a(k2) =
∑
i,j

P (Ai ∩ Aj),

a(k1) ≥ 0, a(k2) ≥ 0.

(2.11)

It can be easily shown that the solution of the above problem is achieved at k1 =

⌊
∑

i,j P (Ai∩Aj)∑
i P (Ai)

⌋ and k2 = k1 + 1. Thus, the solution of (2.10) is the DS bound.

The existing proof of the optimality of the DS bound can be seen, e.g., in [12, p.

22]. We herein give an alternative and simpler proof by proving it is achievable.

Lemma 3. The DS bound is optimal in the class of lower bounds in terms of θ =(∑
i P (Ai),

∑
i<j P (Ai ∩ Aj)

)
.

Proof. We have shown that the DS bound is the solution of (2.10) and can be written

as ℓDS = a(k1) + a(k2), for some a(k1) ≥ 0, a(k2) ≥ 0, and a(k) = 0, k ̸= k1, k ̸= k2.

Recalling the definition of a(k), one can construct two outcomes ω1 and ω2 in a finite

probability space such that

P (ω1) = a(k1), P (ω2) = a(k2). (2.12)
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Then consider the following construction of collection of events {A∗
i },

A∗
i = {ω1, ω2}, if i ≤ k1,

A∗
i = {ω2}, if k1 < i ≤ k2,

A∗
i = ∅, otherwise.

(2.13)

Then we always have ℓDS = P (
∪

i A
∗
i ). Therefore, the DS bound is achievable, and

hence optimal.

Note that since the DS bound is optimal, it is always sharper than the lower bound

in (2.7). Actually, this can be easily proved since the lower bound in (2.7) is a lower

bound of the objective function of (2.10) by Cauchy-Schwarz inequality using the two

constraints of (2.10).

2.2 Lower Bounds Using {P (Ai)} and {
∑

j ̸=i P (Ai ∩ Aj)}

In this section, we review the lower bounds in terms of {P (Ai)} and {
∑

j ̸=i P (Ai ∩

Aj)}, including the DC [8] and the KAT [19] bounds.

Similar to the definition of a(k), define

ai(k) := P ({ω ⊆ Ai : deg(ω) = k}) , i = 1, . . . , N, k = 1, . . . , N. (2.14)

Then one can verify that
∑

i ai(k) = ka(k), i.e.,

a(k) =

∑
i ai(k)

k
. (2.15)
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For simplicity, we denote

αi := P (Ai), βi :=
∑
j ̸=i

P (Ai ∩ Aj), γi := αi + βi =
∑
j

P (Ai ∩ Aj). (2.16)

We examine lower bounds that are functions of θ = (α1, . . . , αN , γ1, . . . , γN).

One can verify that P
(∪N

i=1Ai

)
, αi and γi can all be written as linear functions

of {ai(k)} as follows.

P

(
N∪
i=1

Ai

)
=
∑
k

a(k) =
∑
i

∑
k

ai(k)

k
. (2.17)

αi = P (Ai) =
∑
k

ai(k), γi =
∑
j

P (Ai ∩ Aj) =
∑
k

kai(k). (2.18)

2.2.1 D. de Caen (DC) bound

Similar to the lower bound in (2.7), using the Cauchy-Schwarz inequality

(∑
k

ai(k)

k

)(∑
k

kai(k)

)
≥

(∑
k

ai(k)

)2

(2.19)

for i = 1, . . . , N , and summing over i, one can get the DC bound as follows.

P

(∪
i

Ai

)
=
∑
i

∑
k

ai(k)

k
≥
∑
i

(
α2
i

γi

)
=
∑
i

P (Ai)
2∑

j P (Ai ∩ Aj)
=: ℓDC. (2.20)

It is noted by D. de Caen [8] that the above lower bound can be (but is not always)

sharper than the DS bound.
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2.2.2 The Kuai-Alajaji-Takahara (KAT) bound

Now, we introduce the KAT bound

ℓKAT :=
N∑
i=1

{[
1

⌊ γi
αi
⌋
−

γi
αi

− ⌊ γi
αi
⌋

(1 + ⌊ γi
αi
⌋)(⌊ γi

αi
⌋)

]
αi

}
, (2.21)

as the solution of an LP problem, which is given in the following Lemma.

Lemma 4. The KAT bound is the solution of the following LP problem

min
{ai(k),i=1,...,N,k=1,...,N}

N∑
i=1

N∑
k=1

ai(k)

k

s.t.
N∑
k=1

ai(k) = αi,
N∑
k=1

kai(k) = γi, i = 1, . . . , N,

ai(k) ≥ 0, i = 1, . . . , N, k = 1, . . . , N,

(2.22)

Proof. One can separate each i in the problem (2.22) and solve N sub-optimization

problems separately for each i:

min
{ai(k),k=1,...,N}

N∑
k=1

ai(k)

k

s.t.
N∑
k=1

ai(k) = αi,
N∑
k=1

kai(k) = γi,

ai(k) ≥ 0, k = 1, . . . , N.

(2.23)

Each of the sub-problems can be solved using the same method as solving the LP

problem (2.10) for the DS bound. One can see [19] for details. An alternative proof

is given in [18] by solving the dual LP problem of (2.23).

It has been shown that the KAT bound is always sharper than both the DC
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bound and the DS bound [19]. Furthermore, Dembo has shown [9] that the KAT

bound improves the DC bound by a factor of at most 9
8
. In the following lemma, we

give alterative and simpler proofs of the above results.

Lemma 5. Comparing with the DC and DS bounds, the KAT bound satisfies

max{ℓDC, ℓDS} ≤ ℓKAT ≤ 9

8
ℓDC. (2.24)

Proof. First, substituting (2.15) in (2.10), one can get that the DS bound is the

solution of the following LP problem of {ai(k)}

ℓDS = min
{ai(k),i=1,...,N,k=1,...,N}

N∑
i=1

N∑
k=1

ai(k)

k

s.t.
N∑
i=1

N∑
k=1

ai(k) =
∑
i

αi,

N∑
i=1

N∑
k=1

kai(k) =
∑
i

γi,

∑
i

ai(k) ≥ 0, k = 1, . . . , N.

(2.25)

Since every feasible point of (2.22) is also a feasible point of (2.25). The LP problem

(2.25) is a relaxed problem of (2.22). Therefore, ℓKAT ≥ ℓDS.

Next, it is easy to show that ℓKAT ≥ ℓDC since based on the constraints of (2.22),

one can get the DC bound as a lower bound of the objective function of (2.22) using

the Cauchy-Schwarz inequality. Therefore, ℓKAT is lower bounded by ℓDC.

Finally, we prove that ℓKAT ≤ 9
8
ℓDC. Note that the DC bound (2.20) is given by

ℓDC =
∑

i
α2
i

γi
and that the solution of (2.23) can be written as ai(k1)

k1
+ ai(k2)

k2
where

k2 = k1+1. It then suffices to prove for any i = 1, . . . , N and integer k = 1, . . . , N−1

ai(k)

k
+

ai(k + 1)

k + 1
≤ 9

8

α2
i

γi
, (2.26)
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where ai(k) + ai(k + 1) = αi and kai(k) + (k + 1)ai(k + 1) = γi.

Denoting x := ai(k) and y := ai(k + 1), one can get

(
ai(k)

k
+

ai(k + 1)

k + 1

)
/
α2
i

γi
=

(
x
k
+ y

k+1

)
[kx+ (k + 1)y]

α2
i

=
x2 + k

k+1
xy + k+1

k
xy + y2

(x+ y)2

= 1 +
1

k(k + 1)

xy

(x+ y)2
≤ 1 +

1

4

1

k(k + 1)
≤ 1 +

1

8
=

9

8
.

(2.27)

The first equality holds when x = y = αi

2
and the second equality holds when k = 1.

Therefore, the inequality ℓKAT ≤ 9
8
ℓDC can be active.

Remark 1. Finally, we can derive an upper bound for P
(∪N

i=1Ai

)
using {P (Ai)}

and {
∑

j P (Ai ∩ Aj)} by maximizing the LP problem for the KAT bound.

The following LP problem

max
{ai(k),i=1,...,N,k=1,...,N}

N∑
i=1

N∑
k=1

ai(k)

k

s.t.
N∑
k=1

ai(k) = αi,

N∑
k=1

kai(k) = γi, i = 1, . . . , N,

ai(k) ≥ 0, i = 1, . . . , N, k = 1, . . . , N,

(2.28)

gives the upper bound

P

(∪
i

Ai

)
≤
∑
i

αi −
1

N

∑
i

βi

=
∑
i

P (Ai)−
1

N

∑
j ̸=i

P (Ai ∩ Aj) =: ~NEW-1.

(2.29)
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2.3 Lower Bounds Using {P (Ai)} and {P (Ai ∩ Aj)}

Lower and upper bounds on P
(∪N

i=1Ai

)
in terms of the individual event probabilities

P (Ai)’s and the pairwise event probabilities P (Ai∩Aj)’s can be seen as special cases

of the Boolean probability bounding problem [4, 25], which can be solved numerically

via a linear programming (LP) problem involving 2N variables. Unfortunately, the

number of variables for Boolean probability bounding problems increases exponentially

with the number of events, N , which makes finding the solution impractical. Therefore,

some suboptimal numerical bounds are proposed [4, 25, 23, 12] in order to reduce the

complexity of the LP problem, for example, by using the dual basic feasible solutions.

On the other hand, analytical/algorithmic bounds are particularly important. One

can apply an existing bound using {P (Ai), i ∈ I} and {
∑

j∈I P (Ai ∩ Aj)} as a base

bound, and then optimize the bound by choosing the optimal subset I of {1, . . . , N}

algorithmically. Note that the bound by optimization via a subset exploits the full

information of {P (Ai)} and {P (Ai ∩Aj)}. Examples of bounds in this class includes

the stepwise algorithmic implementation of the Kounias lower bound [20], the greedy

algorithmic implementation of the Hunter upper bound [20]. Other analytical bounds,

like the KAT bound, are also investigated in other works (e.g., see [5, 14, 15, 20, 1,

2, 22]).

The other class of bounds is established by {P (Ai)} and {
∑

j cjP (Ai ∩ Aj)},

where {cj} can be arbitrarily chosen from a continuous set for c = (c1, . . . , cN)
T or

computed using {P (Ai)} and {P (Ai ∩ Aj)}. Then the resulting bound also exploits

the full information of {P (Ai)} and {P (Ai ∩Aj)}. Typical example of the bounds in

this class is the Gallot-Kounias (GK) bound [13, 17] (see also [11, 22]).
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2.3.1 Kounias Lower Bound and Algorithmic Implementation

The Kounias lower bound, which is a Bonferroni-type bound, can be written as

P

(
N∪
i=1

Ai

)
≥ max

I

{∑
i∈I

P (Ai)−
∑

i,j∈I,i<j

P (Ai ∩ Aj)

}
, (2.30)

where I is a subset of the set of indices {1, . . . , N}. However, the computational

complexity of the Kounias lower bound is exponential since there are exponential

number of subsets of {1, . . . , N}.

In order to reduce the computational complexity, an algorithmic algorithm is

proposed in [20] using a stepwise algorithm to find a sub-optimal index set that

maximizes the RHS of (2.30). We will refer to this algorithmic implementation of

Kounias lower bound as the stepwise lower bound.

2.3.2 Gallot-Kounias (GK) Bound

Let α = (P (A1), P (A2), · · · , P (AN))
T ∈ RN×1 and

Σ =



P (A1 ∩ A1) P (A1 ∩ A2) . . . P (A1 ∩ AN)

P (A2 ∩ A1) P (A2 ∩ A2) . . . P (A2 ∩ AN)

...
... . . .

...

P (AN ∩ A1) P (AN ∩ A2) . . . P (AN ∩ AN)


∈ RN×N , (2.31)

the GK bound [13, 17] is given as

P

(
N∪
i−1

Ai

)
≥ cTΣc, (2.32)
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where Σc = α. Kounias has shown in [17, Lemma 1.1] that the vector α is in the

range of Σ, i.e., α is orthogonal to the null space of Σ. As a result, if Σ is singular,

one can choose subsets of {A1, . . . , AN} to compute the corresponding GK bound,

which results in the same bound if the rank of the corresponding Σ is the same.

Therefore, without loss of generality (WLOG), we assume hereinΣ is non-singular,

then the solution of Σc = α is unique

c̃ = Σ−1α. (2.33)

and the GK bound can be written as

P

(
N∪
i−1

Ai

)
≥ c̃TΣc̃ = αT

(
ΣT
)−1

α = αTΣ−1α =: ℓGK, (2.34)

where
(
ΣT
)−1

= Σ−1 as Σ is symmetric. Furthermore, the GK bound was recently

revisited by [11]. The authors in [11] have shown that the GK bound can be reformulated

as

ℓGK = max
c∈RN

[
∑

i ciP (Ai)]
2∑

i

∑
k cickP (Ai ∩ Ak)

. (2.35)

2.4 Upper Bounds

There are only a few analytical/algorithmic upper bounds in the literature. In the

following, we introduce the Hunter bound and its algorithmic implementation by a

greedy algorithm.
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2.4.1 Hunter Upper Bound and Algorithmic Implementation

The Hunter upper bound, which is a Bonferroni-type bound, can be written as

P

(
N∪
i=1

Ai

)
≤

N∑
i=1

P (Ai)−max
T0∈T

∑
(i,j)∈T0

P (Ai ∩ Aj), (2.36)

where T is the set of all trees spanning the N indices, i.e., the trees that include all

indices as nodes.

However, the computational complexity of finding the optimal spanning tree

is exponential via an exhaustive search. In order to reduce the complexity, one

algorithmic algorithm is proposed in [20] using Kruskal’s greedy algorithm for finding

a sub-optimal spanning tree for a weighted graph. We will refer to this algorithmic

implementation of the Hunter upper bound as the greedy upper bound, ~Greedy.
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Chapter 3

New Bounds using {P (Ai)} and {
∑

j P (Ai ∩ Aj)}

In this chapter, we consider lower bounds on P
(∪N

i=1Ai

)
, in terms of the individual

event probabilities {P (Ai), i = 1, . . . , N} and the sums of the pairwise event probabilities,

i.e., {
∑

j:j ̸=i P (Ai ∩ Aj), i = 1, . . . , N}. We use the notations αi = P (Ai), βi =∑
j ̸=i P (Ai ∩ Aj) and γi = αi + βi =

∑
j P (Ai ∩ Aj) as first defined in Chapter

2. Then the lower bounds considered in this chapter are established in terms of

θ = (α1, . . . , αN , γ1, . . . , γN). Let L denote the set of all lower bounds that are

established in terms of only θ, then clearly, ℓDC ∈ L and ℓKAT ∈ L .

Our contributions in this chapter are the following. First, the optimal lower

bound in L is proposed numerically by solving an LP problem, which has only

N2 − N + 1 variables. This is proven by showing that the proposed optimal lower

bound is achievable. The computational complexity of the optimal lower bound is

low since the number of variables are not exponentially increasing in N . Next, a

suboptimal analytical lower bound is established by solving a relaxed LP problem.

The new analytical bound is proven to be at least as good as the KAT bound [19].

Finally, we analyze the performance of the new bounds by comparing them with the

KAT bound and other existing bounds. In particular, numerical results show that the
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GK bound [13, 17], which was recently revisited in [11, 22], is not necessarily sharper

than the proposed lower bounds as well as the KAT bound (see also [10] for another

example), even though it exploits full information of all P (Ai ∩ Aj)’s and P (Ai)’s.

3.1 Optimal Numerical Lower/Upper Bounds

3.1.1 Non-optimality of the KAT bound

Since we have shown that ℓKAT ≥ ℓDC, we first show that the KAT bound is not

optimal in L . Recall the definition of ai(k) in (2.14), one should note that for a given

family of events, {Ai, i = 1, . . . , N}, the ai(k)’s can be obtained from their definition

in (2.14). However, this does not mean that for each feasible point {ai(k)} of the LP

problem (2.22), there exists a corresponding family of events {Ai, i = 1, . . . , N} . In

particular, for the solution of (2.22), it is possible that a family of events {Ai, i =

1, . . . , N} can never be constructed.

Example 1. Considering a finite probability space (where atoms ω are reduced to

elementary outcomes), shown as System V in Table 3.1, we have

N = 3, α1 = 0.1, α2 = α3 = 0.2, γ1 = 0.21, γ2 = γ3 = 0.265.

The KAT solution {ai(k)} for ℓKAT = 0.3833 is obtained only at the following optimal

feasible point of (2.22):

a1(1) = 0, a1(2) = 0.09, a1(3) = 0.01, a2(1) = a3(1) = 0.135,

a2(2) = a3(2) = 0.065, a2(3) = a3(3) = 0.

However, a1(3) := P ({ω ∈ A1 : deg(ω) = 3}) = 0.01 implies P (A1 ∩A2 ∩A3) ≥ 0.01,
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since deg(ω) = 3 means that the corresponding outcome ω must be contained in all

Ai, i = 1, . . . , 3. However, a2(3) := P ({ω ∈ A2 : deg(ω) = 3}) = 0 implies such

ω is not in A2, which is a contradiction. Therefore, there is no family of events

{A1, A2, A3} that can be constructed for this system such that P (A1 ∪ A2 ∪ A3) =

0.3833. In other words, for any sets {A1, A2, A3} with given value of {αi}’s and

{γi}’s, we must have P (A1 ∪ A2 ∪ A3) > 0.3833.

Remark 2. It can be shown that the LP problem (2.22) has a unique optimal feasible

point (see Appendix A.1). Therefore, the KAT bound is achievable if and only if the

optimal feasible point of the LP problem (2.22) has a corresponding family of events

{Ai, i = 1, · · · , N} that satisfies the information represented by

θ = (α1, · · · , αN , γ1, · · · , γN).

From Example 1, we see that ℓKAT is not optimal in L .

3.1.2 Optimal Numerical Bound ℓNEW-1

In order to get a better lower bound than the KAT bound, we herein introduce more

constraints on the ai(k)’s in (2.22) so that the feasible set of ai(k)’s becomes smaller,

thus resulting in a sharper lower bound. By Lemma 1, if a family of events {Ai} can

always be constructed for any feasible point of the resulting LP problem, then the

solution must be the optimal lower bound. We establish the numerically computable

optimal lower bound in the following theorem.

Theorem 1 (Optimal Numerical Lower Bound). The optimal lower bound,
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denoted by ℓNEW-1, is given by solving the following LP problem:

min
{ai(k),i=1,...,N,k=1,...,N}

N∑
i=1

N∑
k=1

ai(k)

k

s.t.
N∑
k=1

ai(k) = αi,
N∑
k=1

kai(k) = γi, i = 1, . . . , N,

N∑
i=1

ai(k) ≥ kaj(k), j = 1, . . . , N, k = 1, . . . , N,

ai(k) ≥ 0, i = 1, . . . , N, k = 1, . . . , N.

(3.1)

Proof. Denote the optimal lower bound in L by ℓNEW-1 then ℓNEW-1 ∈ L satisfies

ℓNEW-1 ≥ ℓ for all ℓ ∈ L . Let the solution of (3.1) be ℓ′NEW-1, we will show that

ℓ′NEW-1 = ℓNEW-1. First, it is easy to prove that for any {ai(k)} obtained by (2.14)

from a family of events {Ai}, the additional constraints
∑N

i=1 ai(k) ≥ kaj(k) must

hold for each j = 1, . . . , N and k = 1, . . . , N . Therefore, ℓ′NEW-1 is a lower bound

on P
(∪N

i=1Ai

)
. Furthermore, since ℓ′NEW-1 is established in terms of only {αi}’s

and {γi}’s, we have ℓ′NEW-1 ∈ L . Thus, we only need to prove ℓ′NEW-1 ≥ ℓ′ for all

ℓ′ ∈ L . Also, note that for the solution of (3.1), since ℓ′NEW-1 ≤ P
(∪N

i=1Ai

)
≤ 1, the

objective value must be no larger than 1, i.e.,
∑N

i=1

∑N
k=1

ai(k)
k

≤ 1. Thus, the optimal

feasible point of (3.1) must fall into the subset of the feasible set of (3.1), which is

determined by the additional constraint
∑N

i=1

∑N
k=1

ai(k)
k

≤ 1. In the following, we

prove that ℓ′NEW-1 is achievable, i.e., a family of events {Ai} can always be constructed

from the solution of (3.1). Then, the optimality of ℓ′NEW-1 follows by Lemma 1.

