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Abstract

We consider bounding the probability of a finite union of events, P <UZ]\L1 AZ-) where
N is a finite integer, using partial information on the event probabilities, such as the
individual event probabilities, { P(A;)}, and the pairwise event probabilities, { P(A4; N
)},

First, for bounds of P (Uf\; Ai> that are established in terms of {P(A4;)} and
{>_, P(Ai N A;)}, the optimal lower/upper bound are proposed by solving a linear
programming (LP) problem, which has only N? — N + 1 variables. Furthermore, a
new suboptimal analytical lower bound is derived by solving a relaxed LP problem,
which is proven to be at least as good as the existing Kuai-Alajaji-Takahara (KAT)
bound.

Second, for bounds of P (Ufil Ai> that are established in terms of {P(A4;)}
and {>_;¢;P(A; N A;j)} for a given weight or parameter vector ¢ = (ci, ... en)’,
a new class of lower bounds are established which has at most pseudo-polynomial
computational complexity and can be sharper than the existing Gallot-Kounias (GK)
bound under certain conditions.

Finally, for bounds of P (Uf\il Ai> that fully exploit {P(A4;)} and {P(A; N A,)},
a new numerical lower/upper bound is proposed by solving an LP problem with

(V1) + N3 ’1)Z+N 3 variables. This numerical lower /upper bound is proven to be an optimal



lower /upper bound when N < 7, and always sharper than the optimal lower /upper

bound using {P(A;)} and {3_; P(4; N A4;)}.
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Chapter 1

Introduction

Consider a finite family of events { Ay, ..., Ay} in a general probability space (€2, .7, P),
where N is a fixed positive integer. Note that there are only finitely many Boolean
atoms! specified by the A;’s [8]. We are interested in bounding the probability of
the finite union of events, i.e., P (Ui\;l Ai>, in terms of partial probabilistic event
information such as knowing the individual event probabilities, { P(A4;),..., P(An)},
and the pairwise event probabilities {P(A; N A;),i # j}, or (linear) functions of the
probabilities of individual and pairwise events.

For example, the well-known union upper bound and the Bonferroni inequality

[12] are respectively given as follows:

P (U Ai> <> P4, (1.1)

P (LNJ Ai> > iP(AZ-) — ) P(A;N A)). (1.2)

'The problem can be directly reduced to the finite probability space case. Thus, through the
numerical examples, as well as Chapters 4 and 5 of this work, we will consider finite probability
spaces where w € () denotes an elementary outcome instead of an atom.




We note that the union upper bound (1.1) is established in terms of only ST~  P(A;)
so that each of the individual event probability P(A;) is actually not needed. However,
the Bonferroni lower bound (1.2) is established using two terms, S, P(4;) and
> icj P(AiNA;). Therefore, the union upper bound (1.1) and the Bonferroni inequality
(1.2) are established based on different partial information on the event probabilities.

In order to distinguish the use of different partial information, we assume that a
vector § = (0y,...,0,,) € R™ represents partial probabilistic information about the
union Uf\il A;. Specifically, we assume that for a given integer m > 1, © denotes
the range of a function of P(A;)’s and P(A; N A;)’S, N, : [0, 1]N+(g) — R™. Then 6

equals to the value of the function 7, for given Ay, ..., Ay. For example,
0= (P(A)), P(As),. .., P(Ay)). (1.3)

or

0= (i P(A;),>  P(A;N Aj)> : (1.4)

i<j
Then, we can define a lower bound (and similarly an upper bound) on P (Uf\il Ai>

that is established using the partial information represented by 6 as follows.

Definition. A lower bound of P (Ufil Ai> is a function of 0, £(0), such that

P (0 AZ-) > ((6), (1.5)

for any set of events {A;} that the value of n,, for given {A;} equals to 6.

Note that, for given 6, such as § = (P(A;),...,P(Ay)), there are multiple



functions of # that are lower bounds, for example,

N
P UAZ 261:P(A1),

i=1

b, LNJ 4) > z&ei _ ziiwj 16)

P UAZ' > max 6; = max P(A;).

i=1

Therefore, we need to define an optimal lower bound in a general class of lower bounds
that are functions of 6.
Let Zo denote the set of all lower bounds on P (Uzj\il AZ) that are functions of

only 6.

Definition. We say that a lower bound (* € Ly is optimal in Lo if (*(0) > £(0) for

all@ € © and € L.

Definition. We say that a lower bound ¢ € Lo is achievable if for every 6 € ©,

,inf P (U AZ-> = 0(6), (1.7)

where the infimum ranges over all collections {Ai,...,An}, A; € F, such that

{Ay, ..., An} is represented by 6.

For bounds in %y, the following lemma shows that achievability is equivalent to

optimality:.
Lemma 1. A lower bound (* € ZLg is optimal in Lo if and only if it is achievable.

Proof. Suppose that ¢* is achievable. Let 6 € © and € > 0 be given, and let ¢ be any

lower bound in Zs. By achievability there exist sets Ay, ..., Ay in .% represented by



6 such that
>P<UA) e >((0) —

Since this holds for any e we have ¢*(6) > ((f). We prove the converse by the

contrapositive. Suppose that £* is not achievable. Then there exists 6/ € © such that

where the infimum ranges over all collections {Aj,..., Ax}, A; € &, such that

{Ay, ..., Ax} is represented by €. Define ¢ by

c if0=0
if 040,

where c satisfies
N
. ‘ * (!
A171~I}7fAN P (U AZ> >c > 0(0).
Then ¢ € L and is larger than ¢* at ¢'. Hence, £* is not optimal. O

Using Lemma 1, we can therefore prove that a lower bound ¢(6) is optimal if for
any value of § € O, one can construct a collection of events { A¥} that is represented
by 6 and P (UZ]\LI Ar > = ((0). The optimal upper bound can also be defined similarly
(using a supremum in (1.7)) and proved by achievability. For example, one can easily

verify the following by a construction proof of achievability.

o P (Uzj\il AZ) > i P( ) is the optimal lower bound in the class for § = (>, P(A)).

o P (Uf\i1 AZ) > max; P(4;) is the optimal lower bound in the class for § =
(P(AL), .. P(Ax)).



o P (Uf\il Ai> <min{), P(A;), 1} is the optimal upper bound in the classes for
both 6 = (>, P(A;)) and 0 = (P(4,), ..., P(An)).

Furthermore, we can prove that a lower bound is not optimal by showing it is
not achievable. For example, in order to show that the Bonferroni inequality (1.2)
is not an optimal lower bound in the class of lower bounds that are functions of
0 = (ZZ P(Ai), >, P(AiN Aj)>, we only need to show it is not achievable. Note
that for N > 3, the lower bound (1.2) can have negative values. However, according
to the definition of achievability, the LHS of (1.7) can never be negative, which means
the lower bound (1.2) cannot be achievable. Therefore, the Bonferroni inequality (1.2)
is not optimal.

In the rest of this work, we first give a review of existing work in Chapter 2. Then
new bounds in terms of {P(A4;)} and {>_; P(A; N A;)} are derived in Chapter 3, and
new bounds in terms of {P(A;)} and {_;c;P(A; N A;)} for a given weight vector
c=(cy,... ,CN)T are established in Chapter 4. Finally, we investigate new bounds in
terms of {P(A4;)} and {P(A; N A;)} in Chapter 5.

Thoughout the work, we mainly focus on lower bounds using different partial

probabilistic information. Upper bounds are presented as remarks.



Chapter 2

Review of Existing Bounds

We start from the class of lower bounds in terms of >, P(4;) and 3, _; P(A; N A;),
for which the Dawson-Sankoff (DS) lower bound [7] is known as optimal. Then we
introduce some lower bounds in terms of {P(4;)} and {>_; P(A; N A;)}, including
the D. de Caen (DC) bound [8] and the Kuai-Alajaji-Takahara (KAT) bound [19].
Next, a review of some lower bounds in terms of {P(A4;)} and {P(A; N A;)} is given,
including the algorithmic stepwise lower bound [20] and the Gallot-Kounias (GK)
bound [13, 17, 11]. Finally, some existing upper bounds are reviewed, including the
Hunter upper bound and the algorithmic greedy upper bound [20].

We first define the degree of an atom (or outcome in finite probability space)

w € % as follows.

Definition. For each atom w € .7, let the degree of w, denoted by deg(w), be the

number of A;’s that contain w.

Therefore, the degree of any atom in | J; A; equals to an integer in {1,..., N}.
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2.1 Lower Bounds Using ), P(A4;) and }_, ; P(A; N Ajy)

Considering 0 = (Zl P(Ai), > P(AiN Aj)> , we note that the Bonferroni inequality
(1.2) is a lower bound in this class. However, we have shown that (1.2) is not optimal,
which means there exists another function of only 37, P(4;) and >, ; P(A;NA;) that
is a lower bound of P (Ufil Ai) and always sharper than the Bonferroni inequality.