Achievability: We prove that for any {ai(k)} that satisfies the constraints of (3.1)

and the additional constraint
∑N

i=1

∑N
k=1

ai(k)
k

≤ 1, it is always possible to construct

a family of events {Ai} such that P ({ω ⊆ Ai : deg(ω) = k}) = ai(k) holds. The
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construction method is given as follows:

• The set Ω′ is composed of N × N atoms, denoted as {ω(k)
i , i = 1, . . . , N, k =

1, . . . , N}. In the following, {ω(k)
i , i = 1, . . . , N} are constructed separately for

each k.

• Consider N circles such that the k-th circle has a perimeter equals to
∑N

i=1
ai(k)
k

,

k = 1, . . . , N . Then for the k-th circle,
∑N

i=1 ai(k) equals k times its perimeter.

Furthermore, since aj(k) ≤
∑N

i=1
ai(k)
k

for all j, aj(k) is no larger than the

perimeter of the k-th circle.

• For j = 1, . . . , N , we map the points on the arc of length aj(k) on the k-th

circle from 2π
k
∑j−1

l=1 al(k)∑N
i=1 ai(k)

to 2π
k
∑j

l=1 al(k)∑N
i=1 ai(k)

to a set B
(k)
j . Then since for the k-th

circle,
∑N

i=1 ai(k) equals to k times its perimeter and aj(k) is no larger than its

perimeter, it follows that every point on the k-th circle is mapped to exactly k

distinct sets in {B(k)
1 , . . . , B

(k)
N }.

• On the k-th circle, the points at the following N angles,

2π

(
k
∑j

l=1 al(k)∑N
i=1 ai(k)

−

⌊
k
∑j

l=1 al(k)∑N
i=1 ai(k)

⌋)
, j = 1, . . . , N

divide the circle into (at most) N arcs, and the points on each arc are mapped

to the same k sets in {B(k)
1 , . . . , B

(k)
N }. Let {θ(k)j , j = 1, . . . , N} be the ordered

tuple of

{
2π

(
k
∑j

l=1 al(k)∑N
i=1 ai(k)

−

⌊
k
∑j

l=1 al(k)∑N
i=1 ai(k)

⌋)
, j = 1, . . . , N

}
,

then 0 = θ
(k)
1 ≤ θ

(k)
2 ≤ . . . ≤ θ

(k)
N ≤ 2π. Construct the atom ω

(k)
j such that its
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probability p(ω
(k)
j ) equals to the length of the j-th arc of the k-th circle, i.e.,

p(ω
(k)
j ) =

 (θ
(k)
j+1 − θ

(k)
j )

∑N
i=1 ai(k)

2πk
for j < N ,

(2π − θ
(k)
N )

∑N
i=1 ai(k)

2πk
for j = N .

(3.2)

• Since the points on the j-th arc are mapped to {B(k)
i1j

, . . . , B
(k)
ikj

} where {i1j, . . . , ikj} ∈

{1, . . . , N} that contains k different numbers, we let the atom ω
(k)
j is a subset

of Ai1j , . . . , Aikj , respectively, i.e., ω
(k)
j ⊆ Ai1j ∩ . . . ∩ Aikj .

• For each k, the total probability of all constructed atoms equals to the perimeter

of the circle,
∑N

i=1
ai(k)
k

. Also, each atom ω
(k)
j is contains in exactly k events of

A1, . . . , AN . Finally, since there are in totalN×N atoms {ω(k)
j , j = 1, . . . , N, k =

1, . . . , N}, each constructed Ai contains a finite number of atoms.

With the construction described above, it can be readily checked that the constructed

{Ai} satisfy P ({ω ⊆ Ai : deg(ω) = k}) = ai(k) for all i = 1, . . . , N . Since ℓ′NEW-1 is

achieved at one feasible point of (3.1), by the proposed construction method a family

of events, say {A∗
i }, can be constructed so that P

(∪N
i=1A

∗
i

)
= ℓ′NEW-1. Since the first

two constraints of (3.1) are also satisfied, we have P (A∗
i ) = αi and

∑
j P (A∗

i ∩A∗
j) = γi

for all i.

Finally, the optimality of ℓ′NEW-1 directly follows by Lemma 1.

Example 2. We give an example in a finite probability space to illustrate the construction

provided in the achievability part of the above proof for N = 4 and k = 2. Assume

that a1(k) = 0.1, a2(k) = 0.2, a3(k) = 0.3, and a4(k) = 0.4 for k = 2. Since

aj(k) ≤
∑4

i=1
ai(k)
k

= 0.5 hold for j = 1, . . . , 4, the given aj(k)’s satisfy the constraints

in (3.1) for k = 2.
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• In order to construct the outcomes, we assume there is a circle with perimeter

equals to
∑4

i=1
ai(k)
k

= 0.5. Then we map the arc (0, 0.4π) to B
(2)
1 , (0.4π, 1.2π)

to B
(2)
2 , (1.2π, 2.4π) to B

(2)
3 , and (2.4π, 4π) to B

(2)
4 , as shown in Fig. 3.1.

Then every arc generates an angle less than 2π and every point on the circle is

mapped to exactly two sets in {B(2)
1 , B

(2)
2 , B

(2)
3 , B

(2)
4 }. That is: the arc (0, 0.4π)

is mapped to B
(2)
1 and B

(2)
3 ; the arc (0.4π, 1.2π) is mapped to B

(2)
2 and B

(2)
4 ; the

arc (1.2π, 2π) is mapped to B
(2)
3 and B

(2)
4 .

• Since the ordered tuple of the angles {0.4π, 1.2π, 2π(1.2 − 1), 2π(2 − 2)} is

{0, 0.4π, 0.4π, 1.2π}, the circle is divided by N = 4 arcs with lengths equal to

{0.1, 0, 0.2, 0.2}, respectively.

• The outcomes ω
(2)
1 , ω

(2)
2 , ω

(2)
3 and ω

(2)
4 are constructed with probabilities equal to

the length of the arcs, i.e., p(ω
(2)
1 ) = 0.1, p(ω

(2)
2 ) = 0, p(ω

(2)
3 ) = 0.2, p(ω

(2)
3 ) =

0.2. Finally, we set the outcomes belonging to events Ai’s as follows: ω
(2)
1 ∈

A1 ∩ A3, ω
(2)
3 ∈ A2 ∩ A4 and ω

(2)
4 ∈ A3 ∩ A4. After the construction for k = 2

only, the events of {Ai} become: A1 = {ω(2)
1 }, A2 = {ω(2)

3 }, A3 = {ω(2)
1 , ω

(2)
4 },

A4 = {ω(2)
3 , ω

(2)
4 }. Thus, P ({ω ∈ Ai : deg(ω) = k}) = ai(k) is satisfied for

i = 1, . . . , 4 and k = 2.

Remark 3. Though the number of variables in the optimal lower bound (3.1) is N2,

one can further reduce it to N2 − N + 1 by observing that for k = N the constraint∑N
i=1 ai(k) ≥ kaj(k) is equivalent to a1(N) = a2(N) = . . . = aN(N). Thus, the N

variables ai(N), i = 1, . . . , N can be replaced by only one. The number variables of

the optimal lower bound (3.1) is then N2 −N + 1.

Remark 4 (Optimal Numerical Upper Bound). Since we have proved any point
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in the subset of the feasible set of (3.1), determined by
∑N

i=1

∑N
k=1

ai(k)
k

≤ 1, is

achievable, maximizing the objective function in (3.1), instead of minimizing it, with

the same constraints in (3.1) as well as the additional constraint
∑N

i=1

∑N
k=1

ai(k)
k

≤ 1,

we can obtain an optimal upper bound in the class of all upper bounds that are

expressed in terms of only the P (Ai)’s and the
∑

j P (Ai∩Aj)’s. For the maximization

problem, the additional constraint
∑N

i=1

∑N
k=1

ai(k)
k

≤ 1 is to ensure that the obtained

upper bound is no larger than 1. We denote this upper bound by ~NEW-2.

Remark 5. Note that in the proof of achievability of Theorem 1, only the last two

constraints of (3.1) with the additional constraint
∑N

i=1

∑N
k=1

ai(k)
k

≤ 1 are required.

Therefore, in other cases where different information is available, optimal lower/upper

bounds can be obtained using the same methodology of Theorem 1. For example, in

the classes of lower and upper bounds which are established in terms of only P (Ai) =

αi, i = 1, . . . , N , the optimal lower and upper bounds in these classes can be obtained

by the following problems:

min
{ai(k)}

/ max
{ai(k)}

N∑
i=1

N∑
k=1

ai(k)

k

s.t.
N∑
k=1

ai(k) = αi, i = 1, . . . , N,

N∑
i=1

ai(k) ≥ kaj(k), j = 1, . . . , N, k = 1, . . . , N,

ai(k) ≥ 0, i = 1, . . . , N, k = 1, . . . , N,

N∑
i=1

N∑
k=1

ai(k)

k
≤ 1.

(3.3)

Note that the additional constraint
∑N

i=1

∑N
k=1

ai(k)
k

≤ 1 can be relaxed for the minimization
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problem, since it is redundant. For the maximization problem, however, it can be

active, in which case the obtained upper bound is equal to 1. Solving the LP problems

of (3.3), we get that the optimal lower bound P
(∪N

i=1 Ai

)
≥ maxi αi, and that the

optimal upper bound P
(∪N

i=1Ai

)
≤ min{

∑
i P (Ai), 1}, i.e., the minimum of 1 and

the union upper bound. The optimality of these bounds can be proved using similar

arguments as the proof of Theorem 1.

Remark 6 (Optimality of the DS Bound). The existing DS bound [7] is known to

be optimal in the class of lower bounds with the information θ = (θ1 =
∑N

i=1 P (Ai), θ2 =∑
i,j P (Ai ∩Aj)) (e.g., see [12, p.22]). Using Lemma 1, we herein provide a different

proof of the optimality of the DS bound [7]. Specifically, we only need to show that

the DS bound is the solution of the following LP problem:

min
{ai(k)}

N∑
i=1

N∑
k=1

ai(k)

k

s.t.
N∑
i=1

N∑
k=1

ai(k) = θ1,
N∑
i=1

N∑
k=1

kai(k) = θ2,

N∑
i=1

ai(k) ≥ kaj(k), j = 1, . . . , N, k = 1, . . . , N,

ai(k) ≥ 0, i = 1, . . . , N, k = 1, . . . , N.

(3.4)

The last two constraints in (3.4) together with
∑N

i=1

∑N
k=1

ai(k)
k

≤ 1 guarantee the

achievability of the solution of (3.4). Thus, by Lemma 1, the solution of (3.4) is the

optimal lower bound.

Defining a(k) =
∑N

i=1 ai(k), we show that the problem (3.4) has the same objective
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value as the following relaxed LP problem:

min
{a(k)}

N∑
k=1

a(k)

k

s.t.
N∑
k=1

a(k) = θ1,
N∑
k=1

ka(k) = θ2,

a(k) ≥ 0, i = 1, . . . , N, k = 1, . . . , N.

(3.5)

Since (3.5) is a relaxed problem of (3.4), it suffices to show that from the solution of

(3.5), we can find a feasible point of (3.4) that gives the same objective value. This is

done by setting aj(k) = a(k)/N for all j = 1, . . . , N , since all the relaxed constraints

a(k) =
∑N

i=1 ai(k) ≥ kaj(k) and ai(k) ≥ 0 must be satisfied. Finally, note that the

problem (3.5) is the same as the problem solved in [7]. Therefore, the solution of (3.5)

is the DS bound.

3.2 New Analytical Lower Bound

3.2.1 New Analytical Lower Bound ℓNEW-2

In this section, we derive a new analytical lower bound, which is given in the following

theorem.

Theorem 2 (New Analytical Bound). The lower bound is given by

P

(
N∪
i=1

Ai

)
≥ ℓNEW-2 := δ +

N∑
i=1


 1

χ(
γ′
i

α′
i
)
−

γ′
i

α′
i
− χ(

γ′
i

α′
i
)

[1 + χ(
γ′
i

α′
i
)][χ(

γ′
i

α′
i
)]

α′
i

 , (3.6)
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where the function χ(·) is defined by

χ(x) =

 n− 1 if x = n where n ≥ 2 is a integer

⌊x⌋ otherwise
(3.7)

and

δ :=
{
max

i
[γi − (N − 1)αi]

}+

≥ 0, α′
i := αi − δ, γ′

i := γi −Nδ. (3.8)

Proof. The new lower bound is the solution of the following relaxed LP:

min
{ai(k),i=1,...,N,k=1,...,N}

N∑
i=1

N∑
k=1

ai(k)

k

s.t.
N∑
k=1

ai(k) = αi,

N∑
k=1

kai(k) = γi, i = 1, . . . , N,

N∑
i=1

ai(N) ≥ Naj(N), j = 1, . . . , N

ai(k) ≥ 0, i = 1, . . . , N, k = 1, . . . , N.

(3.9)

Note that the above problem is a relaxed problem of (3.1) because the constraints∑N
i=1 ai(k) ≥ kaj(k), j = 1, . . . , N for all k ̸= N in (3.1) are relaxed. Comparing

with the LP problem of (2.22) that corresponds to the KAT bound, the additional

constraints are only
∑N

i=1 ai(N) ≥ Naj(N), j = 1, . . . , N , which can be easily proved

to be equivalent to requiring that a1(N) = a2(N) = . . . = aN(N). We first introduce

a new non-negative variable x := a1(N) = . . . = aN(N), and solve the problem (3.9)

by assuming that x is known. Then the objective function in (3.9) becomes a function

of x. Finally, we minimize the objective function to yield a solution of (3.9).
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Replacing ai(N), i = 1, . . . , N in (3.9) by x and assuming that x is given implies

that (3.9) can be solved separately for each i, i = 1, . . . , N , by solving the following

N problems:

fi(x) := min
ai(k),k=1,...,N−1

N−1∑
k=1

ai(k)

k
+

x

N

s.t.
N−1∑
k=1

ai(k) = αi − x

N−1∑
k=1

kai(k) = γi −Nx

ai(k) ≥ 0, k = 1, . . . , N − 1.

(3.10)

Note that when x is given the above problem is equivalent to (2.22), the solution of

which was derived in different ways in [19, 18]. However, since x is a variable which

is assumed to be fixed at the current stage, the solution of problem (3.10) may not

exist for any given x. Thus, one needs to investigate the condition for the existence

of a solution for (3.10) when solving it. To this end, we solve the problem (3.10) by

taking into account the feasible set for x.

Since the LP problem (3.10) has N − 1 variables and the LP optimum must be

achieved at one of vertices of the polyhedron formed by the constraints [3], the N − 3

of the N − 1 constraints ai(k) ≥ 0, k = 1, . . . , N − 1 must be active. Assume that the

other two constraints ai(k) ≥ 0 that are not active are given for k = k1 and k = k2

and 1 ≤ k1 < k2 ≤ N − 1, then we obtain

ai(k1) + ai(k2) = αi − x, k1ai(k1) + k2ai(k2) = γi −Nx, (3.11)
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which yields

ai(k1) =
k2(αi − x)− (γi −Nx)

k2 − k1
≥ 0, ai(k2) =

(γi −Nx)− k1(αi − x)

k2 − k1
≥ 0.

(3.12)

Using the condition 1 ≤ k1 < k2 ≤ N − 1, the solution exists when

[γi − (N − 1)αi]
+ ≤ x ≤ βi

N − 1
, (3.13)

and k2 and k1 satisfy k1 ≤ γi−Nx
αi−x

≤ k2.

Since it is easy to prove that ai(k1)
k1

+ ai(k2)
k2

is non-decreasing with k2 and non-

increasing with k1 (see Appendix A.2), the optimal k2 and k1 when γi−Nx
αi−x

is not an

integer are

k1 =

⌊
γi −Nx

αi − x

⌋
, k2 = k1 + 1. (3.14)

When γi−Nx
αi−x

is an integer, one can choose either k1 = γi−Nx
αi−x

, k2 = k1 + 1 or k1 =

γi−Nx
αi−x

− 1, k2 = k1 + 1, since for both cases the values of ai(k1)
k1

+ ai(k2)
k2

are indeed

identical. Note that the condition for the existence of the solution to (3.9) implies

that 1 ≤ k1 < k2 ≤ N − 1, thus, the optimal k1 and k2 that give the largest feasible

set of x are

k1 = χ(
γi −Nx

αi − x
), k2 = k1 + 1. (3.15)

Then the solution of (3.10) which is a function of x can be written as

fi(x) =
2χ(γi−Nx

αi−x
) + 1

χ(γi−Nx
αi−x

)
[
χ(γi−Nx

αi−x
) + 1

](αi − x)

− 1

χ(γi−Nx
αi−x

)
[
χ(γi−Nx

αi−x
) + 1

](γi −Nx) +
x

N
,

(3.16)
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where [γi − (N − 1)αi]
+ ≤ x ≤ βi

N−1
.

Next, we prove that fi(x) is a non-decreasing function of x. First, we prove that

the function fi(x) is continuous. Note that γi−Nx
αi−x

is strictly decreasing with x if

γi
αi

< N (see Appendix A.3). When γi−Nx
αi−x

is an integer, say γi−Nx
αi−x

= n ≤ N − 1,

choose h > 0 satisfies n − 1 < γi−N(x+h)
αi−(x+h)

< n and n < γi−N(x−h)
αi−(x−h)

< n + 1. Then

we have χ(γi−Nx
αi−x

) = n − 1, χ(γi−N(x+h)
αi−(x+h)

) = n − 1 and χ(γi−N(x−h)
αi−(x−h)

) = n. Then

fi(x+h)−fi(x) =
(

1
n−1

− 1
N

)
N−n
n

h > 0 and fi(x)−fi(x−h) =
(

1
n+1

− 1
N

)
N−n
n

h ≥ 0

(see Appendix A.4). Both fi(x+ h)− fi(x) and fi(x)− fi(x− h) tend to zero when

h → 0. Thus, the function fi(x) is continuous when
γi−Nx
αi−x

is an integer.

When γi−Nx
αi−x

is not an integer, χ(γi−Nx
αi−x

) ≤ N − 1 and the function fi(x) is

continuous and differentiable. The derivative of fi(x) satisfies

f ′
i(x) =

1

N
− 1

χ(γi−Nx
αi−x

)
− 1

χ(γi−Nx
αi−x

) + 1
+

N

χ(γi−Nx
αi−x

)
[
χ(γi−Nx

αi−x
) + 1

]
=

[
N − χ(γi−Nx

αi−x
)
] [

N − χ(γi−Nx
αi−x

)− 1
]

Nχ(γi−Nx
αi−x

)
[
χ(γi−Nx

αi−x
) + 1

] ≥ 0,

(3.17)

which means that fi(x) is a non-decreasing function of x. Then we can finally solve

the problem (3.9) to get the new lower bound

ℓNEW-2 = min
x

[
N∑
i=1

fi(x)

]
s.t.

{
max

i
[γi − (N − 1)αi]

}+

≤ x ≤ min
i

βi

N − 1
,

(3.18)

where ℓNEW-2 denotes the new analytical bound. Since
∑N

i=1 fi(x) is non-decreasing

in x, defining δ = {maxi[γi − (N − 1)αi]}+, the objective value is thus obtained at

x = δ so that ℓNEW-2 =
∑N

i=1 fi(δ).
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Remark 7. We can also prove that the LP problem (3.9) has a unique optimal feasible

point. Note that for a given x, the problem (3.9) reduces to the LP problem (2.22) for

the KAT bound, which has a unique optimal feasible point by Remark 2. Therefore, it

suffices to show that there does not exist δ < δ∗ ≤ mini
βi

N−1
such that

∑N
i=1 fi(δ

∗) =∑N
i=1 fi(δ). Since fi(x) is non-negative and non-decreasing with x, it suffices to show

that there does not exist δ < δ∗ ≤ mini
βi

N−1
such that f ′

i(δ
∗) = 0 for all i. From (3.17),

we know that f ′
i(δ

∗) = 0 if and only if χ(γi−Nδ∗

αi−δ∗
) = N − 1, which is equivalent to

N−1 < γi−Nδ∗

αi−δ∗
≤ N . In the following, we prove the nonexistence of δ∗ by considering

three cases: (i) If δ = 0 for some i, which means γi
αi

≤ N−1, then γi−Nδ∗

αi−δ∗
≤ γi

αi
≤ N−1,

which is a contradiction with N − 1 < γi−Nδ∗

αi−δ∗
≤ N ; (ii) If δ > 0 and γi

αi
= N for

some i, then x = αi = δ is the only point in the feasible set of (3.18), thus δ∗ > δ

does not exist; (iii) If δ > 0 and γi
αi

< N for all i, then δ = maxi[γi − (N − 1)αi] =

γk − (N − 1)αk for some k ∈ {1, · · · , N}. Since γk−Nx
αk−x

strictly decreases with x, we

have γk−Nδ∗

αk−δ∗
< γk−Nδ

αk−δ
= γk−N [γk−(N−1)αk]

αk−[γk−(N−1)αk]
= (N−1)(Nαk−γk)

Nαk−γk
= N − 1, which contradicts

with γk−Nδ∗

αk−δ∗
> N − 1. Thus, the optimal feasible point of (3.18) is unique so that

the optimal feasible point of (3.9) is unique. Therefore, the new analytical bound

is achievable if and only if the optimal feasible point of the LP problem (3.9) has

a corresponding family of events {Ai, i = 1, · · · , N} that satisfies the information

represented by θ = (α1, · · · , αN , γ1, · · · , γN).

Remark 8. It can be easily seen by comparing the LP problems of (2.22) and (3.9)

that the new analytical bound ℓNEW-2 is at least as good as the KAT bound ℓKAT.

This is because the feasible set of (2.22) contains the feasible set of (3.9), and both

problems (2.22) and (3.9) share the same objective function. Furthermore, setting

δ = 0 directly yields ℓNEW-2 = ℓKAT. A more extensive comparison of ℓNEW-2 with
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ℓKAT is undertaken in Section 3.2.2.

Remark 9 (New Analytical Upper Bound). Finally, we can also get an upper

bound of P
(∪N

i=1Ai

)
by maximizing instead of minimizing the objective function in

the LP problem (3.9).

The following LP problem

max
{ai(k),i=1,...,N,k=1,...,N}

N∑
i=1

N∑
k=1

ai(k)

k

s.t.
N∑
k=1

ai(k) = αi,
N∑
k=1

kai(k) = γi, i = 1, . . . , N,

a1(N) = a2(N) = · · · = aN(N),

ai(k) ≥ 0, i = 1, . . . , N, k = 1, . . . , N,

(3.19)

gives the upper bound

P

(∪
i

Ai

)
≤
∑
i

αi −
1

N − 1

∑
i

βi +
1

N − 1
min

i
βi

=
∑
i

P (Ai)−
1

N − 1

∑
j ̸=i

P (Ai ∩ Aj) +
1

N − 1
min

i
{
∑
j ̸=i

P (Ai ∩ Aj)},

=: ~NEW-3.

(3.20)

It can be easily shown that the upper bound (3.20) is sharper than (2.29), i.e., ~NEW-3 ≤

~NEW-1.
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3.2.2 Comparison of ℓNEW-2 with ℓKAT

In this subsection, we give a lower bound on ℓNEW-2 − ℓKAT which is given in the

following lemma.

Lemma 6. A lower bound on ℓNEW-2 − ℓKAT is given as follows:

ℓNEW-2 − ℓKAT ≥


N∑
i=1

[
N − χ( γi

αi
)
] [

N − χ( γi
αi
)− 1

]
χ( γi

αi
)
[
χ( γi

αi
) + 1

]
 δ

N
, (3.21)

where the strict inequality holds if and only if there exists 0 < δ′ < δ that γi−Nδ′

αi−δ′
is an

integer for some i ∈ {1, . . . , N}.

Proof. We first prove that fi(x) is convex in x. Note that fi(x) is a continuous

and piecewise differentiable function. However, it is not differentiable when γi−Nx
αi−x

is an integer. In each interval of x where γi−Nx
αi−x

is between two successive integers,

the derivative of fi(x) is given by (3.17) which is positive and only a function of

χ(γi−Nx
αi−x

). Since χ(γi−Nx
αi−x

) is an integer that does not change in each interval where

γi−Nx
αi−x

is between two successive integers, we only need to show that the derivative of

fi(x) given by (3.17) is a non-decreasing function of x. By denoting n(x) := χ(γi−Nx
αi−x

),

we can write f ′
i(x) = gi(n) where

gi(n) :=
(N − n)(N − n− 1)

N(n+ 1)n
. (3.22)

Noting that γi ≤ Nαi, one can verify that γi−Nx
αi−x

decreases with x and by the definition

of χ(·), n ≤ N −1 and n = χ(γi−Nx
αi−x

) is a non-increasing function of x. Thus, we have
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gi(n) > 0 and gi(n) is a decreasing function of n for 1 < n ≤ N − 1, since

gi(n)− gi(n− 1) =
(N − n)(N − n− 1)

N(n+ 1)n
− (N − n+ 1)(N − n)

Nn(n− 1)
< 0, (3.23)

which implies f ′
i(x) is a non-decreasing function of x. Therefore fi(x) is a convex

function of x. Finally, by the property of a convex function, we have

fi(x)− fi(0) ≥ f ′
i(0)(x− 0). (3.24)

Since ℓNEW-2 − ℓKAT =
∑

i [fi(δ)− fi(0)], by substituting x = δ into (3.24) and

summing over i, the inequality of (3.21) is obtained.

Note that if for all i = 1, . . . , N there does not exist 0 < δ′ < δ such that γi−Nδ′

αi−δ′

is an integer, the derivative f ′
i(x) = f ′

i(0) for all 0 < x < δ and i = 1, . . . , N . Then

equality in (3.24) holds for all i, and equality holds in (3.21). If there exists 0 < δ′ < δ

such that γi−Nδ′

αi−δ′
is an integer for some i, then according to (3.23) and the definition

of χ(·), we have f ′
i(δ

′) > f ′
i(0). Then, it can be shown that for those i the strict

inequality in (3.24) holds when x = δ. This is because

fi(δ)− fi(0) = [fi(δ)− fi(δ
′)] + [fi(δ

′)− fi(0)]

≥ f ′
i(δ

′)(δ − δ′) + f ′
i(0)(δ

′ − 0)

> f ′
i(0)(δ − δ′) + f ′

i(0)(δ
′ − 0)

= f ′
i(0)(δ − 0).

(3.25)

Therefore, the strictly inequality in (3.21) holds.

Remark 10. Lemma 6 readily yields another analytical lower bound, which is sharper
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than the KAT bound but looser than the new analytical bound:

P

(
N∪
i=1

Ai

)
≥ ℓKAT +


N∑
i=1

[
N − χ( γi

αi
)
] [

N − χ( γi
αi
)− 1

]
χ( γi

αi
)
[
χ( γi

αi
) + 1

]
 δ

N
. (3.26)

We herein show that the above analytical lower bound can be derived directly based on

the arguments in [19].

Recall [19, the last equation above (8)] that

Vi :=
N∑
k=1

ai(k)

k
=

2

r
αi −

1

r(r − 1)
βi +

N∑
k=1

(r − k)(r − k − 1)

r(r − 1)

ai(k)

k
, (3.27)

where the last term
N∑
k=1

(r − k)(r − k − 1)

r(r − 1)

ai(k)

k
≥ 0. (3.28)

Thus, the authors in [19] use

Vi ≥
2

r
αi −

1

r(r − 1)
βi (3.29)

to determine the KAT bound as follows

P

(∪
i

Ai

)
=
∑
i

Vi ≥ max
ri∈N

∑
i

[
2

ri
αi −

1

ri(ri − 1)
βi

]
= ℓKAT, (3.30)

where the maximization is over the integer ri’s and the optimum is achieved at ri =
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1 + χ( γi
αi
). Note that we can rewrite (3.27) as

Vi =

[
2

r
αi −

1

r(r − 1)
βi +

(r −N)(r −N − 1)

r(r − 1)

ai(N)

N

]
+

N−1∑
k=1

(r − k)(r − k − 1)

r(r − 1)

ai(k)

k
,

(3.31)

where the last term is non-negative. Note that from (3.18), one can see that δ is the

smallest possible value of x = ai(N) that guarantees the existence of the solution of

(3.9), i.e. δ
N

≤ ai(N)
N

. Therefore, the lower bound of (3.26) can be obtained as follows:

P

(∪
i

Ai

)
=
∑
i

Vi

≥ max
ri∈N

∑
i

[
2

ri
αi −

1

ri(ri − 1)
βi +

(ri −N)(ri −N − 1)

ri(ri − 1)

ai(N)

N

]

≥
∑
i

{
2αi

1 + χ( γi
αi
)
− βi

[1 + χ( γi
αi
)]χ( γi

αi
)
+

[1 + χ( γi
αi
)−N ](χ( γi

αi
)−N)

[1 + χ( γi
αi
)]χ( γi

αi
)

δ

N

}

= ℓKAT +


N∑
i=1

[
N − χ( γi

αi
)
] [

N − χ( γi
αi
)− 1

]
χ( γi

αi
)
[
χ( γi

αi
) + 1

]
 δ

N
.

(3.32)

3.3 Numerical Examples

In this section, we evaluate the new lower bounds using eight numerical examples.

The first four examples are the same as in [19]. The last four examples, Systems

V to VIII, are new and are shown in Table 3.1-3.4, respectively. As a reference, the

existing DS bound [7], DC bound [8], the KAT bound [19] are included for comparison.

Furthermore, the GK bound [13, 17], which exploits full information of all P (Ai ∩

Aj)’s and P (Ai)’s, is also compared with the new bounds. The results are shown in

Table 3.5. The gap of ℓNEW-2 − ℓKAT and the derived lower bound (3.21) are shown
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in Table 3.6.

One can see that the KAT bound is at least as good as the DS and DC bounds

as already shown in [19]. The new bounds are at least as good as the KAT bound

in all the examples, as expected. More specifically, the new numerical bound (3.1) is

sharper than the KAT bound in all examples, and the new analytical bound (3.6) is

sharper than the KAT bound for Systems V to VIII and identical to the KAT bound

for Systems I to VI. Concerning the gap of new analytical bound and the KAT bound,

the equality of (3.21) holds for Systems V, VII and VIII.

Moreover, from the numerical examples, we note that the GK bound [13, 17],

which requires more information (all the information of individual P (Ai∩Aj) as well

as P (Ai)’s), is not guaranteed to be sharper than the KAT bound1 and the new

bounds. For example, the GK bound is worse than the KAT bound as well as the

new bounds in Systems V and VIII. It is better than the KAT bound but worse than

the new bounds in System VI, better than the KAT bound and the new analytical

bound but worse than the new numerical bound in System VII.

Finally, we note that all lower bounds considered in this work can be sharpered

algorithmically by optimizing over subsets (e.g., see [14, 2, 15]).

1Another example in which the GK bound is looser than the KAT bound is given in [10].
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Figure 3.1: Example illustrating the construction of the proof of Theorem 1 for N = 4
and k = 2.
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Table 3.1: System V.

Outcomes ωi p(ωi) A1 A2 A3

ω0 0.145 ×
ω1 0.045 × ×
ω2 0.01 × × ×
ω3 0.045 × ×
ω4 0.145 ×

Table 3.2: System VI.

Outcomes ωi p(ωi) A1 A2 A3 A4

ω0 0.0962 × ×
ω1 0.0446 ×
ω2 0.0581 × ×
ω3 0.0225 × × × ×
ω4 0.0385 ×
ω5 0.0071 × × ×
ω6 0.0582 ×

Table 3.3: System VII.

Outcomes ωi p(ωi) A1 A2 A3 A4

ω0 0.1832 ×
ω1 0.1219 ×
ω2 0.0337 × × × ×
ω3 0.0256 × ×
ω4 0.0682 ×
ω5 0.0389 × × ×
ω6 0.0631 × ×
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Table 3.4: System VIII.

Outcomes ωi p(ωi) A1 A2 A3 A4

ω0 0.0330 ×
ω1 0.0705 × × ×
ω2 0.0876 × × ×
ω3 0.0608 × × ×
ω4 0.0865 × × × ×
ω5 0.0621 × × ×
ω6 0.0181 ×
ω7 0.0898 × ×
ω8 0.0770 × ×

Table 3.5: Comparison of lower bounds.

System P
(∪N

i=1Ai

)
ℓDS ℓDC ℓKAT ℓGK ℓNEW-2 ℓNEW-1

I 0.7890 0.7007 0.7087 0.7247 0.7601 0.7247 0.7487

II 0.6740 0.6150 0.6154 0.6227 0.6510 0.6227 0.6398

III 0.7890 0.6933 0.7048 0.7222 0.7508 0.7222 0.7427

IV 0.9687 0.8879 0.8757 0.8909 0.9231 0.8909 0.9044

V 0.3900 0.3800 0.3495 0.3833 0.3813 0.3900 0.3900

VI 0.3252 0.2706 0.2720 0.2769 0.2972 0.3205 0.3252

VII 0.5346 0.3989 0.4186 0.4434 0.4750 0.4562 0.5090

VIII 0.5854 0.5395 0.5352 0.5412 0.5390 0.5464 0.5513

Table 3.6: Comparison of the new analytical lower bound (3.6) ℓNEW-2 with the KAT
bound ℓKAT.

System ℓKAT ℓNEW-2 ℓNEW-2 − ℓKAT Lower bound on the gap (3.21)

V 0.3833 0.3900 0.0067 0.0067
VI 0.2769 0.3205 0.0436 0.0206
VII 0.4434 0.4562 0.0128 0.0128
VIII 0.5412 0.5464 0.0051 0.0051
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Chapter 4

New Bounds using {P (Ai)} and

{
∑

j cjP (Ai ∩ Aj)}

In this chapter, we consider bounds that are established by {P (Ai)} and {
∑

j cjP (Ai∩

Aj)}. We first assume c = (c1, . . . , cN)
T is a given weight or parameter vector

and derive a new class of lower bounds which has at most a pseudo-polynomial

computational complexity and can be sharper than the GK bound in some cases.

Then, we discuss methods for choosing c, which will lead to lower bounds that use

{P (Ai)} and {P (Ai∩Aj)}. Finally, we show the following regarding the existing GK

bound: i) the GK bound cannot be improved via optimization over subsets of events;

ii) the GK bound can be implemented iteratively.

4.1 New Class of Lower Bounds

4.1.1 New Expressions for P
(∪N

i=1 Ai

)
For simplicity, assume the events {A1, . . . , AN} are in a finite probability space

(Ω,F , P ), where N is a fixed positive integer. Denote B as the collection of all non-

empty subsets of {1, 2, . . . , N} and let B ∈ B be a non-empty subset of {1, 2, . . . , N},
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we use ωB to denote the outcome such that ωB ∈ Ai for all i ∈ B and ωB /∈ Ai

for all i /∈ B, i = 1, . . . , N . Using this notation, {ωB : i ∈ B} is the collection

of all the outcomes in Ai, and similarly P (Ai) =
∑

ω∈Ai
p(ω) can be written as

P (Ai) =
∑

B∈B:i∈B p(ωB).

For simplicity, we use pB to denote p(ωB):

pB := p(ωB). (4.1)

Then we have

P

(
N∪
i=1

Ai

)
=
∑
B∈B

pB. (4.2)

Suppose there are N functions fi(B), i = 1, . . . , N that
∑N

i=1 fi(B) = 1 for any

B ∈ B (i.e., for any outcome ωB). If we further assume that fi(B) = 0 if i /∈ B (i.e.,

ωB /∈ Ai), one can get

P

(
N∪
i=1

Ai

)
=
∑
B∈B

(
N∑
i=1

fi(B)

)
pB

=
N∑
i=1

∑
B∈B

fi(B)pB =
N∑
i=1

∑
B∈B:i∈B

fi(B)pB.

(4.3)

Note that if we define

fi(B) =


1
|B| =

1
deg(ωB)

if i ∈ B

0 if i /∈ B
(4.4)
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then
∑N

i=1 fi(B) = 1 is satisfied and equation (4.3) becomes

P

(
N∪
i=1

Ai

)
=

N∑
i=1

∑
B∈B:i∈B

fi(B)pB =
N∑
i=1

∑
B∈B:i∈B

pB
|B|

=
N∑
i=1

∑
ω∈Ai

p(ω)

deg(ω)
. (4.5)

If we define

fi(B) =


ci∑

k∈B ck
if i ∈ B

0 if i /∈ B
(4.6)

where the parameter vector c = (c1, . . . , cN) satisfies
∑

k∈B ck ̸= 0 for all B ∈ B,

(therefore ci ̸= 0, i = 1, . . . , N) then again
∑

i fi(ω) = 1 is satisfied, and we can get

from (4.3) that

P

(
N∪
i=1

Ai

)
=

N∑
i=1

∑
B∈B:i∈B

fi(B)pB =
N∑
i=1

∑
B∈B:i∈B

cipB∑
k∈B ck

=
N∑
i=1

∑
ω∈Ai

cip(ω)∑
{k:ω∈Ak} ck

,

(4.7)

yielding the following lemma (to the best of our knowledge, this lemma is novel).

Lemma 7. Suppose {ωB, B ∈ B} are all the 2N − 1 outcomes in
∪

i Ai. Let c =

(c1, . . . , cN)
T ∈ RN satisfies

∑
k∈B

ck ̸= 0, for all B ∈ B (4.8)

then we have

P

(
N∪
i=1

Ai

)
=

N∑
i=1

∑
B∈B:i∈B

cipB∑
k∈B ck

=
N∑
i=1

∑
ω∈Ai

cip(ω)∑
{k:ω∈Ak} ck

. (4.9)

Note that (4.9) holds for any c that satisfies (4.8), which is clearly a generalized

expression of (4.5).
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4.1.2 Lower Bounds via the Cauchy-Schwarz Inequality

In this subsection, we use (4.3) to establish relations to the lower bounds of [6] and

[11]. Note that in order for the following Cauchy-Schwarz inequalities to hold, we

have to make a further assumption on fi(·), that

fi(B) > 0, i = 1, . . . , N, B ∈ B. (4.10)

Note that when fi(B) is defined by c, then condition (4.10) is stronger than the

original condition (4.8). If fi(B) is defined by (4.6), condition (4.10) is then equivalent

to requiring that ci > 0 for all i.

Relation to the Cohen-Merhav bound [6]

Let mi(ωB) be non-negative real functions. Then by the Cauchy-Schwarz inequaility,

[∑
B:i∈B

fi(B)pB

][∑
B:i∈B

pB
fi(B)

m2
i (ωB)

]
≥

[∑
B:i∈B

pBmi(ωB)

]2
. (4.11)

Thus, using (4.3), we have

P

(
N∪
i=1

Ai

)
=

N∑
i=1

∑
B:i∈B

fi(B)pB ≥
N∑
i=1

[∑
B:i∈B pBmi(ωB)

]2∑
B:i∈B

pB
fi(B)

m2
i (ωB)

. (4.12)

If we define fi(B) by (4.4), then the above inequality reduces to

P

(
N∪
i=1

Ai

)
≥

N∑
i=1

[∑
B:i∈B pBmi(ωB)

]2∑
B:i∈B pBm2

i (ωB)|B|
=
∑
i

[∑
ω∈Ai

p(ω)mi(ω)
]2∑

j

∑
ω∈Ai∩Aj

p(ω)m2
i (ω)

, (4.13)
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where the equality holds when mi(ω) = 1
deg(ω)

(i.e., mi(ωB) = 1
|B|), which was first

shown by Cohen and Merhav in [6, Theorem 2.1].

When mi(ω) = ci > 0, (4.3) reduces to the DC bound [8]

P

(
N∪
i=1

Ai

)
≥
∑
i

[ciP (Ai)]
2∑

j c
2
iP (Ai ∩ Aj)

=
∑
i

P (Ai)
2∑

j P (Ai ∩ Aj)
= ℓDC. (4.14)

Note that as remarked in [11], the DC bound can be seen as a special case of the

lower bound

P

(
N∪
i=1

Ai

)
≥ [

∑
i ciP (Ai)]

2∑
i

∑
j c

2
iP (Ai ∩ Aj)

, (4.15)

when ci =
P (Ai)∑

j P (Ai∩Aj)
. This is because

[∑
i

(
P (Ai)∑

j P (Ai∩Aj)

)
P (Ai)

]2
∑

i

∑
j

(
P (Ai)∑

j P (Ai∩Aj)

)2
P (Ai ∩ Aj)

=

(∑
i

P (Ai)
2∑

j P (Ai∩Aj)

)2
∑

i

{(
P (Ai)∑

j P (Ai∩Aj)

)2∑
j P (Ai ∩ Aj)

}
=

ℓ2DC

ℓDC

= ℓDC.

(4.16)

Note that although ci > 0 is not assumed in (4.15), one can always replace ci by |ci|

in (4.15) if ci < 0 to get a sharper bound.