Defining
a(k) =P <{w C UAi,deg(w) = k}) : (2.1)

one can easily verify the following identities:

D P(ANA) =2 PANA)+Y PA)
:2;/%(/%2— 1)a(k:)+kz:;ka(k) (2.5)
=> Ka(k)

Note that using the above equalities, one can derive a lower bound simply via the
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Cauchy-Schwarz inequality:
(Za(k)) (Z k2a(k)) > (Z ka(k:)) : (2.6)
k k k

where equality holds if and only if a(k) > 0 only for a particular k, i.e., all outcomes

in the union has the same degree k. The resulting lower bound can be written as

|N| (32 P(A))”
" <¢:1Ai) - > P(AiNAj) 27)
Since i PAiNA;) < > i P(A) = N>, P(A),

(3, P(A))” X, P(A).
S PANA) - N (2.8)

hence the lower bound (2.7) is always sharper than w, which has been shown

to be optimal in the class of # = (>, P(A;)). This is reasonable since the lower

w. However, it can be

bound (2.7) is established using more information than
readily shown that the lower bound (2.7) is not always sharper than the Bonferroni

inequality (1.2). Therefore, it cannot be the optimal lower bound in the class of

0 = (ZiP(Ai)7 2ic; P(AIN Aj)>'

2.1.1 Dawson-Sankoff (DS) Bound

The DS bound is known as the optimal lower bound in terms of only ). P(A;) and

> icj P(AiNA;). Denoting 0y := >, P(A;) and 65 := >, P(A;NA;), the DS bound

1<j
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[7] can be written as

N
592 (1 — 5)92
P Al > 1 1 9.9
(!1 )_(2—H)91+292+(1—/@)91+292’ (2.9)
where kK = % — [%J and | x| denotes the largest integer less than or equal to x.

We first show that the DS bound is the solution of a linear programming (LP)

problem in the following lemma.

Lemma 2. The DS bound is the solution of the following LP problem.

{pg :=min a(k),
ps =2 (k)

s.t. Zka(k) = ZP(Az‘)>

D Ka(k) =) P(AiN4;),

(2.10)

Proof. For an LP problem, when a feasible solution exists and when the objective
function (which is linear) is bounded, the optimal value of the objective function is
always attained on the boundary of the optimal level-set and it is attained on at least
one of the vertices of the polyhedron formed by the constraints (which is the set of
feasible solutions) [3]. Then, the lemma can be readily verified using this fact that
one of the optimal feasible points of the LP problem (2.10) is a vertex. To obtain

a vertex, one need to make N — 2 of the inequalities a(k) > 0 active, which means
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there are only two integers k; and ko that 1 < k; < ko < N, satisfying
min  a(ky) + a(ks),
k1 ko

st kya(ky) + kpa(ks) = ZP
(2.11)
kia(ky) + k2a(ky) = ZP (A; N A;)

CL(/{/‘I) Z 07 CL(ICQ) Z 0.

It can be easily shown that the solution of the above problem is achieved at k; =

L%J and ke = ky + 1. Thus, the solution of (2.10) is the DS bound. O
The existing proof of the optimality of the DS bound can be seen, e.g., in [12, p.

22]. We herein give an alternative and simpler proof by proving it is achievable.

Lemma 3. The DS bound is optimal in the class of lower bounds in terms of 6 =

(X P(A). Sicy P(AN A).

Proof. We have shown that the DS bound is the solution of (2.10) and can be written
as Ips = a(ky) + a(ks), for some a(ky) > 0, a(ky) > 0, and a(k) = 0,k # ki, k # ko.
Recalling the definition of a(k), one can construct two outcomes w; and ws in a finite

probability space such that

P(wl) = (I(kl), P(w2) = Cl(l{ig). (212)
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Then consider the following construction of collection of events { A7},

A: = {wl,wg}, lf 1 S ]{?1,
A¥ = {wz}, if ]{?1 <1 S k?g, (213>

(2

Af =10, otherwise.

(2

Then we always have {pg = P (|J; Af). Therefore, the DS bound is achievable, and

hence optimal. |

Note that since the DS bound is optimal, it is always sharper than the lower bound
in (2.7). Actually, this can be easily proved since the lower bound in (2.7) is a lower
bound of the objective function of (2.10) by Cauchy-Schwarz inequality using the two

constraints of (2.10).

2.2 Lower Bounds Using {P(A;)} and {> .., P(A; N Aj)}

JFi

In this section, we review the lower bounds in terms of {P(A;)} and {>_; ; P(A4; N
A;)}, including the DC [8] and the KAT [19] bounds.

Similar to the definition of a(k), define
a;(k):=P({w C A; : deg(w) =k}), i=1,...,N, k=1,...,N. (2.14)
Then one can verify that ). a;(k) = ka(k), i.e.,

a(k) = w (2.15)
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For simplicity, we denote

i J
We examine lower bounds that are functions of 0 = (v, ..., an, Y1, .., N)-
One can verify that P <UZ]\L1 Ai>, a; and v; can all be written as linear functions

of {a;(k)} as follows.

P (U Ai> =S alk) = Z 3 ‘”](Ck). (2.17)
a; = P(A) =) ai(k), 7= ZP(Ai NAj) = kai(k). (2.18)

2.2.1 D. de Caen (DC) bound

Similar to the lower bound in (2.7), using the Cauchy-Schwarz inequality

aik‘
[

forv=1,..., N, and summing over 7, one can get the DC bound as follows.

) (2}; kai(k)> = (Z ai(/f))Q (2.19)

k

a;(k o? P(A;)?
P (U Ai) _ sz: li ) 5 3 (7) _ Z ij((Ai)mAj) —lpo. (2.20)

%

It is noted by D. de Caen [8] that the above lower bound can be (but is not always)

sharper than the DS bound.
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2.2.2 The Kuai-Alajaji-Takahara (KAT) bound

Now, we introduce the KAT bound

v i G2 N O
=2 {[L—J <1+L3—1J)(LZ—§J)] } (220

as the solution of an LP problem, which is given in the following Lemma.

Lemma 4. The KAT bound is the solution of the following LP problem

.....

i=1 k=1
al = 2.22
s.t. Zai(k:):oz,», Z/{:ai(k):%, i=1,...,N, (2.22)
k=1 k=1

Proof. One can separate each i in the problem (2.22) and solve N sub-optimization

problems separately for each i:

. NCL»L'I{?
1m1in ji: ( )

{ai(k),k=1,...,N}

k=1

N N 2.23
s.t. Z a;(k) = ay, Z kai(k) = i, (2.23)

k=1 k=1

Each of the sub-problems can be solved using the same method as solving the LP
problem (2.10) for the DS bound. One can see [19] for details. An alternative proof

is given in [18] by solving the dual LP problem of (2.23). O

It has been shown that the KAT bound is always sharper than both the DC
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bound and the DS bound [19]. Furthermore, Dembo has shown [9] that the KAT
bound improves the DC bound by a factor of at most %. In the following lemma, we

give alterative and simpler proofs of the above results.

Lemma 5. Comparing with the DC and DS bounds, the KAT bound satisfies

9
HlaX{gpc, €DS} S gKAT S gﬁDc. (2.24)

Proof. First, substituting (2.15) in (2.10), one can get that the DS bound is the

solution of the following LP problem of {a;(k)}

N
Ire =
bs {‘li(/c),iZI ..... Nk; 1 z::

7777 =1 k

N
s.t. Z

i=1

Il
—

Mz

a;(k Zal, ZZkaz :Z%, (2.25)

1 =1 k=1

D ai(k)>0, k=1,...,N.

e
Il

Since every feasible point of (2.22) is also a feasible point of (2.25). The LP problem
(2.25) is a relaxed problem of (2.22). Therefore, fxar > {ps.

Next, it is easy to show that fxar > ¢pc since based on the constraints of (2.22),
one can get the DC bound as a lower bound of the objective function of (2.22) using
the Cauchy-Schwarz inequality. Therefore, {xar is lower bounded by /pc.

Finally, we prove that fxar < géDc- Note that the DC bound (2.20) is given by

Ipe = °f and that the solution of (2.23) can be written as

a; (k1) a;(k2)
iy +

T o where

ko = ki1 +1. It then suffices to prove for any ¢ = 1,..., N and integer k =1,... , N—1
a;(k) N ai(k+1) _9a?

<% 2.26
k k+1 ~ 8 (2.26)
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where a;(k) + a;(k + 1) = a; and ka;(k) + (k+ 1)a;(k + 1) = ;.

Denoting = := a;(k) and y := a;(k + 1), one can get

2

(ai(k;) Lk 1)) /3_2 Gt Uj+ (k+1)y]

k k+1
_ P gyt eyt
(z +y)?
1 Y 1 1
=1+ <14- <1+
k(k+1)(z+y)? — 4k(k+1) —

The first equality holds when x =y = % and the second equality holds when k = 1.

Therefore, the inequality fxar < gEDC can be active.

]

Remark 1. Finally, we can derive an upper bound for P (Ufil Ai) using {P(A;)}

and {3, P(A; N Aj)} by mazimizing the LP problem for the KAT bound.
The following LP problem

max
{ai(k),i=1, Nk=1, N} = £~ k
N N
5.t Zal(k‘) = q, Zk‘ai(k’) =7, i=1,...,N,
k=1 k=1

gives the upper bound

(e)exee

1
= ZP(Al) — N ZP(AZ ﬂAj) = hNEW—I-
A JFi

(2.28)

(2.29)
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2.3 Lower Bounds Using {P(A;)} and {P(A; N A,)}

Lower and upper bounds on P (Ufil Ai> in terms of the individual event probabilities
P(A;)’s and the pairwise event probabilities P(A; N A;)’s can be seen as special cases
of the Boolean probability bounding problem [4, 25], which can be solved numerically
via a linear programming (LP) problem involving 2V variables. Unfortunately, the
number of variables for Boolean probability bounding problems increases exponentially
with the number of events, NV, which makes finding the solution impractical. Therefore,
some suboptimal numerical bounds are proposed [4, 25, 23, 12] in order to reduce the
complexity of the LP problem, for example, by using the dual basic feasible solutions.

On the other hand, analytical /algorithmic bounds are particularly important. One
can apply an existing bound using {P(A;),i € Z} and {>_,.; P(A; N A;)} as a base
bound, and then optimize the bound by choosing the optimal subset Z of {1,..., N}
algorithmically. Note that the bound by optimization via a subset exploits the full
information of {P(4;)} and {P(A; N A;)}. Examples of bounds in this class includes
the stepwise algorithmic implementation of the Kounias lower bound [20], the greedy
algorithmic implementation of the Hunter upper bound [20]. Other analytical bounds,
like the KAT bound, are also investigated in other works (e.g., see [5, 14, 15, 20, 1,
2, 22]).