However, the lower bound in (4.15) is looser than the following two (left-most)

lower bounds (which we later derive in (4.23) and (4.25)):

N∑
i=1

c2iP (Ai)
2

ci
∑

k ckP (Ai ∩ Ak)
≥ [

∑
i ciP (Ai)]

2∑
i

∑
k cickP (Ai ∩ Ak)

≥ [
∑

i ciP (Ai)]
2∑

i

∑
j c

2
iP (Ai ∩ Aj)

, (4.17)

where ci > 0 for all i and the last inequality can be proved using 2cicj ≤ c2i + c2j .
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Relation to the Gallot-Kounias bound [11]

By the Cauchy-Schwarz inequality, which is equivalent to assuming mi(ω) = 1 in

(4.11), we have

[∑
B:i∈B

fi(B)pB

][∑
B:i∈B

pB
fi(B)

]
≥

[∑
B:i∈B

pB

]2
= P (Ai)

2. (4.18)

Using fi(B) defined using c in (4.6) (note that the condition in (4.10) is equivalent

to ci > 0 for all i), we have

[∑
B:i∈B

cipB∑
k∈B ck

][∑
B:i∈B

(∑
k∈B ck

ci

)
pB

]
≥ P (Ai)

2. (4.19)

Note that

∑
B:i∈B

(∑
k∈B ck

ci

)
pB =

1

ci

N∑
k=1

∑
B:i∈B,k∈B

ckpB =

∑
k ckP (Ai ∩ Ak)

ci
. (4.20)

Therefore, we have

[∑
B:i∈B

cipB∑
k∈B ck

] [∑
k ckP (Ai ∩ Ak)

ci

]
≥ P (Ai)

2. (4.21)

Then for all i, ∑
B:i∈B

cipB∑
k∈B ck

≥ c2iP (Ai)
2

ci
∑

k ckP (Ai ∩ Ak)
(4.22)

By summing (4.22) over i, we get another new lower bound:

P

(∪
i

Ai

)
≥

N∑
i=1

c2iP (Ai)
2

ci
∑

k ckP (Ai ∩ Ak)
. (4.23)
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Note that we can use Cauchy-Schwarz Inequality again:

[
N∑
i=1

c2iP (Ai)
2

ci
∑

k ckP (Ai ∩ Ak)

][∑
i

ci
∑
k

ckP (Ai ∩ Ak)

]
≥

[∑
i

ciP (Ai)

]2
, (4.24)

which yields

P

(∪
i

Ai

)
≥

N∑
i=1

c2iP (Ai)
2

ci
∑

k ckP (Ai ∩ Ak)
≥ [

∑
i ciP (Ai)]

2∑
i

∑
k cickP (Ai ∩ Ak)

. (4.25)

Since the above inequality holds for any positive c, we have

P

(∪
i

Ai

)
≥ max

c∈RN
+

N∑
i=1

c2iP (Ai)
2

ci
∑

k ckP (Ai ∩ Ak)
≥ max

c∈RN
+

[
∑

i ciP (Ai)]
2∑

i

∑
k cickP (Ai ∩ Ak)

. (4.26)

One can show that by computing the partial derivative with respect to ci and set

it to zero that

max
c∈RN

N∑
i=1

c2iP (Ai)
2

ci
∑

k ckP (Ai ∩ Ak)
= max

c∈RN

[
∑

i ciP (Ai)]
2∑

i

∑
k cickP (Ai ∩ Ak)

= ℓGK, (4.27)

where ℓGK is the Gallot-Kounias bound [11], and the optimal c̃ can be obtained from

Σc̃ = α (see Section 2.3.2). Thus, we conclude that the lower bounds in (4.26) are

equal to the GK bound [11] if c̃ ∈ RN
+ ; otherwise, the lower bounds in (4.26) are

weaker than the GK bound.

4.1.3 New Class of Lower Bounds ℓNEW-3(c)

We have the following theorem.

Theorem 3. For any given c that satisfies (4.8), a new lower bound on the union
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probability is given by

P

(
N∪
i=1

Ai

)
≥

N∑
i=1

ℓi(c) =: ℓNEW-3(c), (4.28)

where

ℓi(c) = P (Ai)

 ci∑
k∈B(i)

1
ck

+
ci∑

k∈B(i)
2
ck

− ci
∑

k ckP (Ai ∩ Ak)

P (Ai)
(∑

k∈B(i)
1
ck

)(∑
k∈B(i)

2
ck

)
 ,

(4.29)

where B
(i)
1 and B

(i)
2 are subsets of {1, . . . , N} that satisfy the following conditions.

1. If
∑

k ckP (Ai∩Ak)

ciP (Ai)
≥ 0 and min{B:i∈B}

∑
k∈B ck
ci

< 0, then

B
(i)
1 = arg max

{B:i∈B}

∑
k∈B ck

ci
s.t.

∑
k∈B ck

ci
< 0,

B
(i)
2 = arg max

{B:i∈B}

∑
k∈B ck

ci
.

(4.30)

2. If
∑

k ckP (Ai∩Ak)

ciP (Ai)
≥ 0 and min{B:i∈B}

∑
k∈B ck
ci

≥ 0, then

B
(i)
1 = arg max

{B:i∈B}

∑
k∈B ck

ci
s.t.

∑
k∈B ck

ci
≤
∑

k ckP (Ai ∩ Ak)

ciP (Ai)
,

B
(i)
2 = arg min

{B:i∈B}

∑
k∈B ck

ci
s.t.

∑
k∈B ck

ci
≥
∑

k ckP (Ai ∩ Ak)

ciP (Ai)
.

(4.31)

3. If
∑

k ckP (Ai∩Ak)

ciP (Ai)
< 0 and

∑
k ckP (Ai∩Ak)

ciP (Ai)
<
{
max{B:i∈B}

∑
k∈B ck
ci

, s.t.
∑

k∈B ck
ci

< 0
}
,

then

B
(i)
1 = arg max

{B:i∈B}

∑
k∈B ck

ci
, s.t.

∑
k∈B ck

ci
< 0,

B
(i)
2 = arg min

{B:i∈B}

∑
k∈B ck

ci
.

(4.32)
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4. If
∑

k ckP (Ai∩Ak)

ciP (Ai)
< 0 and

∑
k ckP (Ai∩Ak)

ciP (Ai)
≥
{
max{B:i∈B}

∑
k∈B ck
ci

, s.t.
∑

k∈B ck
ci

< 0
}
,

then

B
(i)
1 = arg max

{B:i∈B}

∑
k∈B ck

ci
,

B
(i)
2 = arg max

{B:i∈B}

∑
k∈B ck

ci
s.t.

∑
k∈B ck

ci
≤
∑

k ckP (Ai ∩ Ak)

ciP (Ai)
.

(4.33)

Proof. We note that ℓi(c) is the solution of

min
{pB :i∈B}

∑
B:i∈B

cipB∑
k∈B ck

s.t.
∑
B:i∈B

pB = P (Ai),

∑
B:i∈B

(∑
k∈B ck

ci

)
pB =

1

ci

∑
k

ckP (Ai ∩ Ak),

pB ≥ 0, for all B ∈ B such that i ∈ B.

(4.34)

From (4.34) we have that ∑
B:i∈B

cipB∑
k∈B ck

≥ ℓi(c). (4.35)

Summing (4.35) over i and using (4.9) we directly yield

P

(
N∪
i=1

Ai

)
≥

N∑
i=1

ℓi(c). (4.36)

The solution of (4.34) is given in Appendix B.1.
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Remark 11. We can solve (4.34) by solving its dual problem

max
q1,q2

q1P (Ai) + q2
∑
k

wkP (Ai ∩ Ak)

s.t. q1 + (
∑
k∈B′

wk)q2 ≤
1∑

k∈B′ wk

, ∀B′ ∈ B : i ∈ B′,

(4.37)

where wk := ck
ci
. We give an alternative proof of Theorem 3 by solving this dual

problem for c ∈ RN
+ , i.e., the case (4.31), in Appendix B.2.

Remark 12 (The new bound ℓNEW-3(c) v.s. the GK bound ℓGK). For any

c ∈ RN
+ , we have these relations between different lower bounds:

ℓNEW-3(c) ≥
N∑
i=1

c2iP (Ai)
2

ci
∑

k ckP (Ai ∩ Ak)
≥ [

∑
i ciP (Ai)]

2∑
i

∑
k cickP (Ai ∩ Ak)

≥ [
∑

i ciP (Ai)]
2∑

i

∑
j c

2
iP (Ai ∩ Aj)

.

(4.38)

Note that if c̃ obtained by the GK bound satisfies c̃ ∈ RN
+ , then ℓNEW-3(c̃) ≥ ℓGK.

This can be proven by first noting that the two constraints of (4.34) and the Cauchy-

Schwarz inequality yield (4.22). Then by (4.26), we can get that ℓGK is a lower bound

of ℓNEW-3(c̃).

Remark 13 (The new bound ℓNEW-3(c) v.s. the KAT bound ℓKAT). One can

easily verify that ℓNEW-3(κ1) = ℓKAT, where 1 is the all-one vector of size N and κ is

any non-zero constant.

Lemma 8. When c ∈ RN
+ , the lower bound ℓNEW-3(c) can be computed in pseudo-

polynomial time, and can be arbitrarily closely approximated by an algorithm running

in polynomial time.

Proof. The problems in (4.30) to (4.33) are exactly the 0/1 knapsack problem with
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mass equals to value [24] (the corresponding decision problem is also called subset

sum problem). Unfortunately, the 0/1 knapsack problem is NP-hard in general.

However, if c ∈ RN
+ , i.e, the case (4.31), there exists a dynamic programming

solution which runs in pseudo-polynomial time [24], i.e., polynomial inN , but exponential

in the number of bits required to represent
∑

k ckP (Ai∩Ak)

ciP (Ai)
. Furthermore, there is a

fully polynomial-time approximation scheme (FPTAS), which finds a solution that

is correct within a factor of (1 − ϵ) of the optimal solution [24]. The running time

is bounded by a polynomial and 1/ϵ where ϵ is a bound on the correctness of the

solution.

Therefore, if c ∈ RN
+ , one can get a lower bound for ℓi(c) in polynomial time which

can be arbitrarily close to ℓi(c) by setting ϵ small enough, i.e.,

ℓi(c) ≥ ℓLi (c, ϵ), lim
ϵ→0+

ℓLi (c, ϵ) = ℓi(c). (4.39)

The details are as follows. First, assume B̂1 and B̂2 are obtained by the FPTAS which

satisfy

(1− ϵ)
∑

k∈B(i)
1

ck ≤
∑

k∈B̂(i)
1

ck ≤
∑

k∈B(i)
1

ck,
∑

k∈B(i)
2

ck ≤
∑

k∈B̂(i)
2

ck ≤ (1 + ϵ)
∑

k∈B(i)
2

ck. (4.40)

Then we have

∑
k∈B(i)

1

ck ≤ min

{∑
k∈B̂(i)

1
ck

1− ϵ
,

∑
k ckP (Ai ∩ Ak)

P (Ai)

}
=: b

(i)
1 ,

∑
k∈B(i)

2

ck ≥ max

{∑
k∈B(i)

2
ck

1 + ϵ
,

∑
k ckP (Ai ∩ Ak)

P (Ai)

}
=: b

(i)
2 .

(4.41)
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Then one can get the arbitrarily close lower bound for ℓi(c) as

ℓi(c) ≥ ℓLi (c, ϵ) := P (Ai)

(
ci

b
(i)
1

+
ci

b
(i)
2

− ci
∑

k ckP (Ai ∩ Ak)

P (Ai)b
(i)
1 b

(i)
2

)
. (4.42)

Therefore, we can get a lower bound for P
(∪N

i=1Ai

)
that is arbitrarily close to

ℓNEW-3(c) in polynomial time:

P

(
N∪
i=1

Ai

)
≥
∑
i

ℓi(c) ≥
∑
i

ℓLi (c, ϵ). (4.43)

Remark 14 (New class of upper bounds ~NEW-4(c)). We can also derive an

upper bound by maximizing, instead of minimizing, the objective function of (4.34).

For any given c ∈ R+, a upper bound can be obtained by

~(c) =
N∑
i=1

~i(c), (4.44)

where ~i(c) is defined by

~i(c) := max
{pB :i∈B}

∑
B:i∈B

cipB∑
k∈B ck

s.t.
∑
B:i∈B

pB = P (Ai),

∑
B:i∈B

(∑
k∈B ck

ci

)
pB =

1

ci

∑
k

ckP (Ai ∩ Ak),

pB ≥ 0, for all B ∈ B such that i ∈ B.

(4.45)
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The resulting upper bound is given by

P

(∪
i

Ai

)
≤
∑
i

{
P (Ai)

[
ci

mink ck
+

ci∑
k ck

− c2i
(mink ck)

∑
k ck

∑
k ckP (Ai ∩ Ak)

ciP (Ai)

]}
=

(
1

mink ck
+

1∑
k ck

)∑
i

ciP (Ai)−
1

(mink ck)
∑

k ck

∑
i

∑
k

cickP (Ai ∩ Ak),

=: ~NEW-4(c).

(4.46)

The partial derivative of ~(c) w.r.t. cj such that cj ̸= mink ck is given by

∂~(c)
cj

=
P (Aj)

mink ck
+

P (Aj)
∑

k ck −
∑

i ciP (Ai)

(
∑

k ck)
2

− 1

mink ck

2 [
∑

k ckP (Aj ∩ Ak)] (
∑

k ck)−
∑

i

∑
k cickP (Ai ∩ Ak)

(
∑

k ck)
2

.

(4.47)

Thus,

(min
k

ck)(
∑
k

ck)
2∂~(c)

cj
= P (Aj)(

∑
k

ck)
2 + P (Aj)(

∑
k

ck)(min
k

ck)− (min
k

ck)
∑
i

ciP (Ai)

− 2(
∑
k

ck)

[∑
k

ckP (Aj ∩ Ak)

]
+
∑
i

∑
k

cickP (Ai ∩ Ak).

(4.48)

It is conjectured that the above partial derivatives w.r.t any cj ̸= mink ck are always

positive, and hence ~(c) is no less than (2.29), i.e. ~NEW-4 ≥ ~NEW-1 ≥ ~NEW-3.

4.1.4 Heuristic and optimal choices for c

First, note that if the c̃ obtained by the GK bound satisfies c̃ ∈ RN
+ , then one good

choice for c is c = c̃ since in this case we have already proved in Remark 12 that
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ℓNEW-3(c̃) ≥ ℓGK. Otherwise, ℓNEW-3(c) has to be computed in exponential time.

Furthermore, ℓNEW-3(c) might be very poor especially for the cases in (B.5) and (B.7)

if b1 → 0−, the objective function of (B.2) goes to −∞. Then a heuristic choice for c

is to have its components given by c̃+i = max(c̃i, ϵ), where ϵ > 0 is close to zero; we

will denote it by c̃+. Then c̃+ ∈ RN
+ and hence the solution of (B.2) always falls into

the case of (B.6) and therefore ℓNEW-3(c̃
+) can be computed in pseudo-polynomial

time and approximated in polynomial time.

We will also consider in the numerical examples another heuristic method for

choosing c. Specifically, we choose c as c = c̃ + κ1, where κ is chosen via a line

search. Since c̃ is obtained by the GK bound and c = κ1 yields the KAT bound,

c = c̃+ κ1 is a line passing through those two possible c’s. Since the computational

load for a line search can be however high, we only use it to demonstrate that the

lower bounds can be further improved by optimizing c.

Finally, we define the best bound in the class of ℓNEW-3(c) which is achieved by

using c = copt, although how to find copt is still open.

Theorem 4 (The best bound in the class of ℓNEW-3(c)).

P

(
N∪
i=1

Ai

)
≥ max

c
ℓNEW-3(c) = ℓNEW-3(copt), (4.49)

the maximum of which is range over all c’s that satisfy (4.8). The optimal copt can
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be obtained by the following non-convex optimization problem:

copt = arg max
c,{pi,qi}

∑
i

piciP (Ai) +
∑
i

qi
∑
k

ckP (Ai ∩ Ak)

s.t. pi + (
∑
k∈B′

ck)qi ≤
1∑

k∈B′ ck
, ∀B′ ∈ B : i ∈ B′, i = 1, . . . , N.

(4.50)

Proof. Similar to (4.37), for a given c, the ℓNEW-3(c) is the solution of the following

problem

max
{pi,qi}

∑
i

{
piciP (Ai) + qi

∑
k

ckP (Ai ∩ Ak)

}

s.t. pi + (
∑
k∈B′

ck)qi ≤
1∑

k∈B′ ck
, ∀B′ ∈ B : i ∈ B′, i = 1, . . . , N.

(4.51)

Therefore, by maximizing (4.51) over c, we directly get copt as in (4.50).

Note that it is very difficult to get the solution copt since (4.50) is non-convex.

However, we note that any feasible point of (4.50) leads to a (sub-optimal) lower

bound. Also, by further constraining ci to be nonnegative for all i, any feasible

point corresponds to a lower bound that can be computed by a polynomial-time

approximation algorithm. In the numerical examples, we randomly generate c ∈

RN
+ for a large number samples and choose the best one to illustrate the bounds’

performance.
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4.1.5 Another Class of Lower Bounds, ℓNEW-4(c)

We only consider c ∈ RN
+ in this subsection. Then one can further improve the lower

bound ℓNEW-3(c) to get the following new class of lower bounds.

Theorem 5. Defining B− = B \ {1, . . . , N}, γ̃i :=
∑

k ckP (Ai ∩ Ak), α̃i := P (Ai)

and

δ̃ :=

[
γ̃i − (

∑
k ck −mink ck) α̃i

mink ck

]+
, (4.52)

where c ∈ RN
+ , another class of lower bounds is given by

ℓNEW-4(c) := δ̃ +
N∑
i=1

ℓ′i(c, δ̃), (4.53)

where

ℓ′i(c, x) = [P (Ai)− x]

 ci∑
k∈B(i)

1
ck

+
ci∑

k∈B(i)
2
ck

− ci
∑

k ck [P (Ai ∩ Ak)− x]

[P (Ai)− x]
(∑

k∈B(i)
1
ck

)(∑
k∈B(i)

2
ck

)
 ,

(4.54)

and

B
(i)
1 = arg max

{B∈B−:i∈B}

∑
k∈B ck

ci
s.t.

∑
k∈B ck

ci
≤
∑

k ck [P (Ai ∩ Ak)− x]

ci [P (Ai)− x]
,

B
(i)
2 = arg min

{B∈B−:i∈B}

∑
k∈B ck

ci
s.t.

∑
k∈B ck

ci
≥
∑

k ck [P (Ai ∩ Ak)− x]

ci [P (Ai)− x]
.

(4.55)

Proof. Let x = p{1,...,N} and define B− = B\{1, . . . , N}, then consider
∑

i ℓ
′
i(c, x)+x



4.1. NEW CLASS OF LOWER BOUNDS 60

as a new lower bound where where ℓ′i(c, x) is defined by

ℓ′i(c, x) := min
{pB :i∈B,B∈B−}

∑
B:i∈B,B∈B−

cipB∑
k∈B ck

s.t.
∑

B:i∈B,B∈B−

pB = P (Ai)− x,

∑
B:i∈B,B∈B−

(∑
k∈B ck

ci

)
pB =

1

ci

∑
k

ck [P (Ai ∩ Ak)− x] ,

pB ≥ 0, for all B ∈ B− such that i ∈ B.

(4.56)

The solution of (4.56) exists if and only if

min
k

ck ≤
γ̃i − (

∑
k ck)x

α̃i − x
≤
∑
k

ck −min
k

ck, (4.57)

which gives

[
γ̃i − (

∑
k ck −mink ck) α̃i

mink ck

]+
≤ x ≤ γ̃i − (mink ck)α̃i∑

k ck −mink ck
. (4.58)

Therefore, the new lower bound can be written as

min
x

[
x+

N∑
i=1

ℓ′i(c, x)

]
, s.t.

[
γ̃i − (

∑
k ck −mink ck) α̃i

mink ck

]+
≤ x ≤ γ̃i − (mink ck)α̃i∑

k ck −mink ck
.

(4.59)

Similar to solving (4.34) in the proof of ℓNEW-2, we can prove that the objective

function of (4.59) is non-decreasing with x; this proof is given in Appendix B.3.
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Therefore, defining δ̃ as in (4.52), the new lower bound can be written as

ℓNEW-4(c) = δ̃ +
N∑
i=1

ℓ′i(c, δ̃), (4.60)

where ℓ′i(c, δ̃) can be obtained using the solution for ℓi(c) in (4.34) with b =
∑

k ckP (Ai∩Ak)

ciP (Ai)

replaced by b̃ =
∑

k ck[P (Ai∩Ak)−δ̃]
ci[P (Ai)−δ̃]

.

Remark 15 (ℓNEW-4(c) v.s. ℓNEW-3(c)). Note that ℓNEW-3(c) =
∑N

i=1 ℓi(c) where

ℓi(c) is the solution of (4.34). The optimal variable p{1,...,N} in (4.34) is not required

to be the same for each ℓi(c), i = 1, . . . , N . The lower bound ℓNEW-4(c), however,

is the solution of the same problem as for ℓNEW-3(c) with the additional constraint

that the optimal variable p{1,...,N} in (4.34) has the same value for each ℓi(c), i =

1, . . . , N . Therefore, if c ∈ RN
+ , ℓNEW-3(c) is the solution of a relaxed problem to the

problem for obtaining ℓNEW-4(c); thus ℓNEW-4(c) ≥ ℓNEW-3(c). Also, since c ∈ RN
+ , the

solution of (4.55) can be computed in pseudo-polynomial time and has a polynomial-

time approximation algorithm.

Remark 16 (Improved class of upper bounds ~NEW-5(c)). We can improve the

upper bound ~NEW-4 in (4.46) by letting x = p{1,...,N}. Defining B− = B \{1, . . . , N},

then

~′(c) = max
x

[
x+

N∑
i=1

~′i(c, x)

]
, (4.61)
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where ~′i(c, x) is defined by

~′i(c, x) := max
{pB :i∈B,B∈B−

∑
B:i∈B,B∈B−

cipB∑
k∈B ck

s.t.
∑

B:i∈B,B∈B−

pB = P (Ai)− x,

∑
B:i∈B,B∈B−

(∑
k∈B ck

ci

)
pB =

1

ci

∑
k

ck [P (Ai ∩ Ak)− x] ,

pB ≥ 0, for all B ∈ B− such that i ∈ B.

(4.62)

The solution of ~′i(c, x) is independent with x:

~′i(c, x) = (P (Ai)− x)

(
ci

mink ck
+

ci∑
k ck −mink ck

)
− ci

(mink ck)(
∑

k ck −mink ck)

∑
k

ck (P (Ai ∩ Ak)− x) ,

= P (Ai)

(
ci

mink ck
+

ci∑
k ck −mink ck

)
− ci

(mink ck)(
∑

k ck −mink ck)

∑
k

ckP (Ai ∩ Ak),

(4.63)

and the solution exists if and only if for all i

min
k

ck ≤
∑

k ckP (Ai ∩ Ak)− (
∑

k ck)x

P (Ai)− x
≤
∑
k

ck −min
k

ck. (4.64)
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Thus, we get

{
max

i

∑
k ckP (Ai ∩ Ak)− (

∑
k ck −mink ck)P (Ai)

mink ck

}+

≤ x ≤ min
i

∑
k ckP (Ai ∩ Ak)− (mink ck)P (Ai)∑

k ck −mink ck

(4.65)

Therefore, we get the upper bound

P

(∪
i

Ai

)
≤ min

i

{∑
k ckP (Ai ∩ Ak)− (mink ck)P (Ai)∑

k ck −mink ck

}
+

(
1

mink ck
+

1∑
k ck −mink ck

)∑
i

ciP (Ai)

− 1

(mink ck)(
∑

k ck −mink ck)

∑
i

∑
k

cickP (Ai ∩ Ak),

=: ~NEW-5(c).

(4.66)

Clearly, the upper bound ~NEW-5(c) in (4.66) is always sharper than ~NEW-4 in (4.46),

however, it is conjectured to be always looser than ~NEW-3 in (3.20).

4.2 Numerical Examples

In the numerical examples, c̃ is obtained by the GK bound; the elements of c̃+ are

given by {c̃+i = max(c̃i, ϵ), i = 1, . . . , N} where ϵ > 0 is small enough so that if c̃ ∈ RN
+

then c̃+ = c̃.

We present ℓNEW-3(c̃), ℓNEW-3(c̃
+), ℓNEW-4(c̃

+) and maxκ ℓNEW-3(c̃+κ1) in Table 4.1.

In three examples (Systems II, III and VIII), c̃ ∈ RN
+ ; therefore ℓNEW-3(c̃) = ℓNEW-3(c̃

+).

In two examples (Systems VI and VII), ℓNEW-3(c̃) gives a negative value so we ignore

it and replace it by 0. The lower bound maxκ ℓNEW-3(c̃+ κ1) is done by searching κ
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from −1 to 1 with a fixed step length 0.005 (so that 401 points are used in total).

We also randomly generated 100, 000 samples of c ∈ RN
+ to compute ℓNEW-3(c) and

ℓNEW-4(c) and the largest bounds were selected and denoted as ℓNEW-3(c
+
Rand) and

ℓNEW-4(c
+
Rand).

From the results, one can see ℓNEW-3(c̃
+) is always sharper than ℓNEW-3(c̃) and

is sharper than ℓGK in most of the examples except for System VI. The line search

maxκ ℓNEW-3(c̃ + κ1) is shaper than ℓNEW-3(c̃
+) in most of the examples except for

System V. Since c̃+ ∈ RN
+ , the class of lower bounds ℓNEW-4(c̃

+) is always sharper

than ℓNEW-3(c̃
+), as expected.

In Table 4.2, we compared ℓNEW-3(c) and ℓNEW-4(c) with randomly generated

c ∈ RN
+ . One can see that in System VI, the maximum ℓNEW-4(c) is 0.3203 which

is sharper than the maximum ℓNEW-3(c) which is 0.3022. Also, the percentage for

ℓNEW-4(c) is strictly larger than ℓNEW-3(c) and the average of ℓNEW-4(c)
ℓNEW-3(c)

are shown in

Table 4.2.

4.3 Comments on the GK Bound

Finally, we conclude this chapter with two comments on the GK bound.

4.3.1 Applying the GK bound to subsets of events

We note that many existing lower bounds, which do not fully explore available

information, can be further improved algorithmically via optimization over subsets, as

in [2, 14]. However, in this section, we prove that the GK bound cannot be improved

by applying it to subsets of {A1, . . . , AN}.
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Table 4.1: Comparison of lower bounds (* indicates c̃ ∈ RN
+ and a bold number

indicates exact agreement with the optimal lower bound (5.1) of
exponential complexity in N .)

System I II* III* IV V VI VII VIII*

N 6 6 6 7 3 4 4 4

P
(∪N

i=1Ai

)
0.7890 0.6740 0.7890 0.9687 0.3900 0.3252 0.5346 0.5854

ℓKAT 0.7247 0.6227 0.7222 0.8909 0.3833 0.2769 0.4434 0.5412

ℓGK 0.7601 0.6510 0.7508 0.9231 0.3813 0.2972 0.4750 0.5390

ℓNEW-2 0.7247 0.6227 0.7222 0.8909 0.3900 0.3205 0.4562 0.5464

ℓNEW-1 0.7487 0.6398 0.7427 0.9044 0.3900 0.3252 0.5090 0.5531

ℓNEW-3(c̃) 0.6359 0.6517* 0.7512* 0.7908 0.3865 0 0 0.5412*

ℓNEW-3(c̃
+) 0.7638 0.6517* 0.7512* 0.9231 0.3900 0.2951 0.4905 0.5412*

ℓNEW-3(c̃+ κ1) 0.7577 0.6539 0.7557 0.9235 0.3899 0.2993 0.4949 0.5412

ℓNEW-3(c̃
+
Rand) 0.7783 0.6633 0.7810 0.9501 0.3900 0.3022 0.4992 0.5666

ℓNEW-4(c̃
+) 0.7638 0.6517 0.7512 0.9231 0.3900 0.2951 0.4905 0.5412

ℓNEW-4(c̃
+
Rand) 0.7783 0.6633 0.7810 0.9501 0.3900 0.3203 0.4992 0.5666

Table 4.2: Comparison of ℓNEW-3(c) and ℓNEW-4(c) with randomly generated c ∈ RN
+

(a bold number indicates coincidence with optimal lower bound (5.1) of
exponential complexity in N).

System V VI VII VIII*

N 3 4 4 4

P
(∪N

i=1Ai

)
0.3900 0.3252 0.5346 0.5854

max ℓNEW-3(c) 0.3900 0.3022 0.4992 0.5666
max ℓNEW-4(c) 0.3900 0.3203 0.4992 0.5666

Average ℓNEW-4(c)
ℓNEW-3(c)

1.0011 1.065 1.0006 1.0000

Percentage ℓNEW-4(c) > ℓNEW-3(c) 7.82 % 69.6% 3.87% 0.54 %

Lemma 9. For any given M ≥ N , the GK bound is the solution of the following

problem:

min
{x∈RM×1,A∈RN×M}

∥x∥2

s.t. Ax = α, AAT = Σ ∈ RN×N .

(4.67)
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Proof. We can always write x as

x = ATk1 +AT
⊥k2, (4.68)

where k1 ∈ RN×1, k2 ∈ R(M−N)×1, and A⊥ ∈ R(M−N)×M satisfies AAT
⊥ = 0N×(M−N).

Particularly, letLLT be the Cholesky decomposition ofΣ, thenA =
(
L,0N×(M−N)

)
Q

where Q is any orthogonal matrix is the solution of (4.67).

Then

∥x∥2 = kT
1AATk1 + kT

2A⊥A
T
⊥k2 = kT

1Σk1 + kT
2A⊥A

T
⊥k2. (4.69)

The first constraint Ax = α implies AATk1 = α, i.e., k1 = Σ−1α. Therefore, the

minimum of ∥x∥2 is achieved at k2 = 0, so that

min
k1,k2

∥x∥2 = kT
1Σk1 = αTΣ−1α. (4.70)

Theorem 6. The GK bound cannot be improved via optimization over subsets of

{A1, A2, . . . , AN}.

Proof. Denoting A =



aT
1

aT
2

...

aT
N


, the first constraint of (4.67) is equivalent to N

constraints aT
i x = αi, i = 1, . . . , N , and the second constraint of (4.67) is equivalent

to N2 constraints aT
i aj = Σij, i = 1, . . . , N, j = 1, . . . , N .
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By selecting a subset of {1, 2, . . . , N}, the resulting GK bound is the solution of

a relaxed problem of (4.67) with a subset of constraints on x and ai, i = 1, . . . , N .

Since the objective value of the relaxed problem must be no more than the original

problem (4.67), the GK bound using a subset cannot be higher than the GK bound

using full information.

4.3.2 Iterative implementation of the GK bound

Theorem 7. The GK bound can be computed iteratively. More specifically, for n =

1, . . . , N , denote ℓGK(n) as the GK bound using the information of A1, . . . , An : αn =

(P (A1), . . . , P (An))
T , βn = (P (A1 ∩ An), . . . , P (An−1 ∩ An))

T and Σn, the n × n

upper left sub-matrix of Σ, then if αn − βH
n Σ

−1
n−1βn > 0, we have

ℓGK(n) = ℓGK(n− 1) +
1

αn − βH
n Σ

−1
n−1βn

αT
n

 bnb
T
n bn

bTn 1

αn, (4.71)

where bn = −Σ−1
n−1βn.

The matrix Σn is not invertible if and only if αn −βH
n Σ

−1
n−1βn = 0. The last case

αn − βH
n Σ

−1
n−1βn < 0 never happens, i.e., the following inequality holds

P (An) ≥ (P (A1 ∩ An), . . . , P (An−1 ∩ An)) ·

P (A1 ∩ A1) . . . P (A1 ∩ An−1)

P (A2 ∩ A1) . . . P (A2 ∩ An−1)

... . . .
...

P (An−1 ∩ A1) . . . P (AN ∩ An−1)



−1

P (A1 ∩ An)

P (A2 ∩ An)

...

P (An−1 ∩ An)


,

(4.72)
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for n = 1, . . . , N .

Proof. Note that

Σn =

 Σn−1 βn

βT
n αn

 . (4.73)

and by the matrix inverse lemma for a Hermitian matrix [16], we have

Σ−1
n =

 Σ−1
n−1 0n

0T
n 0

+
1

αn − βH
n Σ

−1
n−1βn

 bnb
T
n bn

bTn 1

 (4.74)

Substituting to ℓGK(n) = αnΣ
−1
n αn, ℓGK(n) can be computed using ℓGK(n− 1).

Since we have proved ℓGK(n) ≥ ℓGK(n−1) in Theorem 6, the inequality is directly

from αn − βH
n Σ

−1
n−1βn ≥ 0 in (4.71) of Theorem 7.
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Chapter 5

New Bounds using {P (Ai)} and {P (Ai ∩ Aj)}

We derive new numerical lower/upper bounds of P
(∪N

i=1Ai

)
using {P (Ai)} and

{P (Ai ∩ Aj)} by solving a linear programming problem with (N−1)3+N+3
2

variables,

which coincide with the optimal lower/upper bounds whenN ≤ 7. The new numerical

lower/upper bounds are guaranteed to be sharper than ℓNEW-1, which is the optimal

lower bound using {P (Ai)} and {
∑

j P (Ai ∩ Aj)}.

We also derive the generalized version of the KAT bound [19] when {P (Ai)}

and {
∑

j cijP (Ai ∩ Aj)} are used for any given parameter set {cij}. Then we show

that the generalized KAT bound is upper bounded by the KAT bound. Similarly,

the generalized version of ℓNEW-2 using {P (Ai)} and {
∑

j cijP (Ai ∩ Aj)} can also be

derived, which is also upper bounded by ℓNEW-2.

5.1 New Numerical Lower/Upper Bounds

5.1.1 A Relaxed Problem of the optimal LP

As in Chapter 4, we consider a finite probability space for simplicity, and denote

by B as the collection of all non-empty subsets of {1, 2, . . . , N}, and ωB as the
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outcome that belongs to {Ai, i ∈ B} and not to {Ai, i /∈ B}. Let pB stand for p(ωB),

for B ∈ B. Consider pB as variables; then the following (exhaustive) LP problem

with 2N number of variables gives the optimal lower/upper bound established using

{P (Ai)} and {P (Ai ∩ Aj)}:

min
{pB ,B∈B}

/ max
{pB ,B∈B}

∑
B∈B

pB,

s.t.
∑

i,j∈B,B∈B

pB = P (Ai ∩ Aj), i, j ∈ {1, . . . , N},

pB ≥ 0, B ∈ B.

(5.1)

The optimality of (5.1) can be easily proved by showing its achievability: for each pB,

construct an outcome ωB such that p(ωB) = pB and let ωB ∈ Ai, ∀i ∈ B. However,

the computational complexity of the optimal lower bound (5.1) is exponential.

Now we consider relaxed versions of (5.1). Assume integer M < N and define 2M

functions f1(i1, . . . , iM , k) to f2M (i1, . . . , iM , k) for i1, i2, . . . , iM , k ∈ {1, 2, . . . , N} as

follows

f1(i1, . . . , iM , k) =
∑

B:i1,...,iM∈B,|B|=k

pB,

f2(i1, . . . , iM , k) =
∑

B:i1,...,iM−1∈B,iM /∈B,|B|=k

pB,

...

f2M (i1, . . . , iM , k) =
∑

B:i1,...,iM /∈B,|B|=k

pB.

(5.2)

That is, for all outcomes that have degree k (i.e., for all B ∈ B that |B| = k), the

functions f1(i1, . . . , iM , k) to f2M (i1, . . . , iM , k) divide
∑

B∈B:|B|=k pB into 2M groups,
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each corresponding to a subset of {i1, . . . , iM} that B contains (i.e., the outcomes are

in a subset of {Ai1 , Ai2 , . . . , AiM}).

Now we replace the constraints pB ≥ 0,∀B ∈ B in (5.1) by fm(i1, . . . , iM , k) ≥

0,m = 1, . . . , 2M to formulate the following relaxed LP problem.

min
{pB ,B∈B}

/ max
{pB ,B∈B}

∑
B∈B

pB,

s.t.
∑

i,j∈B,B∈B

pB = P (Ai ∩ Aj), i, j ∈ {1, . . . , N},

fm(i1, . . . , iM , k) ≥ 0, ∀m ∈ {1, . . . , 2M},

∀i1, . . . , iM , k ∈ {1, . . . , N}.

(5.3)

Clearly, (5.3) is a relaxed problem of (5.1) since all the constraints of (5.3) must be

satisfied if pB ≥ 0, ∀B ∈ B. Thus, the optimal value of (5.3) is a lower/upper bound

of P
(∪N

i=1Ai

)
.

Lemma 10. The solution of problem (5.3) coincides with the optimal lower/upper

bound by (5.1) when N ≤ 2M + 1.

Proof. Since (5.3) is a relaxed problem of (5.1), we just need to show that the

constraints of (5.3) reduce to pB ≥ 0, ∀B ∈ B when N ≤ 2M + 1.

Note that when 1 ≤ k ≤ M , there exists one function fm(i1, . . . , iM , k) that is

defined as
∑

B∈B,i1,...,ik∈B,ik+1,...,iM /∈B,|B|=k pB. For simplicity, let fm′ be such function,

i.e.,

fm′(i1, . . . , iM , k) =
∑

B∈B,i1,...,ik∈B,ik+1,...,iM /∈B,|B|=k

pB. (5.4)

Then the constraint

fm′(i1, . . . , iM , k) ≥ 0 (5.5)
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reduces to

p{i1,...,ik} ≥ 0, (5.6)

which is equivalent to pB ≥ 0,∀|B| = k since i1, . . . , ik ∈ {1, . . . , N}.

Similarly, when N−M ≤ k ≤ N , there exists one function fm′′(i1, . . . , iM , k) given

by

fm′′(i1, . . . , iM , k) =
∑

B∈B,i1,··· ,iN−k /∈B,iN−k+1,...,iM∈B,|B|=k

pB. (5.7)

Then the constraint

fm′′(i1, . . . , iM , k) ≥ 0 (5.8)

reduces to

pB′′ ≥ 0, (5.9)

where B′′ = {1, . . . , N}\{i1, . . . , iN−k}. Note that this is equivalent to pB ≥ 0,∀|B| =

k since i1, . . . , iN−k ∈ {1, . . . , N}.

Finally, if M ≥ (N − M) − 1, the union of {1, . . . ,M} and {N − M, . . . , N} is

{1, . . . , N} and so all possible values of k are included. Therefore, all the constraints

in pB ≥ 0, B ∈ B can be obtained by requiring fm(i1, . . . , iM , k) ≥ 0,m = 1, . . . , 2M .

Thus, the problem (5.1) is equivalent to (5.3).

5.1.2 A Case Study for M = 3

In the rest of this chapter, we focus on a particular case with M = 3. We show

that when M = 3, problem (5.3) can be solved by an LP problem with (N−1)3+N+3
2

variables. Note that problem (5.3) has an exponential number of variables {pB, B ∈

B}. In this subsection, we show that problem (5.3) shares the same solution as a
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relaxed problem which still has exponential number of variables when M = 3. In

the next subsection, we show that the later relaxed problem can be solved by an LP

problem with (N−1)3+N+3
2

variables.

Defining 2M = 8 functions, f1, . . . , f8, by the following:

f1(i, j, l, k) =
∑

B:i,j,l∈B,|B|=k

pB,

f2(i, j, l, k) =
∑

B:i,j∈B,l/∈B,|B|=k

pB,

f3(i, j, l, k) =
∑

B:i,l∈B,j /∈B,|B|=k

pB,

f4(i, j, l, k) =
∑

B:j,l∈B,i/∈B,|B|=k

pB,

f5(i, j, l, k) =
∑

B:i∈B,j,l/∈B,|B|=k

pB,

f6(i, j, l, k) =
∑

B:j∈B,i,l/∈B,|B|=k

pB,

f7(i, j, l, k) =
∑

B:l∈B,i,j /∈B,|B|=k

pB,

f8(i, j, l, k) =
∑

B:i,j,l /∈B,|B|=k

pB,

(5.10)

the problem (5.3) becomes

min
{pB ,B∈B}

/ max
{pB ,B∈B}

∑
B∈B

pB,

s.t.
∑

i,j∈B,B∈B

pB = P (Ai ∩ Aj), i, j ∈ {1, . . . , N},

fm(i, j, l, k) ≥ 0, m ∈ {1, . . . , 8}, i, j, l, k ∈ {1, . . . , N}.

(5.11)
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Now, we consider a relaxed version of (5.11) as follows:

min
{pB ,B∈B}

/ max
{pB ,B∈B}

∑
B∈B

pB,

s.t.
∑

i,j∈B,B∈B

pB = P (Ai ∩ Aj), i, j ∈ {1, . . . , N},



1 1 0 0 0 0 0 0

1 0 1 0 0 0 0 0

1 0 0 1 0 0 0 0

0 0 0 0 1 0 0 1

0 0 0 0 0 1 0 1

0 0 0 0 0 0 1 1

1 0 0 0 0 0 0 1

0 1 0 0 1 0 0 0

0 1 0 0 0 1 0 0

0 1 0 0 0 0 1 0

0 0 1 0 1 0 0 0

0 0 1 0 0 1 0 0

0 0 1 0 0 0 1 0

0 0 0 1 1 0 0 0

0 0 0 1 0 1 0 0

0 0 0 1 0 0 1 0





f1(i, j, l, k)

f2(i, j, l, k)

f3(i, j, l, k)

f4(i, j, l, k)

f5(i, j, l, k)

f6(i, j, l, k)

f7(i, j, l, k)

f8(i, j, l, k)



≥ 0,

∀i, j, l, k ∈ {1, . . . , N}.