The other class of bounds is established by {P(A;)} and {3, c;P(4; N A;)},
where {¢;} can be arbitrarily chosen from a continuous set for ¢ = (cy,...,cy)? or
computed using {P(A4;)} and {P(A; N A;)}. Then the resulting bound also exploits
the full information of {P(A;)} and {P(A4; N A;)}. Typical example of the bounds in
this class is the Gallot-Kounias (GK) bound [13, 17] (see also [11, 22]).
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2.3.1 Kounias Lower Bound and Algorithmic Implementation

The Kounias lower bound, which is a Bonferroni-type bound, can be written as

P(UAz) EmZaX{ZP(Ai)— > P(AmAj)}, (2.30)

1€l 1,J€L,1<g

where Z is a subset of the set of indices {1,..., N}. However, the computational
complexity of the Kounias lower bound is exponential since there are exponential
number of subsets of {1,..., N}.

In order to reduce the computational complexity, an algorithmic algorithm is
proposed in [20] using a stepwise algorithm to find a sub-optimal index set that
maximizes the RHS of (2.30). We will refer to this algorithmic implementation of

Kounias lower bound as the stepwise lower bound.

2.3.2 Gallot-Kounias (GK) Bound

Let o = (P(A;), P(Ay), -+, P(An))" € RV*1 and

P(A1NA)) P(AITNA) ... P(ANAy)
P(A,NA P(A;NA ... P(A;NnA

s | PN PEAO4) S (2.31)
P(ANNA)) P(AyNAy) ... P(AvnNAy)

the GK bound [13, 17] is given as

P (L]_VJ Ai> > c!'Ye, (2.32)
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where ¥¢ = a. Kounias has shown in [17, Lemma 1.1] that the vector e is in the
range of X, i.e., ¢ is orthogonal to the null space of 3. As a result, if 3 is singular,
one can choose subsets of {A,..., Ay} to compute the corresponding GK bound,
which results in the same bound if the rank of the corresponding ¥ is the same.
Therefore, without loss of generality (WLOG), we assume herein 3 is non-singular,

then the solution of 3¢ = « is unique
c=3X""a. (2.33)
and the GK bound can be written as

N
P (U Ai> >&se=a’ () a=a"S " a = fg, (2.34)
i—1

where (ZT)_1 = Y¥! as ¥ is symmetric. Furthermore, the GK bound was recently
revisited by [11]. The authors in [11] have shown that the GK bound can be reformulated

as
> eiP(A))?
é — 7
oK gelﬂ%;v{ Yo dopCiceP(A; N Ag)

. (2.35)

2.4 Upper Bounds

There are only a few analytical/algorithmic upper bounds in the literature. In the
following, we introduce the Hunter bound and its algorithmic implementation by a

greedy algorithm.
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2.4.1 Hunter Upper Bound and Algorithmic Implementation

The Hunter upper bound, which is a Bonferroni-type bound, can be written as

- ToeT =
=1 (4,5)€To

P (U Ai> < Z P(Ai) — max P(Ai N Aj)’ (2.36)

where 7 is the set of all trees spanning the N indices, i.e., the trees that include all
indices as nodes.

However, the computational complexity of finding the optimal spanning tree
is exponential via an exhaustive search. In order to reduce the complexity, one
algorithmic algorithm is proposed in [20] using Kruskal’s greedy algorithm for finding
a sub-optimal spanning tree for a weighted graph. We will refer to this algorithmic

implementation of the Hunter upper bound as the greedy upper bound, Agreedy-
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Chapter 3

New Bounds using {P(A;)} and {EJ P(A;NAj)}

In this chapter, we consider lower bounds on P (Uf\;l AZ), in terms of the individual
event probabilities { P(A;),7 = 1, ..., N} and the sums of the pairwise event probabilities,
Qe D250 P(AinN Aj)i = 1,...,N}. We use the notations o; = P(4;), 8 =
>z P(AiNAy) and v = a; + B = >, P(A; N Aj) as first defined in Chapter
2. Then the lower bounds considered in this chapter are established in terms of
0 = (a,...,an,7,---,7n). Let £ denote the set of all lower bounds that are
established in terms of only 6, then clearly, /pc € £ and fxar € Z.

Our contributions in this chapter are the following. First, the optimal lower
bound in .Z is proposed numerically by solving an LP problem, which has only
N? — N + 1 variables. This is proven by showing that the proposed optimal lower
bound is achievable. The computational complexity of the optimal lower bound is
low since the number of variables are not exponentially increasing in N. Next, a
suboptimal analytical lower bound is established by solving a relaxed LP problem.
The new analytical bound is proven to be at least as good as the KAT bound [19].
Finally, we analyze the performance of the new bounds by comparing them with the

KAT bound and other existing bounds. In particular, numerical results show that the
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GK bound [13, 17], which was recently revisited in [11, 22|, is not necessarily sharper
than the proposed lower bounds as well as the KAT bound (see also [10] for another

example), even though it exploits full information of all P(A4; N A;)’s and P(A4;)’s.

3.1 Optimal Numerical Lower/Upper Bounds

3.1.1 Non-optimality of the KAT bound

Since we have shown that fxar > fpc, we first show that the KAT bound is not
optimal in .Z. Recall the definition of a;(k) in (2.14), one should note that for a given
family of events, {A4;,i = 1,..., N}, the a;(k)’s can be obtained from their definition
in (2.14). However, this does not mean that for each feasible point {a;(k)} of the LP
problem (2.22), there exists a corresponding family of events {A4;,i =1,..., N} . In
particular, for the solution of (2.22), it is possible that a family of events {A4;,i =

1,..., N} can never be constructed.

Example 1. Considering a finite probability space (where atoms w are reduced to

elementary outcomes), shown as System V in Table 3.1, we have

N = 3,0./1 = 0.1,052 = O3 = 0.2,’}/1 = 021,’)/2 = Y3 = 0.265.

The KAT solution {a;(k)} for {xsr = 0.3833 is obtained only at the following optimal
feasible point of (2.22):

ay(1) = 0,a1(2) = 0.09, a1(3) = 0.01, az(1) = as(1) = 0.135,

a2(2) = a3(2) = 0.065, az(3) = a3(3) = 0.

However, a;(3) := P({w € A; : deg(w) = 3}) = 0.01 implies P(A; N AN Az) > 0.01,
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since deg(w) = 3 means that the corresponding outcome w must be contained in all
Ai = 1,...,3. However, as(3) := P({w € Ay : deg(w) = 3}) = 0 implies such
w is not in As, which is a contradiction. Therefore, there is no family of events
{A1, Ay, A3} that can be constructed for this system such that P(A; U Ay U As) =
0.3833. In other words, for any sets {A1, A, A3} with given value of {a;}’s and

{7i}’s, we must have P(A; U Ay U As) > 0.3833.

Remark 2. [t can be shown that the LP problem (2.22) has a unique optimal feasible
point (see Appendiz A.1). Therefore, the KAT bound is achievable if and only if the
optimal feasible point of the LP problem (2.22) has a corresponding family of events

{A;;i=1,---, N} that satisfies the information represented by

0= (0517"' y AN, V1,0 0 7’7]\7)'

From Ezxample 1, we see that Lgar is not optimal in L.

3.1.2 Optimal Numerical Bound fngw-1

In order to get a better lower bound than the KAT bound, we herein introduce more
constraints on the a;(k)’s in (2.22) so that the feasible set of a;(k)’s becomes smaller,
thus resulting in a sharper lower bound. By Lemma 1, if a family of events {A;} can
always be constructed for any feasible point of the resulting LP problem, then the
solution must be the optimal lower bound. We establish the numerically computable

optimal lower bound in the following theorem.

Theorem 1 (Optimal Numerical Lower Bound). The optimal lower bound,
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denoted by {xgw.1, is given by solving the following LP problem:

N N a (l{;)
I D D) Dy
N N
s.t Za/z(k)_ala Zkaz(k)—’yz, ’L—].,...,]V7
o k=1 (3.1)

Proof. Denote the optimal lower bound in .Z by fngw.1 then Ingw.1 € £ satisfies
InEw1 > € for all £ € £, Let the solution of (3.1) be f\gw.;, we will show that
lNEw1 = Inew.1. First, it is easy to prove that for any {a;(k)} obtained by (2.14)
from a family of events {A;}, the additional constraints Zf\il a;(k) > kaj(k) must
hold for each j = 1,...,N and k = 1,..., N. Therefore, {ygw. , is a lower bound
on P (Uf\il Ai>. Furthermore, since {ygy_, is established in terms of only {o;}’s
and {7;}’s, we have l\gw.1 € -£. Thus, we only need to prove fygw.; > ¢ for all

V' € Z. Also, note that for the solution of (3.1), since lygw.q < P (Uf\il AZ-) <1, the

a;(k)
k

objective value must be no larger than 1, i.e., Zf\il fo:l < 1. Thus, the optimal

feasible point of (3.1) must fall into the subset of the feasible set of (3.1), which is

determined by the additional constraint S8 STV “i,(ck) < 1. In the following, we

prove that f\gw.; is achievable, i.e., a family of events {4;} can always be constructed
from the solution of (3.1). Then, the optimality of f\gw.; follows by Lemma 1.
Achievability: We prove that for any {a;(k)} that satisfies the constraints of (3.1)
ai(k)

and the additional constraint sz\il Z]kvz1 = < 1, it is always possible to construct

a family of events {A;} such that P({w C A; : deg(w) = k}) = a;(k) holds. The
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construction method is given as follows:

e The set € is composed of N x N atoms, denoted as {wfk),i =1,....N,k =
1,...,N}. In the following, {wi(k),i =1,..., N} are constructed separately for

each k.

k Y

e Consider N circles such that the k-th circle has a perimeter equals to ZZ]\LI

k=1,...,N. Then for the k-th circle, S~  a;(k) equals k times its perimeter.