(5.12)

Clearly, (5.12) is a relaxed version of (5.11) and therefore a relaxed version of (5.1).

In the following lemma, we prove that (5.12) and (5.11) give the same solution, i.e.,
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the lower/upper bounds obtained by solving the two problems are identical.

Lemma 11. The optimal feasible point of (5.11) is also optimal in (5.12).

Proof. In order to show the optimal feasible point of (5.11) is also optimal in (5.12),

it suffices to show for any feasible point of (5.12), we are able to find a feasible

point of (5.11) that gives the same value of the objective function. That is, for

any {pB, B ∈ B} that satisfies the constraint of (5.12), there exists a feasible point

of (5.11), {p′B, B ∈ B}, that satisfies fm(i, j, l, k) ≥ 0, i, j, l, k ∈ {1, . . . ,M},m ∈

{1, . . . , 8} as well as
∑

B∈B p′B =
∑

B∈B pB.

We consider different values of k. According to the proof of Lemma 10, it is direct

to verify for k ∈ {1, 2, 3, N−3, N−2, N−1, N} the constraints of (5.12) are equivalent

to pB ≥ 0, |B| = k. Therefore, if {pB, |B| ∈ {1, 2, 3, N − 3, N − 2, N − 1, N}} come

from a feasible point of (5.12), they also satisfy the constraints in (5.11).

Next, we only consider the case 4 ≤ k ≤ N − 4. Suppose k = k̃ is given such

that 4 ≤ k̃ ≤ N − 4, and there are variables {pB, |B| = k̃} which are from a feasible

point of (5.12). If {pB, |B| = k̃} also satisfy the constraints on f1, . . . , f8 for k = k̃ in

(5.11), we simply let p′B = pB, |B| = k̃. On the other hand, if {pB, |B| = k̃} do not

satisfy the constraints on f1, . . . , f8 in (5.11) for k = k̃ then there are integers ĩ, j̃, l̃

that fm(̃i, j̃, l̃, k̃) < 0 hold for at least one m ∈ {1, . . . , 8}.

Note that the matrix in the last constraint of (5.12) does not have full rank, for any

value τ : vector (τ,−τ,−τ,−τ, τ, τ, τ,−τ)T lies in the null space of the matrix in the

constraint. Therefore, it is possible to introduce a particular transformation on the

values of {pB} such that after the transformation, the value of the objective function

of (5.12) is not changed and the equality constraints in (5.12) are still satisfied. The

only terms that have changed are the values of fm(̃i, j̃, l̃, k̃) for a particular (̃i, j̃, l̃, k̃).
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We define the transformation in the following.

For given ĩ, j̃, l̃, we first pick one B1 such that |B1| = k̃ and ĩ, j̃, l̃ ∈ B1. Since

k̃ ≤ N − 4, there exists î, ĵ, l̂ /∈ B1. We replace some of ĩ, j̃, l̃ by some of î, ĵ, l̂,

respectively, to get B2, . . . , B8 as follows (the notation . . . denotes other integers in

the subset that are remain the same):

B1 = {̃i, j̃, l̃, . . . }

B2 = {̃i, j̃, l̂, . . . }

B3 = {̃i, ĵ, l̃, . . . }

B4 = {̂i, j̃, l̃, . . . }

B5 = {̃i, ĵ, l̂, . . . }

B6 = {̂i, j̃, l̂, . . . }

B7 = {̂i, ĵ, l̂, . . . }

B8 = {̂i, ĵ, l̂, . . . }

(5.13)

Let {p(0)B } be the values of variables {pB} before transformation, and {p(1)B } be the

values of variables {pB} after the first transformation, we assign values to p
(1)
Bm

,m =
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1, . . . , 8 as follows: 

p
(1)
B1

p
(1)
B2

p
(1)
B3

p
(1)
B4

p
(1)
B5

p
(1)
B6

p
(1)
B7

p
(1)
B8



⇐



p
(0)
B1

p
(0)
B2

p
(0)
B3

p
(0)
B4

p
(0)
B5

p
(0)
B6

p
(0)
B7

p
(0)
B8



+



τ

−τ

−τ

−τ

τ

τ

τ

−τ



, (5.14)

for any τ . For other B /∈ {B1, . . . , B8}, we simply set p
(1)
B = p

(0)
B .

Now it can be verified that if {p(0)B } is a feasible point of (5.12), after the transformation

the value of the objective function is not changed, i.e.,
∑

B p
(0)
B =

∑
B p

(1)
B and all

the equality constraints in (5.12) are still satisfied. Also, the values of functions

fm(i, j, l, k) are not changed if one of the elements of (i, j, l, k) is not equal to the

corresponding elements of (̃i, j̃, l̃, k̃). The only terms that were changed are



f
(1)
1 (̃i, j̃, l̃, k̃)

f
(1)
2 (̃i, j̃, l̃, k̃)

f
(1)
3 (̃i, j̃, l̃, k̃)

f
(1)
4 (̃i, j̃, l̃, k̃)

f
(1)
5 (̃i, j̃, l̃, k̃)

f
(1)
6 (̃i, j̃, l̃, k̃)

f
(1)
7 (̃i, j̃, l̃, k̃)

f
(1)
8 (̃i, j̃, l̃, k̃)



⇐



f
(0)
1 (̃i, j̃, l̃, k̃) + τ

f
(0)
2 (̃i, j̃, l̃, k̃)− τ

f
(0)
3 (̃i, j̃, l̃, k̃)− τ

f
(0)
4 (̃i, j̃, l̃, k̃)− τ

f
(0)
5 (̃i, j̃, l̃, k̃) + τ

f
(0)
6 (̃i, j̃, l̃, k̃) + τ

f
(0)
7 (̃i, j̃, l̃, k̃) + τ

f
(0)
8 (̃i, j̃, l̃, k̃)− τ



, (5.15)
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where f
(0)
m ,m = 1, . . . , 8 denotes the value of function fm before the transformation

and f
(1)
m ,m = 1, . . . , 8 denotes the value of function fm after the first transformation.

Note that f
(1)
m still satisfies the last constraint in (5.12) for any value of τ . Therefore,

{p(1)B } is still a feasible point of (5.12) that shares the same value of the objective

function with {p(0)B }.

Starting from a feasible point of (5.12), the transformation defined in (5.14) can be

used to get another feasible point of (5.12) without changing the value of the objective

function. Therefore, it suffices to show that for any optimal feasible point of (5.12),

if there are integers (̃i, j̃, l̃, k̃) and the inequality f
(0)
m (̃i, j̃, l̃, k̃) < 0 holds for at least

one m ∈ {1, . . . , 8}, we are able to find another feasible point after t transformations

such that

f (t)
m (̃i, j̃, l̃, k̃) ≥ 0, m = 1, . . . , 8. (5.16)

We show that t ≤ 2, i.e., at most two transformations are needed. The details are

as follows.

1. Suppose f
(0)
m (̃i, j̃, l̃, k̃) < 0 holds for at least one m ∈ {1, . . . , 8}. Defining

τ1 = min
{
f
(0)
2 (̃i, j̃, l̃, k̃), f

(0)
3 (̃i, j̃, l̃, k̃), f

(0)
4 (̃i, j̃, l̃, k̃)

}
, (5.17)

after the first transformation, according to (5.15), we have

min
{
f
(1)
2 (̃i, j̃, l̃, k̃), f

(1)
3 (̃i, j̃, l̃, k̃), f

(1)
4 (̃i, j̃, l̃, k̃)

}
= 0. (5.18)

Furthermore, by the first four rows of the matrix constraint in (5.12), one can
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get

f
(1)
1 (̃i, j̃, l̃, k̃) + min

{
f
(1)
2 (̃i, j̃, l̃, k̃), f

(1)
3 (̃i, j̃, l̃, k̃), f

(1)
4 (̃i, j̃, l̃, k̃)

}
≥ 0, (5.19)

which is equivalent to f
(1)
1 (̃i, j̃, l̃, k̃) ≥ 0.

Finally, by the last nine rows of the matrix constraint in (5.12), one can get

min
{
f
(1)
5 (̃i, j̃, l̃, k̃), f

(1)
6 (̃i, j̃, l̃, k̃), f

(1)
7 (̃i, j̃, l̃, k̃)

}
+min

{
f
(1)
2 (̃i, j̃, l̃, k̃), f

(1)
3 (̃i, j̃, l̃, k̃), f

(1)
4 (̃i, j̃, l̃, k̃)

}
≥ 0,

(5.20)

which means

min
{
f
(1)
5 (̃i, j̃, l̃, k̃), f

(1)
6 (̃i, j̃, l̃, k̃), f

(1)
7 (̃i, j̃, l̃, k̃)

}
≥ 0. (5.21)

The only function left is f
(1)
8 (̃i, j̃, l̃, k̃) since we only have

f
(1)
8 (̃i, j̃, l̃, k̃) + min

{
f
(1)
5 (̃i, j̃, l̃, k̃), f

(1)
6 (̃i, j̃, l̃, k̃), f

(1)
7 (̃i, j̃, l̃, k̃)

}
≥ 0 (5.22)

after the first transformation. In case f
(1)
8 (̃i, j̃, l̃, k̃) ≥ 0 after the first transformation,

then we have already obtained a new feasible point of (5.12) that satisfies

f
(1)
m (̃i, j̃, l̃, k̃) ≥ 0 for all m.

2. On the other hand, if f
(1)
8 (̃i, j̃, l̃, k̃) < 0 after the first transformation, let τ2 =

f
(1)
8 (̃i, j̃, l̃, k̃), then after the second transformation, according to (5.15), one can

verify that f
(2)
8 (̃i, j̃, l̃, k̃) = 0 and all

f (2)
m (̃i, j̃, l̃, k̃) ≥ 0, m = 1, . . . , 8, (5.23)
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are satisfied.

Note that even though it results in the same solution as (5.11), the problem (5.12)

still has an exponential number of variables. Next, we show that we can solve (5.12)

by solving an LP problem with only (N−1)3+N+3
2

variables.

5.1.3 New Numerical Bounds

In this subsection, we show that (5.12) can be solved by an LP problem with only

(N−1)3+N+3
2

variables. Define

aij(k) := P ({x ∈ Ai ∩ Aj, deg(x) = k}) , i, j, k ∈ {1, · · · , N}. (5.24)

Then the following properties directly hold for aij(k):

aij(1) = P ({x ∈ Ai ∩ Aj, deg(x) = 1}) = 0, for all i ̸= j, (5.25)

aij(k) = aji(k) (5.26)

and

aii(k) = P ({x ∈ Ai ∩ Ai, deg(x) = k}) = ai(k). (5.27)

Also, we have
N∑
k=1

aij(k) = P (Ai ∩ Aj). (5.28)
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Furthermore, we can write

N∑
j=1

aij(k)

k
= P ({x ∈ Ai, deg(x) = k}) = ai(k). (5.29)

Substituting (5.29) into the expression of P
(∪N

i=1 Ai

)
using ai(k), we directly obtain

the following equalities

P (Ai) =
N∑
k=1

ai(k) =
N∑
k=1

(
N∑
j=1

aij(k)

k

)
, (5.30)

and

P

(∪
i

Ai

)
=

N∑
k=1

N∑
i=1

ai(k)

k
=

N∑
k=1

N∑
i=1

1

k

(
N∑
j=1

aij(k)

k

)
=

N∑
k=1

N∑
i=1

N∑
j=1

aij(k)

k2
. (5.31)

In the following, we show that one can formulate an LP problem with {aij(k)} as

variables that is equivalent to problem (5.12)

Theorem 8. The solution (denoted by ℓNEW-5/~NEW-6) of the following LP problem

with N3 variables is the same as the solution of (5.12), which gives a lower/upper
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bound for P (
∪

i Ai).

ℓNEW-5/~NEW-6 := min
{aij(k)}

/ max
{aij(k)}

∑
k

∑
i

∑
j

aij(k)

k2

s.t.
∑
k

∑
j

aij(k)

k
= P (Ai), i = 1, · · · , N,

∑
k

aij(k) = P (Ai ∩ Aj), i = 1, · · · , N, j = 1, · · · , N,

aij(k) = aji(k), i = 1, · · · , N, j = 1, · · · , N, k = 1, · · · , N,

N∑
m=1

aim(k)

k
≥ aij(k), i = 1, · · · , N, j = 1, · · · , N, k = 1, · · · , N,

∑
m

∑
n

anm(k)

k2
−
∑
m

aim(k)

k
≥
∑
n

anj(k)

k
− aij(k), i, j, k = 1, · · · , N,

∑
n

anl(k)

k
≥ ail(k) + ajl(k)− aij(k), i, j, l, k = 1, · · · , N,

∑
m

∑
n

anm(k)

k2
+ aij(k) + ail(k) + ajl(k) ≥

∑
m

aim(k) + ajm(k) + alm(k)

k
,

i, j, l, k = 1, · · · , N,

aij(k) ≥ 0, i = 1, · · · , N, j = 1, · · · , N, k = 1, · · · , N.

(5.32)

Furthermore, the number of variables of (5.32) can be reduced to (N−1)3+N+3
2

.

Proof. First, we show that problem (5.32) is equivalent to (5.12).

Noting that a(k) and ai(k) can be written as linear functions of aij(k). Also,

from their definitions, a(k), ai(k) and aij(k) can be written as linear functions of
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{pB, B ∈ B}:

a(k) =
∑
|B|=k

pB,

ai(k) =
∑

i∈B,|B|=k

pB,

aij(k) =
∑

i,j∈B,|B|=k

pB.

(5.33)

Since the objective function and the equality constraints in (5.12) can be easily written

in terms of aij(k), it suffices to show that the matrix constraint in (5.12) can also be

written as constraints on aij(k).

By symmetry, we only need to show that f1(i, j, l, k) + f2(i, j, l, k), f3(i, j, l, k) +

f5(i, j, l, k), f7(i, j, l, k)+f8(i, j, l, k), f2(i, j, l, k)+f7(i, j, l, k) and f1(i, j, l, k)+f8(i, j, l, k)

can be expressed using aij(k). Other rows of the matrix constraint in (5.12) can be

directly obtained by changing the order of the indices (i, j, l). The details are in the

following:

aij(k) =
∑

i,j∈B,|B|=k

pB = f1(i, j, l, k) + f2(i, j, l, k),

ai(k)− aij(k) =
∑

i∈B,j /∈B,|B|=k

pB = f3(i, j, l, k) + f5(i, j, l, k),

(5.34)

a(k)− ai(k)− aj(k) + aij(k)

=
∑

i/∈B,|B|=k

pB −
∑

j∈B,i/∈B,|B|=k

pB

=
∑

i,j /∈B,|B|=k

pB

= f7(i, j, l, k) + f8(i, j, l, k),

(5.35)
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al(k) + aij(k)− ail(k)− ajl(k)

=
∑

l∈B,|B|=k

pB +
∑

i,j∈B,|B|=k

pB −
∑

i,l∈B,|B|=k

pB −
∑

{j,l}∈B,|B|=k

pB

=

 ∑
{l,i,j}∈B,|B|=k

pB +
∑

i,j∈B,l/∈B,|B|=k

pB +
∑

{l,j}∈B,i/∈B,|B|=k

pB +
∑

i,j /∈B,l∈B,|B|=k

pB


+

 ∑
l,i,j∈B,|B|=k

pB +
∑

i,j∈B,l/∈B,|B|=k

pB


−

 ∑
l,i,j∈B,|B|=k

pB +
∑

l,i∈B,j /∈B,|B|=k

pB


−

 ∑
l,i,j∈B,|B|=k

pB +
∑

l,j∈B,i/∈B,|B|=k

pB


=

∑
i,j∈B,l/∈B,|B|=k

pB +
∑

i,j /∈B,l∈B,|B|=k

pB = f2(i, j, l, k) + f7(i, j, l, k),

(5.36)

a(k)− al(k)− ai(k)− aj(k) + aij(k) + ail(k) + ajl(k)

= [aij(k)] + [a(k)− ai(k)− aj(k) + aij(k)]− [al(k) + aij(k)− ail(k)− ajl(k)]

= f1(i, j, l, k) + f2(i, j, l, k) + f7(i, j, l, k) + f8(i, j, l, k)− f2(i, j, l, k) + f7(i, j, l, k)

= f1(i, j, l, k) + f8(i, j, l, k).

(5.37)

Therefore, the problem (5.32) with N3 variables is equivalent to (5.12).

Next, we show the number of variables of (5.32) can be reduced to (N−1)3+N+3
2

.

First, for k = 1, we can obtain aij(1) = 0 for i ̸= j, which is previously given by

(5.25), from the LP problem (5.32). This is because from the constraint
∑

k aij(k) =
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P (Ai ∩ Aj) of (5.32), we have

∑
k

aii(k) = P (Ai), i = 1, · · · , N, (5.38)

by setting j = i. However, by another constraint,
∑N

m=1
aim(k)

k
≥ aij(k) in (5.32), we

have

P (Ai) =
∑
k

aii(k) ≤
∑
k

∑
j

aij(k)

k
= P (Ai), (5.39)

thus, we have

aii(k) =
∑
j

aij(k)

k
, k = 1, · · · , N. (5.40)

Letting k = 1, we have

aii(1) =
∑
j

aij(1) = aii(1) +
∑
j ̸=i

aij(1). (5.41)

Since aij(k) ≥ 0, the constraints (5.25) directly holds. Furthermore, we note that

for k = N , the variables aij(N) are equal and so they can be reduced to 1 variable.

Finally, using the constraint aij(k) = aji(k) in (5.32), we can further reduce the

number of variables. In conclusion, the number of variables for different values of k

are 
N if k = 1

N(N−1)
2

if k = 2, . . . , N − 1

1 if k = N

(5.42)

Thus, the total number of variables is N + N(N−1)(N−2)
2

+ 1.

It can be readily shown that the new lower bound by (5.32) is sharper than the
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lower bounds ℓNEW-1 and ℓNEW-2 in Chapter 3 (see also [26, 27]).

Denoting the lower bound obtained by (5.32) as ℓNEW-5, then we have the following

lemma.

Lemma 12. The lower bound ℓNEW-5 obtained by (5.32) is no less than the lower

bound ℓNEW-1, which is optimal lower bound using {P (Ai)} and {
∑

j P (Ai ∩ Aj)}.

Proof. For any feasible point of (5.32), defining variable ai(k) using (5.29), it can

be readily verified that all the constraints in the LP problem formulated in (3.1)

are satisfied. Therefore, the LP problem (3.1) can be seen as a relaxed version of

(5.32).

Lemma 13 (Optimality of ℓNEW-5 for N ≤ 7). The lower bound obtained by

(5.32) is an optimal lower bound when N ≤ 7.

Proof. Since (5.32) shares the same solution with (5.11) which is (5.3) with M = 3.

According to Lemma 10, the lower bound obtained by (5.32) is optimal when N ≤

2M + 1 = 7.

5.2 Generalized KAT-type Lower Bounds

Note that both the existing KAT bound and the analytical bound ℓNEW-2 (of Chapter 3)

are established using {P (Ai)} and {
∑

j P (Ai ∩ Aj)}. Consider the general case that

{P (Ai)} and {
∑

j cijP (Ai ∩ Aj)} are available, for some given {cij}. In this case,

neither the KAT bound nor ℓNEW-2 can be computed. However, we could formulate

a similar problem using the definition of {aij(k)} which could lead to a KAT-type

lower bound.
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For example, we can solve the following relaxed problem of (5.32)

min
{aij(k)}

∑
k

∑
i

∑
j

aij(k)

k2

s.t.
∑
k

∑
j

aij(k)

k
= P (Ai), i = 1, · · · , N,

∑
j

cij
∑
k

aij(k) =
∑
j

cijP (Ai ∩ Aj), i = 1, · · · , N,

aii(k) =
∑
j

aij(k)

k
, k = 1, · · · , N,

aij(k) ≥ 0, i = 1, · · · , N, j = 1, · · · , N, k = 1, · · · , N,

(5.43)

the solution of which, ℓNEW-6, satisfies

P

(∪
i

Ai

)
≥ ℓNEW-6 :=

∑
i

ℓi, (5.44)

where ℓi is obtained by fixing i and solving the following subproblem for each i =

1, . . . , N :

ℓi := min
{aij(k)}

∑
k

∑
j

aij(k)

k2

s.t.
∑
k

∑
j

aij(k)

k
= P (Ai),

∑
j

∑
k

cijaij(k) =
∑
j

cijP (Ai ∩ Aj),

aii(k) =
∑
j

aij(k)

k
, k = 1, · · · , N,

aij(k) ≥ 0, j = 1, · · · , N, k = 1, · · · , N.