Furthermore, since a;(k) < S,

ai;ik for all j, aj(k) is no larger than the

perimeter of the k-th circle.

e For j = 1,..., N, we map the points on the arc of length a;(k) on the k-th
kSI21 au(k) k3T ai(k) (k) :

circle from 27Tm to ZWW to a set B;”". Then since for the k-th

circle, Zfil a;(k) equals to k times its perimeter and a;(k) is no larger than its

perimeter, it follows that every point on the k-th circle is mapped to exactly k

distinct sets in {Bfk), ce B](\lf)}.

e On the k-th circle, the points at the following N angles,

o (k%l vai(h) V%l yalk )J> j=1,....N
> iz i(k) > iz @i(K)

divide the circle into (at most) N arcs, and the points on each arc are mapped

to the same k sets in {B\", .. B](\’;)}. Let {Hj(»k),j =1,..., N} be the ordered

{27r (k%{:l alk) _ F%{Zl Mk)J) = 1,...,N},
> iz @i(k) iz @i(k)

then 0 = Hgk) < Hék) < ... < 9](\];) < 27r. Construct the atom wj(-k) such that its

tuple of
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probability p(w(k)) equals to the length of the j-th arc of the k-th circle, i.e.,

J

k k N ai(k )
’ (21 — GINZLL® iy ’
N 2k J =4

e Since the points on the j-th arc are mapped to {B»(k) ce BZ(:;)} where {i1;,...,4} €

1157
{1,..., N} that contains k different numbers, we let the atom wj(-k) is a subset

. . (k)
of A -y Aiy,;» Tespectively, ie., w; CA; N N A

ilj’ A 'Llj

e For each k, the total probability of all constructed atoms equals to the perimeter
of the circle, Zf\il # Also, each atom wj(-k) is contains in exactly k events of
Ay, ..., Ay. Finally, since there are in total N x N atoms {wj(k),j =1,...,N, k=

1,..., N}, each constructed A; contains a finite number of atoms.

With the construction described above, it can be readily checked that the constructed
{A;} satisty P({w C A; : deg(w) = k}) = a;(k) for all i = 1,..., N. Since lpy.; 18
achieved at one feasible point of (3.1), by the proposed construction method a family
of events, say {A}}, can be constructed so that P (Uf\il Af) = lypw.1- Since the first
two constraints of (3.1) are also satisfied, we have P(A}) = o and }; P(A;NA}) =
for all 7.

Finally, the optimality of f\gy.; directly follows by Lemma 1. O

Example 2. We give an example in a finite probability space to illustrate the construction
provided in the achievability part of the above proof for N = 4 and k = 2. Assume
that a1(k) = 0.1, as(k) = 0.2, az(k) = 0.3, and ag(k) = 0.4 for k = 2. Since

aj(k) < Z?Zl “i,(f) = 0.5 hold for j =1,...,4, the given a;(k)’s satisfy the constraints

in (3.1) for k =2.
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e [n order to construct the outcomes, we assume there is a circle with perimeter

equals to 3+, a"lik) = 0.5. Then we map the arc (0,0.47) to B§2), (0.47m,1.27)
to BSZ), (1.2m,2.47) to BéQ), and (2.4, 4m) to Bf), as shown in Fig. 3.1.
Then every arc generates an angle less than 21 and every point on the circle is
mapped to ezxactly two sets in {BF), Béz), B§2), Bf)}. That is: the arc (0,0.47)
is mapped to BEZ) and B§2); the arc (0.4, 1.2) is mapped to 852) and Bf) ; the

arc (1.2m,27) is mapped to B?()Q) and Bf).

e Since the ordered tuple of the angles {0.4m,1.2m,27(1.2 — 1),27(2 — 2)} s
{0,0.47,0.47w,1.27c}, the circle is divided by N = 4 arcs with lengths equal to

{0.1,0,0.2,0.2}, respectively.

e The outcomes w§2), wéQ), w§2) and wf) are constructed with probabilities equal to

the length of the arcs, i.e., p(w?)) = 0.1, p(wg)) =0, p(wi(f)) = 0.2, p(wéQ)) =
0.2. Finally, we set the outcomes belonging to events A;’s as follows: w?) €
Ap N A;, wéz) € Ay N Ay and wf) € A3 N Ay. After the construction for k = 2
only, the events of {A;} become: A; = {wf)}, Ay = {w§2)}, As = {wf),wf)},
Ay = {wéQ),wf)}. Thus, P{w € A; : deg(w) = k}) = a;(k) is satisfied for

i1=1,....4 and k = 2.

Remark 3. Though the number of variables in the optimal lower bound (3.1) is N?,
one can further reduce it to N> — N + 1 by observing that for k = N the constraint
SV ai(k) > kaj(k) is equivalent to ay(N) = ay(N) = ... = an(N). Thus, the N
variables a;(N),i = 1,..., N can be replaced by only one. The number variables of

the optimal lower bound (5.1) is then N> — N + 1.

Remark 4 (Optimal Numerical Upper Bound). Since we have proved any point
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in the subset of the feasible set of (3.1), determined by Zf\il Z,ivzl ‘“,ik) < 1, is

achievable, mazimizing the objective function in (3.1), instead of minimizing it, with

the same constraints in (3.1) as well as the additional constraint 3 r  STr_| ai,(f) <1,
we can obtain an optimal upper bound in the class of all upper bounds that are
expressed in terms of only the P(A;)’s and the 3 P(A;NA;)’s. For the mazimization
problem, the additional constraint Zf\il chvzl % <1 is to ensure that the obtained

upper bound is no larger than 1. We denote this upper bound by hygw.s-

Remark 5. Note that in the proof of achievability of Theorem 1, only the last two
constraints of (3.1) with the additional constraint Y5 S~ | ) < 1 are required.
Therefore, in other cases where different information is available, optimal lower/upper
bounds can be obtained using the same methodology of Theorem 1. For example, in
the classes of lower and upper bounds which are established in terms of only P(A;) =
a;,1=1,..., N, the optimal lower and upper bounds in these classes can be obtained

by the following problems:

- k)
min / max .
{ai(k)}/ {ai (1)} Z_;,; k
N
s.t. Zai(k‘):ai, i=1,...,N,
k=1

(3.3)

Note that the additional constraint Z 1 Zk 1 kk) < 1 can be relazed for the minimization
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problem, since it is redundant. For the maximization problem, however, it can be
active, in which case the obtained upper bound is equal to 1. Solving the LP problems
of (3.8), we get that the optimal lower bound P (Ufil Ai) > max; oy, and that the
optimal upper bound P (Ui\; Ai> < min{), P(4;),1}, i.e., the minimum of 1 and
the union upper bound. The optimality of these bounds can be proved using similar

arquments as the proof of Theorem 1.

Remark 6 (Optimality of the DS Bound). The ezisting DS bound [7] is known to
be optimal in the class of lower bounds with the information 6 = (0, = sz\il P(A;),05 =
> P(AiNA)) (e.g., see [12, p.22]). Using Lemma 1, we herein provide a different
proof of the optimality of the DS bound [7]. Specifically, we only need to show that

the DS bound is the solution of the following LP problem:

min i\[: i\f: ailk)
{ak)} = &k
N N N N
st Y Y ai(k) =01, > > kai(k) = 6y,
i=1 k=1 i=1 k=1 (3.4)

The last two constraints in (3.4) together with S~ ST | # < 1 guarantee the
achievability of the solution of (3.4). Thus, by Lemma 1, the solution of (3.4) is the
optimal lower bound.

Defining a(k) = S°~ | a;(k), we show that the problem (3.4) has the same objective
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value as the following relaxed LP problem:

Al k)
min —_—
{a(k)} Z k

st Y a(k) =01, Y ka(k) =06y, (3.5)
k=1 k=1

Since (3.5) is a relazed problem of (3.4), it suffices to show that from the solution of
(3.5), we can find a feasible point of (3.4) that gives the same objective value. This is
done by setting a;j(k) = a(k)/N for all j =1,...,N, since all the relaxed constraints
a(k) = o8 ai(k) > ka;(k) and a;(k) > 0 must be satisfied. Finally, note that the
problem (3.5) is the same as the problem solved in [7]. Therefore, the solution of (3.5)

1s the DS bound.

3.2 New Analytical Lower Bound

3.2.1 New Analytical Lower Bound ¢ngw-2

In this section, we derive a new analytical lower bound, which is given in the following

theorem.

Theorem 2 (New Analytical Bound). The lower bound is given by

N N
P (U Ai) > Unpw-2 =0 + Z
i—1

1
= [ D)
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where the function x(-) is defined by

n—1 if x=n wheren > 2 is a integer
x(z) = (3.7)
x|  otherwise

and

+
§ = {max [v: — (N — 1)042»]} >0, of =0 —0, 7 =7v—Nd (3.8)

)

Proof. The new lower bound is the solution of the following relaxed LP:

Y X ()
{a;(k),i=1,...,N,k=1,...N} ZZ k
i=1 k=1
N N
s.t Zal(k;)—al, Zkai(k;) =7, i=1,...,N,
k=1 k=1 (3.9)

Note that the above problem is a relaxed problem of (3.1) because the constraints
ZiN:1 a;(k) > kaj(k),j = 1,...,N for all £ # N in (3.1) are relaxed. Comparing
with the LP problem of (2.22) that corresponds to the KAT bound, the additional
constraints are only Zf\il a;(N) > Na;(N),j=1,...,N, which can be easily proved
to be equivalent to requiring that ay(N) = as(N) = ... = ay(N). We first introduce
a new non-negative variable z := a;(N) = ... = ay(N), and solve the problem (3.9)
by assuming that x is known. Then the objective function in (3.9) becomes a function

of z. Finally, we minimize the objective function to yield a solution of (3.9).
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Replacing a;(N),i =1,..., N in (3.9) by x and assuming that x is given implies
that (3.9) can be solved separately for each i,i = 1,..., N, by solving the following

N problems:

k=1 (3.10)

Ny

ai(k)>0,k=1,... N —1.

Note that when x is given the above problem is equivalent to (2.22), the solution of
which was derived in different ways in [19, 18]. However, since x is a variable which
is assumed to be fixed at the current stage, the solution of problem (3.10) may not
exist for any given x. Thus, one needs to investigate the condition for the existence
of a solution for (3.10) when solving it. To this end, we solve the problem (3.10) by
taking into account the feasible set for x.

Since the LP problem (3.10) has N — 1 variables and the LP optimum must be
achieved at one of vertices of the polyhedron formed by the constraints [3], the N —3
of the N — 1 constraints a;(k) > 0,k =1,..., N — 1 must be active. Assume that the
other two constraints a;(k) > 0 that are not active are given for k = ky and k = ko

and 1 < k; < ks < N — 1, then we obtain

ai(kl) + ai<k2) =Q; — T, klai(lﬁ) + k2ai(k2> = — Nz, (3-11)
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which yields

ko(a; —x) — (s — Nx)
ko — K -

i — Na) — k(o —
oilly) = PR Z ) 5

(3.12)

ai(/ﬁ) =

Using the condition 1 < k; < ko < N — 1, the solution exists when

(3.13)

and ky and ky satisfy k; < 7;:]\?6 L < ko.

Since it is easy to prove that % + %kz) is non-decreasing with ky and non-
1 2

increasing with k; (see Appendix A.2), the optimal ky and k; when % is not an

1

integer are

N
hz{ﬁ——ﬁJ,kp:&+L (3.14)

o — X
Nz - . . N
When =% is an integer, one can choose either ky = I=—% ky = k1 + 1 or k; =
1 1

% —1,ky = k; + 1, since for both cases the values of %’fl) + %’;2) are indeed

identical. Note that the condition for the existence of the solution to (3.9) implies
that 1 < ky < ks < N — 1, thus, the optimal k; and k5 that give the largest feasible

set of z are

v — Nx

o; — T

Then the solution of (3.10) which is a function of x can be written as

2x(2=) 41
filx) = T (o — )
| ]

X)) (Y( ) +1

(3.16)
- ! (3 — Na)+ =
’Yl N’

V() [y(2=02) 11
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where [; — (N — D]t <2 < £
Next, we prove that f;(z) is a non-decreasing function of z. First, we prove that
the function f;(z) is continuous. Note that % is strictly decreasing with x if

% < N (see Appendix A.3). When 'Y(;Z_—_N;“" is an integer, say 'Y;Z_—_N;” =n< N -1,

N(z+h)

choose h > 0 satisfies n — 1 < 7& i—N(z—h)

i
k) <7 and n < o)

=n-—1, X(%) =n—1 and X(%) = n. Then

< n-+1. Then

—N.
o)

filx+h) = fi(x) = (5 — %) E2h > 0and fi(z) - filz—h) = (75 — %) 52h >0
(see Appendix A.4). Both f;(x + h) — fi(z) and f;(x) — fi(x — h) tend to zero when

we have (2

h — 0. Thus, the function f;(z) is continuous when 2——* N2 §s an integer.

When 22 ig not an integer, X(E=F N2y < N — 1 and the function fi(z) is

xT

continuous and differentiable. The derivative of f;(z) satisfies

O e —— N
i N X(K——N:f) X( P )+ 1 X(V;:i\;r) [X(vgj_l\;x) +1
N — X( — )] [N X(W; _1\:7:) . 1} (317)

_ >0
Nx (2222 [y (22 +1]

)

which means that f;(x) is a non-decreasing function of x. Then we can finally solve

the problem (3.9) to get the new lower bound

) + . Bi
INEW.2 = min Zl fi(z) s.t. {mlax[%- — (N — 1)%]} <z< min ——,
(3.18)
where /ngpw.2 denotes the new analytical bound. Since vazl fi(z) is non-decreasing

in z, defining 6 = {max,[y; — (N — 1)oy]} ", the objective value is thus obtained at

z = ¢ so that ENEW_Q = sz\il f,((;) ]
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Remark 7. We can also prove that the LP problem (3.9) has a unique optimal feasible
point. Note that for a given x, the problem (3.9) reduces to the LP problem (2.22) for

the KAT bound, which has a unique optimal feasible point by Remark 2. Therefore, it

suffices to show that there does not exist 6 < 6* < min; N" such that Z - fi(0%) =

Zi:l fi(6). Since f;(x) is non-negative and non-decreasing with x, it suffices to show

that there does not exist d < 6* < min;

“= such that f{(6*) = 0 for alli. From (5.17),

N

we know that f/(6*) = 0 if and only if X(Ef—ﬁ;ff) = N — 1, which is equivalent to

N—-1< véij(si* < N. In the following, we prove the nonexistence of 6* by considering
three cases: (i) If 6 = 0 for some i, which means - < N—1, then —5- N5 < <N-1,
which is a contradiction with N — 1 < % < N; (i) If § > 0 and 3—1 = N for
some i, then © = «; = § is the only point in the feasible set of (3.18), thus 6* > §
does mot exist; (iii) If 6 > 0 and 22 < N for all i, then § = max;[y; — (N — D)oy] =
Y — (N — Doy for some k € {1,--- ,N}. Since % strictly decreases with x, we
have "”“ No* o e=No e Nhw=(N—Daw] _ (N=DWow—m) — N _ | which contradicts

—o* ap—0 o —[ve—(N—1)ay] Nayg—vk

with 7:[;\2{ > N — 1. Thus, the optimal feasible point of (5.18) is unique so that

the optimal feasible point of (3.9) is unique. Therefore, the new analytical bound
is achievable if and only if the optimal feasible point of the LP problem (3.9) has
a corresponding family of events {A;,;i = 1,--- N} that satisfies the information

represented by 0 = (a1, -+ ,an, V1, " ,IN)-

Remark 8. It can be easily seen by comparing the LP problems of (2.22) and (3.9)
that the new analytical bound {ypw.o is at least as good as the KAT bound {yar.
This is because the feasible set of (2.22) contains the feasible set of (3.9), and both
problems (2.22) and (3.9) share the same objective function. Furthermore, setting

0 = 0 directly yields {ngpw.o = Cxar. A more extensive comparison of {ngw.o with
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CLrear is undertaken in Section 3.2.2.

Remark 9 (New Analytical Upper Bound). Finally, we can also get an upper
bound of P (Uzj\il Ai> by mazimizing instead of minimizing the objective function in
the LP problem (3.9).

The following LP problem

N N a(k)
{as() =L Noh=1. V) ;; p
N N
s.t Csz'—OéZ, kaik:i7 Zzl, 7N,
; " kzl )=1 (3.19)
a1(N) = aa(N) = -+ = an(N),

gives the upper bound

P (UA1> < Zai—ﬁZ@‘i‘ﬁm}nﬁi

(2

1 1 .
i J#i J#i

=: hngw-s-

(3.20)

It can be easily shown that the upper bound (3.20) is sharper than (2.29), i.e., hypw.g <

hNEW—J'



3.2. NEW ANALYTICAL LOWER BOUND 36

3.2.2 Comparison of ’eNEW-2 with EKAT

In this subsection, we give a lower bound on /Ngw.2 — fkar Which is given in the

following lemma.

Lemma 6. A lower bound on {xgw.o — Lxar 1S given as follows:

V[N =@ [V -1]) s

Cnpw-2 — Crar 2 Z —, (3.21)
= x®) @)+ N
where the strict inequality holds if and only if there exists 0 < &' < ¢ that 7&:\2‘?/ s an

integer for some i € {1,...,N}.

Proof. We first prove that f;(x) is convex in x. Note that f;(z) is a continuous

di—Nz
a;—T

and piecewise differentiable function. However, it is not differentiable when

is an integer. In each interval of x where w&_—i\; .
?

is between two successive integers,

the derivative of f;(z) is given by (3.17) which is positive and only a function of

(=) - Since X(L_—_Nx) is an integer that does not change in each interval where

a;—T T

1=NT 59 hetween two successive integers, we only need to show that the derivative of

fi(x) given by (3.17) is a non-decreasing function of z. By denoting n(z) 1= x(%-22),
we can write f/(z) = g;(n) where

(N—=n)(N—-n-1)
N(n+1)n '

gi(n) = (3.22)

Noting that v; < Na;, one can verify that % decreases with = and by the definition

of x(),n < N—1landn = X(%) is a non-increasing function of x. Thus, we have
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gi(n) > 0 and g;(n) is a decreasing function of n for 1 <n < N — 1, since

(N—=n)(N-n—-1) (N—n+1)(N —n)

gi(n) —giln—1) = NCES - No(n— 1) <0, (3.23)

which implies f/(x) is a non-decreasing function of x. Therefore f;(x) is a convex

function of x. Finally, by the property of a convex function, we have

fi(z) = £i(0) = f{(0)(z —0). (3.24)

Since Inpw-2 — lxar = Y, [fi(0) — f:(0)], by substituting z = ¢ into (3.24) and
summing over 7, the inequality of (3.21) is obtained.