(5.45)
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The solution of ℓi in (5.45) is given by the minimum of two values. The first is

min
k∈{2,...,N}

αi −
1

k

βi

cij̃
= αi

{
1− 1

k

1

cij̃

βi

αi

}
, (5.46)

where j̃ is a function of k:

j̃ := argmin
j

{
cij ≥

1

k − 1

βi

αi

}
, (5.47)

and the second is

min
k1,k2∈{2,...,N}

αi

k2

[
c̃ij2(k2 − 1)− βi

αi

]
+ k1

[
βi

αi
− c̃ij1(k1 − 1)

]
k1k2 [c̃ij2(k2 − 1)− c̃ij2(k1 − 1)]

 , (5.48)

where

c̃ij1 =

 argmincij cij if k2 > k1

argmincij

{
βi

αi
− (k1 − 1)cij ≥ 0

}
if k2 < k1

(5.49)

and

c̃ij2 =

 argmincij

{
(k2 − 1)cij − βi

αi
≥ 0
}

if k2 > k1

argmaxcij cij if k2 < k1.
(5.50)

Therefore,

ℓi = min{(5.46), (5.48)}, (5.51)

The details of solving (5.45) are given in Appendix C.1.

Remark 17. When ci1 = ci2 = · · · = ciN hold for all i, the generalized KAT lower

bound ℓNEW-6 reduces to the KAT bound.

Unfortunately, we can show that ℓNEW-6 is upper bounded by the KAT bound.
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Lemma 14. ℓNEW-6 ≤ ℓKAT, where the equality holds if for any given i, the values of

cij for all j are equal.

Proof. The dual problem of (5.45) can be written as

ℓi = max
q1,q2

q1P (Ai) + q2
∑
j:j ̸=i

cijP (Ai ∩ Aj)

s.t. q1 ≤ 1,

1

k
q1 + cijq2 ≤

1

k(k − 1)
, k = 2, . . . , N − 1, ∀j ̸= i.

(5.52)

An upper bound of ℓi is given by maximizing ℓi over all possible {cij}, i.e.

ℓi ≤ ℓUi := max
q1,q2,{cij}

q1P (Ai) + q2
∑
j:j ̸=i

cijP (Ai ∩ Aj)

s.t. q1 ≤ 1,

1

k
q1 + cijq2 ≤

1

k(k − 1)
, k = 2, . . . , N − 1, ∀j ̸= i.

(5.53)

Denoting q̃ij := cijq2, the above problem becomes

ℓi ≤ ℓUi = max
q1,{q̃ij}

q1P (Ai) +
∑
j:j ̸=i

q̃ijP (Ai ∩ Aj)

s.t. q1 ≤ 1,

1

k
q1 + q̃ij ≤

1

k(k − 1)
, k = 2, . . . , N − 1, ∀j ̸= i.

(5.54)

Note that for any given q1, the constraints for q̃ij are the same for any j, which are

q̃ij ≤
1

k(k − 1)
− 1

k
q1, k = 2, . . . , N − 1, ∀j ̸= i, (5.55)
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and the objective function is monotone increasing function of q̃ij for any j. Therefore,

the problem can be reduced to

ℓi ≤ ℓUi = max
q1

q1P (Ai) +
∑
j:j ̸=i

[
max

k

(
1

k(k − 1)
− 1

k
q1

)]
P (Ai ∩ Aj)

s.t. q1 ≤ 1,

(5.56)

which is equivalent to q̃ij are equal for all j, i.e. using P (Ai) and
∑

j ̸=i P (Ai ∩ Aj).

Therefore

ℓNEW-6 =
∑
i

ℓi ≤
∑
i

ℓUi = ℓKAT. (5.57)

Similarly, we can also consider generalization of the analytical bound ℓNEW-2 to

solve the following problem

min
{aij(k)}

∑
k

∑
i

∑
j

aij(k)

k2

s.t.
∑
k

∑
j

aij(k)

k
= P (Ai), i = 1, · · · , N,

∑
j

cij
∑
k

aij(k) =
∑
j

cijP (Ai ∩ Aj), i = 1, · · · , N,

N∑
m=1

aim(N)

N
≥ aij(N), i = 1, · · · , N, j = 1, · · · , N,

aii(k) =
∑
j

aij(k)

k
, k = 1, · · · , N,

aij(k) ≥ 0, i = 1, · · · , N, j = 1, · · · , N, k = 1, · · · , N,

(5.58)
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which can be rewritten as

min
{aij(k)}

∑
k

∑
i

∑
j

aij(k)

k2

s.t.
∑
k

∑
j

aij(k)

k
= P (Ai), i = 1, · · · , N,

∑
j

∑
k

cijaij(k) =
∑
j

cijP (Ai ∩ Aj), i = 1, · · · , N,

a11(N) = a12(N) = · · · = aN1(N) = · · · = aNN(N),

aii(k) =
∑
j

aij(k)

k
, k = 1, · · · , N,

aij(k) ≥ 0, i = 1, · · · , N, j = 1, · · · , N, k = 1, · · · , N.

(5.59)

Fixing i, {aij(k)} is N × N variables with indices j and k. Then, by solving the

following LP as a function of x

ℓi(x) := min
{aij(k)}

∑
k

∑
j

aij(k)

k2

s.t.
∑
k

∑
j

aij(k)

k
= P (Ai),

∑
j

∑
k

cijaij(k) =
∑
j

cijP (Ai ∩ Aj),

x = ai1(N) = ai2(N) = · · · = aiN(N) ≥ 0,

aii(k) =
∑
j

aij(k)

k
, k = 1, · · · , N,

aij(k) ≥ 0, j = 1, · · · , N, k = 1, · · · , N.

(5.60)
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We can therefore solve (5.59) and get another lower bound as

P

(∪
i

Ai

)
≥ min

x

∑
i

ℓi(x) =: ℓNEW-7, (5.61)

where the minimum ranges over x ≥ 0 when the solutions of the LP problems (5.45)

all exist. Since the solution of (5.59) can be obtained based on the solution of (5.58),

we herein ignore the derivations.

Remark 18. If ci1 = ci2 = · · · = ciN for all i, the lower bound ℓNEW-7 reduces to the

analytical lower bound ℓNEW-2.

Remark 19. Similar to the proof of Lemma 14, one can show that the lower bound

obtained by (5.58) is upper bounded ℓNEW-2, i.e., ℓNEW-7 ≤ ℓNEW-2. We herein ignore

the derivations.

5.3 Numerical Examples

Lower bounds are compared in Table 5.1, including existing bounds (the KAT bound

ℓKAT, the GK bound ℓGK and the stepwise lower bound ℓStepwise described in Chapter

2), the new lower bounds ℓNEW-1 and ℓNEW-2 of Chapter 3, the new lower bounds

ℓNEW-3 and ℓNEW-4 of Chapter 4, and the new lower bound ℓNEW-5 in this chapter.

We use the same notation as in Chapter 4: c̃ is obtained by the GK bound and

the elements of c̃+ are given by {c̃+i = max(c̃i, ϵ), i = 1, . . . , N} where ϵ > 0 is small

enough so that if c̃ ∈ RN
+ then c̃+ = c̃. In three examples (Systems II, III and VIII),

c̃ ∈ RN
+ , therefore ℓNEW-3(c̃) = ℓNEW-3(c̃

+). In two examples (Systems VI and VII),

ℓNEW-3(c̃) gives a negative value so we ignore it and replace it by 0. The lower bound

maxκ ℓNEW-3(c̃+κ1) is computed by searching κ from −1 to 1 with a fixed step length
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0.005 (with 401 points used in total). We also randomly generated 100, 000 samples of

c ∈ RN
+ to compute ℓNEW-3(c) and ℓNEW-4(c) and the largest bounds were selected and

denoted as ℓNEW-3(c
+
Rand) and ℓNEW-4(c

+
Rand). The class of new lower bounds ℓNEW-6

and ℓNEW-7 are not included in these numerical examples since we have shown that

ℓNEW-6 is not sharper than ℓKAT and ℓNEW-7 is not sharper than ℓNEW-2. A bold number

in the table indicates coincidence with the optimal lower bound using {P (Ai)} and

{P (Ai ∩ Aj)}, which is the solution of (5.1).

According to the numerical examples, since N ≤ 7, the new lower bound ℓNEW-5

coincides with the optimal lower bound in all eight systems, as expected by Lemma 13.

The upper bounds are compared in Table 5.2, including the existing bounds (the

union upper bound ~Union and the Greedy upper bound ~Greedy described in Chapter

2), the new upper bounds ~NEW-1 (of Chapter 2), ~NEW-2 and ~NEW-3 (of Chapter 3)

and the new upper bound ~NEW-6 of this chapter. The class of ~NEW-6 and ~NEW-5 are

not included in Table 5.2 since they are conjectured to be always looser than ~NEW-1

and ~NEW-3, respectively. All the upper bounds shown in Table 5.2 are not truncated

by 1, and a bold number indicates coincidence with the optimal upper bound (5.1).

Again, we can see that the new upper bound coincides with the optimal upper

bound in all eight systems, as expected by Lemma 13 since N ≤ 7.

Finally, we provide additional examples for N > 7 to illustrate cases where the

new lower and upper bounds, ℓNEW-5 and ~NEW-6, do not always coincide with the

optimal upper/lower bounds of (5.1). The two additional systems (System IX with

N = 8 and System X with N = 10) are given in Appendix C.2, and the lower and

upper bounds for these two systems are given in Table 5.3. The optimal lower and

upper bounds of (5.1) are denoted as ℓOPT and ~OPT, respectively.
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Table 5.1: Comparison of lower bounds (* indicates c̃ ∈ RN
+ and a bold number

indicates coincidence with the optimal bound (5.1) of exponential
complexity in N).

System I II* III* IV V VI VII VIII*

N 6 6 6 7 3 4 4 4

P
(∪N

i=1Ai

)
0.7890 0.6740 0.7890 0.9687 0.3900 0.3252 0.5346 0.5854

ℓKAT 0.7247 0.6227 0.7222 0.8909 0.3833 0.2769 0.4434 0.5412

ℓGK 0.7601 0.6510 0.7508 0.9231 0.3813 0.2972 0.4750 0.5390

ℓNEW-2 0.7247 0.6227 0.7222 0.8909 0.3900 0.3205 0.4562 0.5464

ℓNEW-1 0.7487 0.6398 0.7427 0.9044 0.3900 0.3252 0.5090 0.5531

ℓNEW-3(c̃) 0.6359 0.6517* 0.7512* 0.7908 0.3865 0 0 0.5412*

ℓNEW-3(c̃
+) 0.7638 0.6517* 0.7512* 0.9231 0.3900 0.2951 0.4905 0.5412*

ℓNEW-3(c̃+ κ1) 0.7577 0.6539 0.7557 0.9235 0.3899 0.2993 0.4949 0.5412

ℓNEW-3(c̃
+
Rand) 0.7783 0.6633 0.7810 0.9501 0.3900 0.3022 0.4992 0.5666

ℓNEW-4(c̃
+) 0.7638 0.6517 0.7512 0.9231 0.3900 0.2951 0.4905 0.5412

ℓNEW-4(c̃
+
Rand) 0.7783 0.6633 0.7810 0.9501 0.3900 0.3203 0.4992 0.5666

ℓStepwise 0.7890 0.6740 0.7890 0.9687 0.3900 0.3027 0.5009 0.5673

ℓNEW-5 0.7890 0.6740 0.7890 0.9687 0.3900 0.3252 0.5090 0.5673

Table 5.2: Comparison of upper bounds (* indicates c̃ ∈ RN
+ and a bold number

indicates coincidence with the optimal bound of (5.1) of exponential
complexity in N . All upper bounds are not truncated by 1.)

System I II* III* IV V VI VII VIII*

N 6 6 6 7 3 4 4 4

P
(∪N

i=1Ai

)
0.7890 0.6740 0.7890 0.9687 0.3900 0.3252 0.5346 0.5854

~Union 2.07 1.716 1.916 2.4181 0.5 0.5612 0.8022 1.5737

~NEW-1 1.3907 1.1870 1.3320 1.7974 0.4200 0.4059 0.5984 0.8093

~NEW-3 1.3744 1.1356 1.2820 1.7763 0.4125 0.3814 0.5642 0.7813

~NEW-2 1.28 0.9310 1.1330 1.5047 0.3900 0.3252 0.5346 0.7070

~Greedy 1.144 0.8910 1.0780 1.4568 0.4450 0.3252 0.5346 0.7070

~NEW-6 0.8550 0.8130 0.9550 1.0703 0.3900 0.3252 0.5346 0.7070

From Table 5.3, one can see that the new lower and upper bounds, ℓNEW-5 and

~NEW-6 do not coincide with ℓOPT and ~OPT in these two systems. However, they

are still sharper than all other tested lower/upper bounds that can be computed in

polynomial time.
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Table 5.3: Additional Systems (Examples for N > 7).

System IX X

N 8 10

P
(∪N

i=1Ai

)
0.5051 0.5261

ℓKAT 0.4391 0.4847

ℓGK 0.4381 0.4852

ℓNEW-2 0.4391 0.4847

ℓNEW-1 0.4393 0.4847

ℓNEW-3(c̃) 0.4381 0.4852

ℓNEW-3(c̃
+) 0.4381 0.4852

ℓNEW-3(c̃+ κ1) 0.4381 0.4852

ℓNEW-3(c̃
+
Rand) 0.4381 0.4852

ℓNEW-4(c̃
+) 0.4381 0.4852

ℓNEW-4(c̃
+
Rand) 0.4381 0.4852

ℓStepwise 0.4349 0.4758

ℓNEW-5 0.4400 0.4874

ℓOPT (5.1) 0.4421 0.4878

~Union 2.1101 2.7491

~NEW-1 1.0975 1.4542

~NEW-3 1.0705 14180

~NEW-2 0.9566 1.2652

~Greedy 0.8735 1.1581

~NEW-6 0.7362 0.9887

~OPT (5.1) 0.7359 0.9831
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Appendix A

New Bounds using {P (Ai)} and {
∑

j P (Ai ∩ Aj)}

A.1 Uniqueness of the optimal feasible point of the KAT LP problem

(2.22)

Since we can solve the KAT LP problem (2.22) by separating i = 1, . . . , N , we only

need to consider if the following LP has a unique optimal feasible point:

min
x

pTx, s.t. Ax = b, Ix ≥ 0, (A.1)

where p = (1, 1
2
, . . . , 1

N
)T , x = (x1, . . . , xN)

T , b = (α, γ)T , I is the N × N identity

matrix, and

A =

 1 1 . . . 1

1 2 . . . N

 . (A.2)

First, the optimum of LP is achieved at one vertex, which is denoted by {xk =

0, k ̸= k1, k ̸= k2} and xk1 ≥ 0, xk2 ≥ 0, k2 > k1 such that

xk1 + xk2 = α, k1xk1 + k2xk2 = γ, (A.3)
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or xk1 = k2α−γ
k2−k1

and xk2 = γ−k1α
k2−k1

. The optimal k∗
1 and k∗

2 are chosen to minimize the

objective function

{k∗
1, k

∗
2} = argmin

k1,k2
pTx =

xk1

k1
+

xk2

k2
(A.4)

Denote K as the set of all integer tuples (k1, k2) such that 1 ≤ k1 < k2 ≤ N , and

K∗ be the set of optimum (k∗
1, k

∗
2). Then using a similar approach to the proof of

Theorem 2, we can show that if γ
α
is not an integer, K∗ = {(⌊ γ

α
⌋, ⌊ γ

α
⌋+ 1)} has only

one optimal solution of (k∗
1, k

∗
2). If γ

α
is an integer, K∗ = {( γ

α
, γ
α
+ 1), ( γ

α
− 1, γ

α
)},

both lead to the same solution of x. Note that using a similar approach as the one

adopted in A.2, by computing the derivative with respect to k1 and k2, we have that

xk∗1

k∗
1

+
xk∗2

k∗
2

= min
(k1,k2)∈K

xk1

k1
+

xk2

k2
< min

(k1,k2)∈K \K∗

xk1

k1
+

xk2

k2
(A.5)

for any (k∗
1, k

∗
2) ∈ K∗. Note that the strict inequality implies there exists ϵ∗ > 0 such

that
xk∗1

k∗
1

+
xk∗2

k∗
2

+ ϵ∗ ≤ min
(k1,k2)∈K \K∗

xk1

k1
+

xk2

k2
. (A.6)

Now we prove the uniqueness of the LP problem by [21, Theorem 1], which is to

show that for any given non-zero vector q, the optimal feasible point of (A.1) is also

optimal for the following perturbed LP problem by properly choosing ϵ > 0:

min
x

(p+ ϵq)Tx, s.t. Ax = b, Ix ≥ 0. (A.7)

Since the constraints remain the same, it suffices to show the optimal (k∗
1, k

∗
2) are also
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optimal for the perturbed problem, i.e.,

(
1

k∗
1

+ ϵqk∗1 )xk∗1
+ (

1

k∗
2

+ ϵqk∗2 )xk∗2
= min

(k1,k2)∈K

[
(
1

k1
+ ϵqk1)xk1 + (

1

k2
+ ϵqk2)xk2

]
(A.8)

which is enough to show

(
1

k∗
1

+ϵqk∗1 )xk∗1
+(

1

k∗
2

+ϵqk∗2 )xk∗2
≤ min

(k1,k2)∈K \K∗

[
(
1

k1
+ ϵqk1)xk1 + (

1

k2
+ ϵqk2)xk2

]
(A.9)

Note that

(
1

k∗
1

+ϵqk∗1 )xk∗1
+(

1

k∗
2

+ϵqk∗2 )xk∗2
≤
(
xk∗1

k∗
1

+
xk∗2

k∗
2

)
+ϵ

[
max

(k1,k2)∈K
(qk1xk1 + qk2xk2)

]
(A.10)

and

min
(k1,k2)∈K \K∗

[
(
1

k1
+ ϵqk1)xk1 + (

1

k2
+ ϵqk2)xk2

]
≥ min

(k1,k2)∈K \K∗

(
xk1

k1
+

xk2

k2

)
+ ϵ

[
min

(k1,k2)∈K
(qk1xk1 + qk2xk2)

] (A.11)

Therefore, by choosing

ϵ =
ϵ∗

max(k1,k2)∈K (qk1xk1 + qk2xk2)−min(k1,k2)∈K (qk1xk1 + qk2xk2)
, (A.12)

equation (A.9) can be obtained by (A.10), (A.11) and (A.6).
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A.2 Proof that ai(k1)

k1
+ ai(k2)

k2
is non-decreasing with k2 and non-increasing

with k1 (between (3.13) and (3.14))

Let k := γi−Nx
αi−x

, then

ai(k1) =
k2(αi − x)− (γi −Nx)

k2 − k1
= (αi − x)

k2 − γi−Nx
αi−x

k2 − k1
= (αi − x)

k2 − k

k2 − k1
. (A.13)

Similarly, we have

ai(k2) =
(γi −Nx)− k1(αi − x)

k2 − k1
= (αi − x)

k − k1
k2 − k1

. (A.14)

Since αi − x is a constant here and k1 ≤ k ≤ k2, we only need to consider

1

αi − x

[
ai(k1)

k1
+

ai(k2)

k2

]
=

1

k1

k2 − k

k2 − k1
+

1

k2

k − k1
k2 − k1

=
1

k2 − k1

[(
k2
k1

− k

k1

)
+

(
k

k2
− k1

k2

)]
=

1

k2 − k1

(
k2
2 − k2

1

k1k2
+

k1 − k2
k1k2

k

)
=

1

k1
+

1

k2
− k

k1k2

(A.15)

The derivatives w.r.t. k1 and k2 can be obtained as follows:

1

k2
1

(
k

k2
− 1

)
≤ 0,

1

k2
2

(
k

k1
− 1

)
≥ 0. (A.16)

Therefore, the function is non-increasing with k1 and non-decreasing with k2.
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A.3 Proof that γi−Nx
αi−x

is a non-increasing function of x

Note that by definition of γi and αi, we know γi ≤ Nαi.

(
γi −Nx

αi − x

)′

=
(−N)(αi − x)− (γi −Nx)(−1)

(αi − x)2

=
(γi −Nx)−N(αi − x)

(αi − x)2

≤ (Nαi −Nx)−N(αi − x)

(αi − x)2
= 0.