Note that if for all i = 1,..., N there does not exist 0 < ¢ < § such that 7;;\([5?/

is an integer, the derivative f/(z) = f/(0) for all 0 < x < 6 and i = 1,..., N. Then
equality in (3.24) holds for all i, and equality holds in (3.21). If there exists 0 < ¢’ < §
such that Z:—i\g‘f/ is an integer for some 4, then according to (3.23) and the definition

of x(+), we have f/(¢’) > f/(0). Then, it can be shown that for those i the strict

inequality in (3.24) holds when x = §. This is because

fi(8) = fi(0) = [fi(6) = fi(&)] + [fi(6") = fi(0)]
> [i(6)(6 = &) + fi(0)(6" = 0)

(3.25)
> f(0)(6 = 0") + f{(0)(¢" = 0)
= [;(0)(6 —0).
Therefore, the strictly inequality in (3.21) holds. ]

Remark 10. Lemma 6 readily yields another analytical lower bound, which is sharper
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than the KAT bound but looser than the new analytical bound:

P <LNJ Ai) > lgar + ZN: [N _ Xq_ﬁ)} [N _ X(Z_i) _ 1} % (3.26)

= x@®) @+

We herein show that the above analytical lower bound can be derived directly based on
the arguments in [19].

Recall [19, the last equation above (8)] that

> 0. 2
r(r—1) k-~ 0 (3:28)
k=1
Thus, the authors in [19] use
2 1
P> =0y — i 2
V_Toz T(T—l)ﬁ (3.29)
to determine the KAT bound as follows
7 ; - reN ; T 7“2‘(7‘1‘ — 1) ’

where the mazximization is over the integer r;’s and the optimum is achieved at r; =
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1+ x(2). Note that we can rewrite (3.27) as

2 1 (r—=N)(r—N —1)a;(N)
Vi= {;ai or(r— 1)& * r(r—1) N (3.31)
N-1 3.31
(r—Fk)(r—=Fk—1)a;k)
+ P r(r—1) ko’

where the last term is non-negative. Note that from (3.18), one can see that § is the

smallest possible value of v = a;(N) that guarantees the existence of the solution of

(3.9), i.e. % < # Therefore, the lower bound of (3.26) can be obtained as follows:

- nen - [H’ai il — 1)@ * ri(r; — 1) N ]
§ o 4 M@ -NMa@-Ns) 63
F2N\ThE Tk T L@k N

= lrar + i [N_X(%)] [N_X(g_i) - 1] S

S @) [x@) ] N

3.3 Numerical Examples

In this section, we evaluate the new lower bounds using eight numerical examples.
The first four examples are the same as in [19]. The last four examples, Systems
V to VIII, are new and are shown in Table 3.1-3.4, respectively. As a reference, the
existing DS bound [7], DC bound [8], the KAT bound [19] are included for comparison.
Furthermore, the GK bound [13, 17], which exploits full information of all P(A; N
A;)'s and P(A;)’s, is also compared with the new bounds. The results are shown in

Table 3.5. The gap of {Nngw.2 — fxar and the derived lower bound (3.21) are shown



3.3. NUMERICAL EXAMPLES 40

in Table 3.6.

One can see that the KAT bound is at least as good as the DS and DC bounds
as already shown in [19]. The new bounds are at least as good as the KAT bound
in all the examples, as expected. More specifically, the new numerical bound (3.1) is
sharper than the KAT bound in all examples, and the new analytical bound (3.6) is
sharper than the KAT bound for Systems V to VIII and identical to the KAT bound
for Systems I to VI. Concerning the gap of new analytical bound and the KAT bound,
the equality of (3.21) holds for Systems V, VII and VIII.

Moreover, from the numerical examples, we note that the GK bound [13, 17],
which requires more information (all the information of individual P(A; N A;) as well
as P(A;)’s), is not guaranteed to be sharper than the KAT bound! and the new
bounds. For example, the GK bound is worse than the KAT bound as well as the
new bounds in Systems V and VIII. It is better than the KAT bound but worse than
the new bounds in System VI, better than the KAT bound and the new analytical
bound but worse than the new numerical bound in System VII.

Finally, we note that all lower bounds considered in this work can be sharpered

algorithmically by optimizing over subsets (e.g., see [14, 2, 15]).

! Another example in which the GK bound is looser than the KAT bound is given in [10].
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Figure 3.1: Example illustrating the construction of the proof of Theorem 1 for N = 4

and k£ = 2.
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Table 3.1: System V.

’ Outcomes w; \ p(w;) H Ay \ Ay \ As ‘

wo 0.145 X
w1 0.045 || x X
Wo 0.01 X X X
w3 0.045 || x | x
Wy 0.145 X

Table 3.2: System VI.

’ Outcomes w; ‘ p(w;) H Ay ‘ Ay ‘ As ‘ Ay ‘

wo 0.0962 || x X
w1 0.0446 X
Wo 0.0581 X X
W3 0.0225 || X X X X
Wy 0.0385 || x

Ws 0.0071 || x X X
We 0.0582 X

Table 3.3: System VII.

’ Outcomes w; ‘ p(w;) H A ‘ Ay ‘ As ‘ Ay ‘

Wo 0.1832 || x

w1 0.1219 X

wWo 0.0337 || x X X X
w3 0.0256 X X

Wy 0.0682 X
Ws 0.0389 X X X
We 0.0631 X | X
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Table 3.4: System VIII.

’ Outcomes w; \ p(w;) H Ay \ Aoy \ As \ Ay ‘

wWo 0.0330 X
w1 0.0705 || x | x | X

Wo 0.0876 || x X | %
w3 0.0608 || x X X
Wy 0.0865 || x X X X
Ws 0.0621 X X X
We 0.0181 X

Wy 0.0898 || x X

wg 0.0770 X | X

Table 3.5: Comparison of lower bounds.

System || P (Uf\il Ai) Ips Ipc AT ok | INEW-2 | INEW-1
I 0.7890 0.7007 | 0.7087 | 0.7247 | 0.7601 | 0.7247 | 0.7487

II 0.6740 0.6150 | 0.6154 | 0.6227 | 0.6510 | 0.6227 | 0.6398
IIT 0.7890 0.6933 | 0.7048 | 0.7222 | 0.7508 | 0.7222 | 0.7427
IV 0.9687 0.8879 | 0.8757 | 0.8909 | 0.9231 | 0.8909 | 0.9044
A\ 0.3900 0.3800 | 0.3495 | 0.3833 | 0.3813 | 0.3900 | 0.3900
VI 0.3252 0.2706 | 0.2720 | 0.2769 | 0.2972 | 0.3205 | 0.3252
VII 0.5346 0.3989 | 0.4186 | 0.4434 | 0.4750 | 0.4562 | 0.5090
VIII 0.5854 0.5395 | 0.5352 | 0.5412 | 0.5390 | 0.5464 | 0.5513

Table 3.6: Comparison of the new analytical lower bound (3.6) /Ngw.2 with the KAT
bound fxar.

’ System H LK AT ‘ INEW-2 ‘ INnEw-2 — CkAT ‘ Lower bound on the gap (3.21) ‘

\Y 0.3833 | 0.3900 0.0067 0.0067
VI 0.2769 | 0.3205 0.0436 0.0206
VII 0.4434 | 0.4562 0.0128 0.0128
VIII 0.5412 | 0.5464 0.0051 0.0051
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Chapter 4

New Bounds using {P(A;)} and

{>_;¢P(A;iNAj)}

In this chapter, we consider bounds that are established by { P(A;)} and {3_; ¢; P(A4;N
Aj)}. We first assume ¢ = (cg,...,cn)7 is a given weight or parameter vector
and derive a new class of lower bounds which has at most a pseudo-polynomial
computational complexity and can be sharper than the GK bound in some cases.
Then, we discuss methods for choosing ¢, which will lead to lower bounds that use
{P(A;)} and {P(A;NAj)}. Finally, we show the following regarding the existing GK
bound: i) the GK bound cannot be improved via optimization over subsets of events;

ii) the GK bound can be implemented iteratively.

4.1 New Class of Lower Bounds

4.1.1 New Expressions for P (Uivzl Ai>

For simplicity, assume the events {A;,..., Ay} are in a finite probability space
(Q,.#, P), where N is a fixed positive integer. Denote # as the collection of all non-

empty subsets of {1,2,..., N} and let B € 4 be a non-empty subset of {1,2,..., N},
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we use wp to denote the outcome such that wg € A; for all i € B and wp ¢ A;
for all i ¢ B, i = 1,...,N. Using this notation, {wp : i € B} is the collection

of all the outcomes in A;, and similarly P(A;) = > ., p(w) can be written as

P(A;) = ZBeﬂ:ieB p(wg).

For simplicity, we use pg to denote p(wp):

pp = p(ws) (4.1)
Then we have

N
P (U Al) => ps. (4.2)
i=1 Be#
Suppose there are N functions f;(B),i = 1,..., N that Zf\il fi(B) = 1 for any
B € % (i.e., for any outcome wp). If we further assume that f;(B) =0if i ¢ B (i.e.,
wp ¢ A;), one can get

P (g Ai> = (i ﬁ-(B)) P

=1

(4.3)
N N
= Z Z fi(B)pp = Z Z fi(B)ps.
i=1 Bc# i=1 BEB+4cB
Note that if we define
A= ifie B
fz<B> _ | B deg(wp) (4 4)



4.1. NEW CLASS OF LOWER BOUNDS 46

then Zf\;l fi(B) =1 is satisfied and equation (4.3) becomes

p(QAi)=ZN: > f(B pB—Z > i:v:z; 2) (4.5)

i=1 Be#:ieB i=1 Be®: zeB
If we define
= “— ifieB
f(m)= | Toers (46)
0 ifi¢ B
where the parameter vector ¢ = (cy,...,cy) satisfies Y, _pcp # 0 for all B € £,

(therefore ¢; # 0,1 = 1,..., N) then again ), f;(w) = 1 is satisfied, and we can get
from (4.3) that

N N N
p A = f; ( B) _ _GPB Czp
4.7

yielding the following lemma (to the best of our knowledge, this lemma is novel).