(A.17)

Clearly, if γi < Nαi, the function γi−Nx
αi−x

is a strictly decreasing function of x.

A.4 Proof that fi(x + h) − fi(x) and fi(x) − fi(x − h) are positive

By (3.16), we can write

fi(x) =
2(n− 1) + 1

(n− 1)n
(αi − x)− 1

(n− 1)n
(γi −Nx) +

x

N

fi(x+ h) =
2(n− 1) + 1

(n− 1)n
(αi − x− h)− 1

(n− 1)n
(γi −Nx−Nh) +

x+ h

N

fi(x− h) =
2n+ 1

n(n+ 1)
(αi − x+ h)− 1

n(n+ 1)
(γi −Nx+Nh) +

x− h

N

(A.18)
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Substituting γi −Nx = n(αi − x), we get

fi(x) =

[
2n− 1

(n− 1)n
− n

(n− 1)n

]
(αi − x) +

x

N
=

1

n
(αi − x) +

x

N

fi(x+ h) = fi(x)−
2(n− 1) + 1

(n− 1)n
h+

N

(n− 1)n
h+

1

N
h

fi(x− h) =

[
2n+ 1

n(n+ 1)
− n

n(n+ 1)

]
(αi − x) +

[
2n+ 1

n(n+ 1)
− N

n(n+ 1)

]
h+

x− h

N

= fi(x) +

[
2n+ 1

n(n+ 1)
− N

n(n+ 1)
− 1

N

]
h

(A.19)

Therefore, we have

fi(x+ h)− fi(x) = h

(
N − 2n+ 1

(n− 1)n
+

1

N

)
= h

[
N − n

(n− 1)n
− 1

n
+

1

N

]
= h

N − n

n

(
1

n− 1
− 1

N

)
> 0,

(A.20)

and

fi(x)− fi(x− h) =

[
N

n(n+ 1)
+

1

N
− 1

n+ 1
− 1

n

]
h

=

[
N − n

n(n+ 1)
− N − n

Nn

]
h

=
N − n

n

(
1

n+ 1
− 1

N

)
h > 0.

(A.21)
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Appendix B

New Bounds using {P (Ai)} and

{
∑

j cjP (Ai ∩ Aj)}

B.1 The solution of (4.34)

Note that we can solve (4.34) using the same technique used in Chapter 3 (see also

[26]). Assume two subsets B1 and B2 such that pB1 ≥ 0 and pB2 ≥ 0, then denoting

b :=

∑
k ckP (Ai ∩ Ak)

ciP (Ai)
, b1 :=

∑
k∈B1

ck

ci
, b2 :=

∑
k∈B2

ck

ci
, (B.1)

then problem (4.34) reduces to

ℓi(c) = min
{pB1

,pB2
}

pB1

b1
+

pB2

b2

s.t. pB1 + pB2 = P (Ai),

b1pB1 + b2pB2 = bP (Ai),

pB1 ≥ 0, pB2 ≥ 0.

(B.2)
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According to Appendix A.2 (see also [26, Appendix B]) that one can get

ℓi(c) = min
{b1,b2:b1≤b≤b2}

P (Ai)

(
1

b1
+

1

b2
− b

b1b2

)
, (B.3)

and the partial derivative of P (Ai)
(

1
b1
+ 1

b2
− b

b1b2

)
with respect to b1 and b2 are (see

Appendix A.2 or [26, Appendix B, Eq. (B.3)]):

∂
[
P (Ai)

(
1
b1
+ 1

b2
− b

b1b2

)]
∂b1

=
P (Ai)

b21

(
b− b2
b2

)
,

∂
[
P (Ai)

(
1
b1
+ 1

b2
− b

b1b2

)]
∂b2

=
P (Ai)

b22

(
b− b1
b1

)
.

(B.4)

Note that the partial derivatives are not continuous at b1 = 0 and b2 = 0. Therefore,

the solution depends on the following different scenarios.

1. If b ≥ 0 and min{B:i∈B}

∑
k∈B ck
ci

< 0, the solutions of (B.3) are given by

b1 = max
{B:i∈B}

∑
k∈B ck

ci
s.t.

∑
k∈B ck

ci
< 0,

b2 = max
{B:i∈B}

∑
k∈B ck

ci
.

(B.5)

2. If b ≥ 0 and min{B:i∈B}

∑
k∈B ck
ci

≥ 0, the solutions of (B.3) are given by

b1 = max
{B:i∈B}

∑
k∈B ck

ci
s.t.

∑
k∈B ck

ci
≤ b,

b2 = min
{B:i∈B}

∑
k∈B ck

ci
s.t.

∑
k∈B ck

ci
≥ b.

(B.6)

3. If b < 0 and b <
{
max{B:i∈B}

∑
k∈B ck
ci

, s.t.
∑

k∈B ck
ci

< 0
}
, the solutions of (B.3)
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are given by

b1 = max
{B:i∈B}

∑
k∈B ck

ci
, s.t.

∑
k∈B ck

ci
< 0,

b2 = min
{B:i∈B}

∑
k∈B ck

ci
.

(B.7)

4. If b < 0 and b ≥
{
max{B:i∈B}

∑
k∈B ck
ci

, s.t.
∑

k∈B ck
ci

< 0
}
, the solutions of (B.3)

are given by

b1 = max
{B:i∈B}

∑
k∈B ck

ci
,

b2 = max
{B:i∈B}

∑
k∈B ck

ci
s.t.

∑
k∈B ck

ci
≤ b.

(B.8)

B.2 Solving the dual problem of (4.34)

We can alternatively solve (4.34) by solving the dual problem. Here we give the proof

for c ∈ R+. The interesting property of the dual problem is that any feasible point

of the dual problem is a lower bound, although it is still not clear how to use such

property to get a lower bound with lower complexity.

Note that for the prime problem of the form

min
p

cTp, s.t. Ap = b, p ≥ 0, (B.9)

the dual problem is

max
q

bTq, s.t. ATq ≤ c. (B.10)
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Therefore, we can write the dual problem of (4.34) as

max
q1,q2

q1P (Ai) + q2
∑
k

wkP (Ai ∩ Ak)

s.t. q1 + (
∑
k∈B′

wk)q2 ≤
1∑

k∈B′ wk

, ∀B′ ∈ B : i ∈ B′,

(B.11)

where

wk :=
ck
ci
. (B.12)

The necessary condition for a vertex is that there exists B1, B2 ∈ B : B1 ̸= B2, i ∈

B1, i ∈ B2 so that equality holds for the constraints in (B.11); then we can get

q1 =
1∑

k∈B1
wk

+
1∑

k∈B2
wk

, q2 = − 1

(
∑

k∈B1
wk)(

∑
k∈B2

wk)
. (B.13)

Hence, (B.11) is equivalent to

max
B1,B2

(
∑

k∈B1
wk +

∑
k∈B2

wk)P (Ai)−
∑

k wkP (Ai ∩ Ak)

(
∑

k∈B1
wk)(

∑
k∈B2

wk)

s.t.
1∑

k∈B1
wk

+
1∑

k∈B2
wk

−
∑

k∈B′ wk

(
∑

k∈B1
wk)(

∑
k∈B2

wk)
≤ 1∑

k∈B′ wk

,

∀B′ ∈ B : i ∈ B′.

(B.14)

Using the definition of b, b1 and b2 in (B.1) and defining b′ =
∑

k∈B′ wk, we have

max
b1,b2

P (Ai)

(
1

b1
+

1

b2
− b

b1b2

)
s.t.

1

b1
+

1

b2
≤ b′

b1b2
+

1

b′
, ∀b′.

(B.15)
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Since we assumed c ∈ R+ so b, b1, b2 and b′ are all positive, the constraints imply

min{ b′

b1b2
,
1

b′
} ≤ 1

b1
≤ 1

b2
≤ max{ b′

b1b2
,
1

b′
}, ∀b′, (B.16)

and from (B.4) we know that

b1 ≤ b ≤ b2. (B.17)

Therefore, the solution of (B.11) is (B.6).

B.3 Proof that the objective function of (4.59) is non-decreasing with x

The proof is similar to the proof of Theorem 2. First, we prove

ℓ′i(c, x) = [P (Ai)− x]

 ci∑
k∈B(i)

1
ck

+
ci∑

k∈B(i)
2
ck

− ci
∑

k ck [P (Ai ∩ Ak)− x]

[P (Ai)− x]
(∑

k∈B(i)
1
ck

)(∑
k∈B(i)

2
ck

)
 ,

(B.18)

is continuous when ∃B′ ∈ B− such that

∑
k ck [P (Ai ∩ Ak)− x]

ci [P (Ai)− x]
=

∑
k∈B′ ck

ci
. (B.19)

This can be proved similarly to (A.4) that

lim
h→0+

ℓ′i(c, x+ h) = lim
h→0+

ℓ′i(c, x− h) =
ci∑

k∈B′ ck
. (B.20)

Then one can prove that when

∑
k∈B(i)

2
ck

ci
<

∑
k ck [P (Ai ∩ Ak)− x]

ci [P (Ai)− x]
<

∑
k∈B(i)

1
ck

ci
, (B.21)
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the partial derivative of ℓ′i(c, x) +
ci∑
k ck

x w.r.t. x is non-negative:

∂
(
ℓ′i(c, x) +

ci∑
k ck

x
)

∂x
=

ci∑
k ck

− ci∑
k∈B(i)

1
ck

− ci∑
k∈B(i)

2
ck

+
ci
∑

k ck(∑
k∈B(i)

1
ck

)(∑
k∈B(i)

2
ck

)
=

ci

(∑
k ck −

∑
k∈B(i)

1
ck

)(∑
k ck −

∑
k∈B(i)

2
ck

)
(
∑

k ck)
(∑

k∈B(i)
1
ck

)(∑
k∈B(i)

2
ck

)
=

ci

(∑
k/∈B(i)

1
ck

)(∑
k/∈B(i)

2
ck

)
(
∑

k ck)
(∑

k∈B(i)
1
ck

)(∑
k∈B(i)

2
ck

) ≥ 0.

(B.22)

Therefore, the objective function of (4.59),

∑
i

ℓ′i(c, x) + x =
∑
i

(
ℓ′i(c, x) +

ci∑
k ck

x

)
, (B.23)

is non-decreasing with x.
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Appendix C

New Bounds using {P (Ai)} and {P (Ai ∩ Aj)}

C.1 The solution of (5.43)

We can remove aii(k), k > 1 using aii(k) =
∑

j
aij(k)

k
and then only consider aij(k), i ̸=

j:

ℓi = min
{aij(k),i ̸=j},ai(1)

N∑
k=2

∑
j,j ̸=i

aij(k)

(k − 1)k
+ ai(1)

s.t. ai(1) +
N∑
k=2

∑
j,i̸=j

aij(k)

k − 1
= P (Ai),

N∑
k=2

∑
j,j ̸=i

cijaij(k) =
∑
j,j ̸=i

cijP (Ai ∩ Aj),

ai(1) ≥ 0,

aij(k) ≥ 0, j ̸= i.

(C.1)

Considering the vertices of the above problem, for all the vertices that ai(1) > 0, we

obtain that the vertex yielding the minimal objective function is given by

min
j ̸=i,k∈{2,...,N}

αi −
βi

kcij
, s.t. cij(k − 1) ≥ βi

αi

, (C.2)
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where

αi := P (Ai), βi :=
∑
j,j ̸=i

cijP (Ai ∩ Aj). (C.3)

Note that (C.2) can be easily solved by sorting N − 1 values:

min
k∈{2,...,N}

αi −
1

k

βi

cij̃
= αi

{
1− 1

k

1

cij̃

βi

αi

}
, (C.4)

where j̃ is a function of k:

j̃ := argmin
j

{
cij ≥

1

k − 1

βi

αi

}
, (C.5)

In the vertices that ai(1) = 0, we get the optimal vertex as

min
k1,k2∈{2,...,N},j1 ̸=i,j2 ̸=i,

αi

k1
− k2 − k1

(k2 − 1)k1k2

βi(k2 − 1)− cij1αi(k1 − 1)(k2 − 1)

cij2(k2 = 1)− cij1(k1 − 1)

s.t. (k2 − 1)αi ≥
βi(k2 − 1)− cij1αi(k1 − 1)(k2 − 1)

cij2(k2 − 1)− cij1(k1 − 1)
≥ 0,

(C.6)

which can be rewritten as

min
k1,k2,j1,j2

k2cij2(k2 − 1)− k1cij1(k1 − 1)

k1k2[cij2(k2 − 1)− cij2(k1 − 1)]
αi −

k2 − k1
k1k2[cij2(k2 − 1)− cij2(k1 − 1)]

βi,

s.t. (k2 − 1)cij2αi ≥ βi ≥ (k1 − 1)cij1αi,

(C.7)
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or more compactly,

min
k1,k2,j1,j2

αi

k2

[
cij2(k2 − 1)− βi

αi

]
+ k1

[
βi

αi
− cij1(k1 − 1)

]
k1k2 [cij2(k2 − 1)− cij2(k1 − 1)]


s.t. (k2 − 1)cij2 ≥

βi

αi

≥ (k1 − 1)cij1 .

(C.8)

Note that the objective function has the form

αif := αi
k2a+ k1b

k1k2(a+ b)
, a ≥ 0, b ≥ 0, (C.9)

and it is easy to note that

∂f

∂cij2
∝ ∂f

∂a
=

(k2 − k1)b

k1k2(a+ b)2
,

∂f

∂cij1
∝ −∂f

∂b
=

(k2 − k1)a

k1k2(a+ b)2
(C.10)

Therefore, the optimal cij1 and cij1 can be written as functions of k1 and k2.

c̃ij1 =

 argmincij cij if k2 > k1,

argmincij

{
βi

αi
− (k1 − 1)cij ≥ 0

}
if k2 < k1,

(C.11)

and

c̃ij2 =

 argmincij

{
(k2 − 1)cij − βi

αi
≥ 0
}

if k2 > k1,

argmaxcij cij if k2 < k1.
(C.12)

Then (C.8) can be solved by sorting the (N − 1)2 values:

min
k1,k2∈{2,...,N}

αi

k2

[
c̃ij2(k2 − 1)− βi

αi

]
+ k1

[
βi

αi
− c̃ij1(k1 − 1)

]
k1k2 [c̃ij2(k2 − 1)− c̃ij2(k1 − 1)]

 . (C.13)
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Therefore, the new lower bound ℓNEW-6 is

P

(∪
i

Ai

)
≥
∑
i

ℓi =
∑
i

min{(C.4), (C.13)} =: ℓNEW-6. (C.14)

C.2 Additional Examples: System IX to System X

Table C.1: System IX.

Outcomes ωi p(ωi) A1 A2 A3 A4 A5 A6 A7 A8

ω0 0.0100 × ×

ω1 0.0019 × × × ×

ω2 0.0066 × × ×

ω3 0.0069 × ×

ω4 0.0054 × × × × ×

ω5 0.0137 × × × × ×

ω6 0.0136 × × ×

ω7 0.0120 × × × × × ×

ω8 0.0129 × × × × × × ×

ω9 0.0021 × ×

ω10 0.0106 × × × ×

ω11 0.0036 × × × × × ×

ω12 0.0062 × × ×

ω13 0.0010 × × ×

ω14 0.0043 × × × × × × ×

ω15 0.0081 × × × × ×
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ω16 0.0120 × ×

ω17 0.0102 × × × ×

ω18 0.0008 × × × × × ×

ω19 0.0075 × ×

ω20 0.0026 × × × ×

ω21 0.0087 × × ×

ω22 0.0129 × × × ×

ω23 0.0074 × × × × × × ×

ω24 0.0012 × × × × ×

ω25 0.0070 × × × × × ×

ω26 0.0063 × × × × ×

ω27 0.0091 × × × × × ×

ω28 0.0058 × ×

ω29 0.0073 × × × × ×

ω30 0.0080 × ×

ω31 0.0034 × × × × × × ×

ω32 0.0030 × × × ×

ω33 0.0017 × ×

ω34 0.0011 × × ×

ω35 0.0128 × × × × × × ×

ω36 0.0141 × × ×

ω37 0.0119 × × × ×

ω38 0.0087 × × ×
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ω39 0.0108 × × × × × × ×

ω40 0.0070 × × ×

ω41 0.0015 × × × ×

ω42 0.0127 × × × × × ×

ω43 0.0084 × × × ×

ω44 0.0038 × ×

ω45 0.0004 × × × × × ×

ω46 0.0060 × × × ×

ω47 0.0089 × × × ×

ω48 0.0032 ×

ω49 0.0030 × × × × × ×

ω50 0.0026 × × × × ×

ω51 0.0083 × × ×

ω52 0.0136 × × ×

ω53 0.0135 × ×

ω54 0.0101 × × × × × × ×

ω55 0.0034 × × × ×

ω56 0.0091 × × × × × ×

ω57 0.0062 × × × × × × ×

ω58 0.0055 × × × ×

ω59 0.0117 × × ×

ω60 0.0023 × × × ×

ω61 0.0014 × × × × ×
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ω62 0.0054 × × × × × × ×

ω63 0.0143 × × ×

ω64 0.0036 ×

ω65 0.0137 × × ×

ω66 0.0070 × × × ×

ω67 0.0112 × × × ×

ω68 0.0141 × × × ×

Table C.2: System X.

Outcomes ωi p(ωi) A1 A2 A3 A4 A5 A6 A7 A8 A9 A10

ω0 0.0045 × × × × ×

ω1 0.0048 × ×

ω2 0.0014 × × × × ×

ω3 0.0057 × × × × ×

ω4 0.0099 × × ×

ω5 0.0006 × × × × ×

ω6 0.0033 × × × × × ×

ω7 0.0003 × × × × × ×

ω8 0.0072 × × × × ×

ω9 0.0064 × × ×

ω10 0.0103 × × × × ×

ω11 0.0074 × × × × × × × ×

ω12 0.0091 × × × × × × ×
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ω13 0.0057 × × × × × × × ×

ω14 0.0111 × × × × ×

ω15 0.0071 × × ×

ω16 0.0117 × × × × ×

ω17 0.0105 × ×

ω18 0.0099 × × × × ×

ω19 0.0033 × × × × × × × ×

ω20 0.0058 × × × × × ×

ω21 0.0072 × × × × × × ×

ω22 0.0110 × × × × × ×

ω23 0.0041 × × × × ×

ω24 0.0057 × × ×

ω25 0.0061 × × × × × × ×

ω26 0.0089 × × × × × × ×

ω27 0.0055 ×

ω28 0.0025 × ×

ω29 0.0058 × × × × ×

ω30 0.0026 × × × × × ×

ω31 0.0050 × × × × × × ×

ω32 0.0028 × × × × ×

ω33 0.0085 × × × × × × ×

ω34 0.0080 × × × × × × ×

ω35 0.0101 × × × × × × ×
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ω36 0.0075 × × × × × ×

ω37 0.0066 × × × × ×

ω38 0.0019 × × × × × ×

ω39 0.0109 × × × ×

ω40 0.0067 × × × ×

ω41 0.0058 × × × ×

ω42 0.0051 × × × × ×

ω43 0.0111 × × × × × × ×

ω44 0.0097 × × × × ×

ω45 0.0115 × × × ×

ω46 0.0080 × × × × ×

ω47 0.0042 × × × × × × × ×

ω48 0.0065 × × × × × × × ×

ω49 0.0010 × × × × × ×

ω50 0.0063 × × ×

ω51 0.0041 × × × × × × × ×

ω52 0.0018 × × × × ×

ω53 0.0065 × × × × × ×

ω54 0.0101 × × × × × × ×

ω55 0.0109 × × × ×

ω56 0.0028 × × × ×

ω57 0.0082 × × × × × × × ×

ω58 0.0014 × × × ×
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ω59 0.0026 × × × × × ×

ω60 0.0039 × × × × ×

ω61 0.0056 × × × × × ×

ω62 0.0106

ω63 0.0073 × × × × × × ×

ω64 0.0024 × × × ×

ω65 0.0049 × × × × ×

ω66 0.0015 × × × × × × ×

ω67 0.0112 × × × × ×

ω68 0.0073 × × × × × ×

ω69 0.0032 × × × × ×

ω70 0.0035 × × ×

ω71 0.0091 × × × × ×

ω72 0.0049 × × × ×

ω73 0.0063 × × × × ×

ω74 0.0062 × × × ×

ω75 0.0096 × × × × ×

ω76 0.0012 × × × × × ×

ω77 0.0111 × × ×

ω78 0.0062 × × × × × ×

ω79 0.0069 × × × × ×

ω80 0.0017 ×

ω81 0.0110 × × × × × ×
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ω82 0.0091 × × × ×

ω83 0.0031 × × × × × ×

ω84 0.0077 × × × ×
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