Lemma 7. Suppose {wp, B € B} are all the 2 — 1 outcomes in |J; A;. Let ¢ =

(c1,...,en)t € RY satisfies

ch #0, forall Be%A (4.8)
keB
then we have

P (QA) = i Yy Z Yy O (4.9)

i=1 BEBicB ZkGB Ck i=1 weA; Z{k wEAR} Cr

Note that (4.9) holds for any ¢ that satisfies (4.8), which is clearly a generalized

expression of (4.5).
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4.1.2 Lower Bounds via the Cauchy-Schwarz Inequality

In this subsection, we use (4.3) to establish relations to the lower bounds of [6] and
[11]. Note that in order for the following Cauchy-Schwarz inequalities to hold, we

have to make a further assumption on f;(-), that
f(B)>0, i=1,...,N, Be%. (4.10)

Note that when f;(B) is defined by ¢, then condition (4.10) is stronger than the
original condition (4.8). If f;(B) is defined by (4.6), condition (4.10) is then equivalent

to requiring that ¢; > 0 for all 7.

Relation to the Cohen-Merhav bound [6]

Let m;(wp) be non-negative real functions. Then by the Cauchy-Schwarz inequaility,

[Z 7.(B) )] > [Z mei(WB)] : (4.11)

B:ieB

[Z fi(B)ps

B:ieB

Thus, using (4.3), we have

(Un) =%z o Bl o

i=1 B:ueB

If we define f;(B) by (4.4), then the above inequality reduces to

N ZBzeBmez wp)] S en p@)mi(w)]?
P<UA> Z ZZ oo Py A1)

ZB zeBme WB |B|
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1

where the equality holds when m;(w) = (i.e., mj(wg) = | B|), which was first

1
deg(w)

shown by Cohen and Merhav in [6, Theorem 2.1].

When m;(w) = ¢; > 0, (4.3) reduces to the DC bound 8]

" [ciP(Ai)]2 B P(A;)? -
d <1L:J1 Al) - ; Zj CZQP(AZ N AJ) o ; Zj P(Al N A]) - KDC- (4.14)

Note that as remarked in [11], the DC bound can be seen as a special case of the

lower bound

P(A;)

when ¢; = S, PANA) This is because

22, (%)%(Amm) > {(%) >, P(Ain A; )} (4.16)

= — = Ipc.

Note that although ¢; > 0 is not assumed in (4.15), one can always replace ¢; by |c;|
in (4.15) if ¢; < 0 to get a sharper bound.
However, the lower bound in (4.15) is looser than the following two (left-most)

lower bounds (which we later derive in (4.23) and (4.25)):

- c; P(A;)° > ¢;P(A)]? S i P(A)2
iz:; ci ) p ek P(Ai N Ay) = Yo dopCiceP(A; N Ag) =z > Zj 2P(A; N A;) (4.17)

where ¢; > 0 for all ¢ and the last inequality can be proved using 2¢;c; < ¢ + c?.
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Relation to the Gallot-Kounias bound [11]

By the Cauchy-Schwarz inequality, which is equivalent to assuming m;(w) = 1 in

(4.11), we have

= P(A;)°. (4.18)

7B ]2[21932

B:ieB

[Z fi(B)ps

B:ieB

>

BueB

Using f;(B) defined using ¢ in (4.6) (note that the condition in (4.10) is equivalent

to ¢; > 0 for all ), we have

> P(A)2. (4.19)

Note that

S (Z ) p= Y S = BATAOAL )

, G
B:ieB B:ieB,keB

Therefore, we have

[Z CiPB ] |:Zk CkP<AiﬂAk)} > P(A;)>. (4.21)

B:icB 2 ke Ok Ci

Then for all 7,
GPB c; P(A)?

4.22
B:icB dokenCh G Yoy P (AN Ay) ( )

By summing (4.22) over i, we get another new lower bound:

(UA) > Z . Zk Ckp A A (4.23)
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Note that we can use Cauchy-Schwarz Inequality again:

> | aP(A)

7

o (4.24)

ZCZZCkP A ﬂAk

Z CP
CZZkaP A ﬂAk

=

which yields

Ai)? 32, e P(A))?
<UA> = ZZ: c; Zk Ckp A; N A > S5 S cenP(A; O AR) (4.25)

Since the above inequality holds for any positive ¢, we have

N 2
;i P(A;) 22 ciP(Ai)]
A | > > 4.26
(U ) cekd 2 ¢ 3 o P(A N Ay) = eesd 52,5, cienP(A N AL) (4.26)
One can show that by computing the partial derivative with respect to ¢; and set
it to zero that
P4 > eP(A))

cea ~ emn = lax, 1.27
ceRN i=1 G Zk CkP(Az mAk) ceRN Z Zk CzCkP(A mAk) GK ( )

where {gk is the Gallot-Kounias bound [11], and the optimal € can be obtained from
3¢ = a (see Section 2.3.2). Thus, we conclude that the lower bounds in (4.26) are
equal to the GK bound [11] if ¢ € RY; otherwise, the lower bounds in (4.26) are
weaker than the GK bound.

4.1.3 New Class of Lower Bounds ¢ngw.3(c)

We have the following theorem.

Theorem 3. For any given ¢ that satisfies (4.8), a new lower bound on the union
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probability is given by

where

C; C; C; Zk CkP(AZ N Ak)
ZkEBY) Ck ZkEBg) % P(A) <ZkeB§i) Ck) <ZkeB§“ Ck)

Y

(4.29)
where B and B are subsets of {1,..., N} that satisfy the following conditions.

1. If Yon e P(AiNAg)

oAy = 0 and mingp.epy Zkif <0, then

Zk;eB Ck ZkeB Ck

B(Z) = arg max s.1.

<0,
{B:ieB} C; C;

(4.30)
B(Z) = arg max Lies Ck.
{B:i€B} C;
2. If E’“CLW > 0 and mingg.epy Z’“i—fck >0, then
i P(A;NA
Bf) = arg max —ZkeB - 2k < 2 P k),
{B:i€B} C; C; CZP<A1> <4 31)
Béi) — arg min ZkeB LI 2 _keB Ck > > ow e P(Ai N Ak)‘
{B:i€B} C; C; C2P<Al>

3. If—z’“ kPACAY) () g ZerPAi0A) {maX{Bzeg} ZkeB =keBTk gt —Z’“?Ck < 0},

A) CZP(AZ')
then
c c
BY = arg max Lies =keB Tk gy 2kep Ok <0,
) C; C;
e }Z ) (4.32)
BY — arg min =keBE

{B:ieB} C;
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4. If—z’“ c’“P('g ?A’“) < 0 and ZxcelA0AL) C:I;Eﬁ ?Ak) > {maX{B ieB) Z‘“EB kst —Z’CZB * < O},

then

; &
Biz) = arg max Lies k,
{B:ieB} C;

(4.33)
BY) = arg max Liken s.t. Loen O < 2 xPiAN Ak).
{B:icB} Ci C; Cz‘P(Ai>
Proof. We note that ¢;(c) is the solution of
mi CiPB
eieB) 1oy 2 ken Ch
Y = P(A),
BieB (4.34)
3 (M) pp= LS P40 Ay
- & G ’
B:uweB k
pg >0, forall Be % suchthat € B.
From (4.34) we have that
GPE > y(e). (4.35)

BiieB 2 ken Ch

Summing (4.35) over i and using (4.9) we directly yield

(LNJ A,) > i:: (4.36)

=1

The solution of (4.34) is given in Appendix B.1. O
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Remark 11. We can solve (4.34) by solving its dual problem

max  q1P(A;) + g0 Z wiP(A; N Ay)
k

q1,92

(4.37)
st g+ ( we)qg2 < , VB'e#B:.iec B,
,g,;, 2 ke Wk
where wy = ‘;—’; We give an alternative proof of Theorem & by solving this dual

problem for ¢ € Rf, i.e., the case (4.51), in Appendiz B.2.

Remark 12 (The new bound fngw-3(c) v.s. the GK bound £gk). For any

c € RY, we have these relations between different lower bounds:

~ GPAP P

—1 C; Zk CkP(AZ ﬂAk) - ZZ Zk CiCkP(Ai ﬂAk)

2

> aP(A))
> 2 G P(ANA;)
(4.38)

Cnpw.s(c) > >

Note that if ¢ obtained by the GK bound satisfies ¢ € RY, then {ypw.s(€) > L.
This can be proven by first noting that the two constraints of (4.34) and the Cauchy-

Schwarz inequality yield (4.22). Then by (4.26), we can get that { g is a lower bound

Of gNEW—B(&) .

Remark 13 (The new bound £ngw.3(c) v.s. the KAT bound £xat). One can
easily verify that {npw.s(k1) = Cxar, where 1 is the all-one vector of size N and k is

any non-zero constant.

Lemma 8. When ¢ € RY, the lower bound {ygw.s(c) can be computed in pseudo-
polynomial time, and can be arbitrarily closely approximated by an algorithm running

wm polynomial time.

Proof. The problems in (4.30) to (4.33) are exactly the 0/1 knapsack problem with
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mass equals to value [24] (the corresponding decision problem is also called subset
sum problem). Unfortunately, the 0/1 knapsack problem is NP-hard in general.

However, if ¢ € RY, i.e, the case (4.31), there exists a dynamic programming
solution which runs in pseudo-polynomial time [24], i.e., polynomial in N, but exponential
in the number of bits required to represent W. Furthermore, there is a
fully polynomial-time approximation scheme (FPTAS), which finds a solution that
is correct within a factor of (1 — ¢€) of the optimal solution [24]. The running time
is bounded by a polynomial and 1/¢ where € is a bound on the correctness of the
solution.

Therefore, if ¢ € RY, one can get a lower bound for ¢;(¢) in polynomial time which
can be arbitrarily close to ¢;(c) by setting e small enough, i.e.,

li(e) > X (c,e), lim LX(c,e) = ti(c). (4.39)

e—0t

The details are as follows. First, assume él and Bg are obtained by the FPTAS which

satisty

1—6 Z c < Z . < Z Ck, Z c < Z c < 1—|—€ Z Ck- (440)

keB keB{ keB{ keBS keBL) keBS)

Then we have

Z ~(1) Ck . .
Z o < mln{ keB, Zk CkP(Az N Ak) _. bgz)’

keB“) 1—e¢ ’ P(Az)
' (4.41)
Z Crp > max { ZkEBéi) & 2P0 Ay } = by,
- 1+e P(A;) 2

keBS)
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Then one can get the arbitrarily close lower bound for ¢;(c) as

tie) 2 thle, ) 1= P (S5 4 S - e a VB ) )
0w P,

Therefore, we can get a lower bound for P (Ufil Ai) that is arbitrarily close to

INgw-3(c) in polynomial time:

P (U AZ) > lile) =) ti(ce). (4.43)

[]

Remark 14 (New class of upper bounds hngw-.4(c)). We can also derive an
upper bound by mazimizing, instead of minimizing, the objective function of (4.534).

For any given ¢ € RT, a upper bound can be obtained by

h(c) = hi(e), (4.44)
where h;(c) is defined by

hi(c) == max b5
pp:ieB) p o0 2 ken Ok

s.1. Z bB = P(Al)a
Bi€B (4.45)

c 1
3 (Zki—fk> g = c_i;CkP(AiﬂAk)’

B:ieB

pg >0, forall Be B suchthat i€ B.
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The resulting upper bound is given by

P (LZJ Ai) Z { [mlnk Cr ZC,:Ck ~ (miny, ch) >k Ck = Cfp(ﬁ; Ak)} }
_ ( 1 ) S ePA) = G ci) s Z ek P(Ai N Ay),

ming ¢, Y. Ck

= hNEW—4(C)'
(4.46)
The partial derivative of h(c) w.r.t. ¢; such that ¢; # miny ¢y, is given by
Oh(e) _ P(A;) | P(Aj) 3 cr = 2 iP(A)
¢ ming ¢y (Do cr)? (4.47)
b 2D aP(A VAR (g k) — 205 D GienP(Ai N Ax)
ming, ¢ (> cr)?
Thus

(mkin Ck) (Z cr)? On(e) = Z cr)? Z ) ( mln k) mm Ch Z P
k

k € k
ch [ZCkPA ﬂAk +ZZCZCkPA ﬂAk)
k ) k

(4.48)

It is conjectured that the above partial derivatives w.r.t any c; # ming ¢, are always

positive, and hence h(c) is no less than (2.29), i.e. hypw.; > hngw.1 > hngw-s-

4.1.4 Heuristic and optimal choices for c

First, note that if the ¢ obtained by the GK bound satisfies ¢ € RY, then one good

choice for ¢ is ¢ = ¢ since in this case we have already proved in Remark 12 that
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InEws(€) > lgk. Otherwise, {ngpw.3(c) has to be computed in exponential time.
Furthermore, {xgpw.3(€) might be very poor especially for the cases in (B.5) and (B.7)
if by — 07, the objective function of (B.2) goes to —oco. Then a heuristic choice for ¢
is to have its components given by ¢ = max(c;, €), where € > 0 is close to zero; we
will denote it by €*. Then ¢" € RY and hence the solution of (B.2) always falls into
the case of (B.6) and therefore {xgw.3(¢") can be computed in pseudo-polynomial
time and approximated in polynomial time.

We will also consider in the numerical examples another heuristic method for
choosing c¢. Specifically, we choose ¢ as ¢ = ¢ + k1, where k is chosen via a line
search. Since ¢ is obtained by the GK bound and ¢ = k1 yields the KAT bound,
c = ¢+ k1 is a line passing through those two possible ¢’s. Since the computational
load for a line search can be however high, we only use it to demonstrate that the
lower bounds can be further improved by optimizing c.

Finally, we define the best bound in the class of /xgw.3(c) which is achieved by

using ¢ = c,pt, although how to find ¢, is still open.

Theorem 4 (The best bound in the class of £ngw._3(c)).

N
P (U Ai) > mngNEW-s(C) = UNEw-3(Copt), (4.49)
i—1

the maximum of which is range over all ¢’s that satisfy (4.8). The optimal cop can
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be obtained by the following non-convexr optimization problem:

c{pi,ai

Copt = AIE max} Zpic,-P(Ai) + Z i Z e P(A; N Ayg)
i i k

st pit+ (D ) VB'e #:ieB, i=1,...,N.

q; S )
keB’ ZKEB’ Cr

(4.50)

Proof. Similar to (4.37), for a given ¢, the {xgw.3(c) is the solution of the following

problem

max Z {p,-cl-P(Ai) + ¢ Z ceP(A; N Ak)}

{pi,ai}

st pit+ (D o) VB'e#:ieB, i=1,...,N.

q; S 3
keB! ZkEB/ Ck

(4.51)

Therefore, by maximizing (4.51) over ¢, we directly get copt as in (4.50). O

Note that it is very difficult to get the solution ¢, since (4.50) is non-convex.
However, we note that any feasible point of (4.50) leads to a (sub-optimal) lower
bound. Also, by further constraining ¢; to be nonnegative for all ¢, any feasible
point corresponds to a lower bound that can be computed by a polynomial-time
approximation algorithm. In the numerical examples, we randomly generate ¢ €
Rﬁ for a large number samples and choose the best one to illustrate the bounds’

performance.
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4.1.5 Another Class of Lower Bounds, ¢ngw-4(C)

We only consider ¢ € ]Rf in this subsection. Then one can further improve the lower

bound /xgw.3(c) to get the following new class of lower bounds.

Theorem 5. Defining - = B\ {1,....,N}, 3 = >, cxP(A; N Ag), &; == P(4;)

and

5= P ~ (2 0 — miny ) O‘} C (4.52)

mink Ck

where ¢ € Rf, another class of lower bounds is given by

N
where
i i i P(A; N Ag) —
fle) = [P(A) —a) [ o+ - — o MAOA) 1] ,
2okent Ok Lpepl O [P(A;) — 1] (ZkeBi” C’“) (ZkeBé") C’“)
(4.54)
and
BY = arg  max Loken s.t. Lien O Zk e [P(A; 0 Ar) = x],
{Be#~:ieB} C; Ci C; [P(Az) — ] (4 55)
BY _ or : 2 keB Ck 2 _kes Ck Zk ¢ [P(Ai N Ay) — a '
5 = arg min s.t. > .
{Be#~:ieB} C; C; Gi [P(Ai) - ]

Proof. Let x = pp1,. ny and define B~ = #\{1,..., N}, then consider ), li(c,z)+x

.....



4.1. NEW CLASS OF LOWER BOUNDS 60

as a new lower bound where where /;(c, x) is defined by

. CGiPB
lie,x) = min Z —_—

i€B,BEB~ , c
{ppii }B:z'eB,Be% 2_ken Ck

s.t. Z pg = P(A;) — x,

BicB,BEB~

3 (@) Py = égck[P(AiﬂAk) =

B:icB,BEA~

pp >0, forall Be %A suchthat i€ B.

(4.56)
The solution of (4.56) exists if and only if
Zk Cr)T

< — .
mléln cp < Z Ch IIllIl Ches (4.57)
which gives
[% — (2 G — min ) di] i < g < DT (minkcp)ar (4.58)
miny, ¢, > Ck — ming ¢

Therefore, the new lower bound can be written as

(miny Ck)@@

min
X

N i | .
5””*2@(0,%)], s.t. [%_<Ek0k—mlnkck)a,-] -

’Y
ming ¢ - Ccr — Mming ¢
i=1 k Ck Z k k k

(4.59)

Similar to solving (4.34) in the proof of {Ngw.2, we can prove that the objective

function of (4.59) is non-decreasing with x; this proof is given in Appendix B.3.
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Therefore, defining ¢ as in (4.52), the new lower bound can be written as

N
bamw-i(e) =0+ 3 _i(e.) (4.60)
i—1
where 0}(c, 5) can be obtained using the solution for ¢;(¢) in (4.34) with b = W
replaced by h= Sk ok [ P(AiNAR) 3] ]

ci| P(Ai) =3
Remark 15 (eNEw_4(C) V.S. ENEw_g(C)). Note that ENEw_g(C) = sz\il Ez(c) where
to be the same for each (;(c),i = 1,...,N. The lower bound {ygw.,(c), however,
is the solution of the same problem as for {ypw.s(c) with the additional constraint
1,...,N. Therefore, if c € Rf, Ungpw-s(c) is the solution of a relazed problem to the
problem for obtaining (npw-4(c); thus Enpw-4(€) > Lypw-s(c). Also, since ¢ € RY, the
solution of (4.55) can be computed in pseudo-polynomial time and has a polynomial-

time approximation algorithm.

Remark 16 (Improved class of upper bounds hngw-5(c)). We can improve the

77777

then

I'(e) = max

r+ Y e, x)] , (4.61)
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where h;(c,x) is defined by

CiPB
hi(c,z) ==  max E -
{ppuieB,Bes™ BiicB,Be A~ ke Ck

s.t. Z pp = P(A;) — z,

B:ic€B,BEB-

S (@) :—ch (A; N Ay) — 4],

B:icB,BeB—
pg >0, forall Be A~ suchthat 1€ B.

(4.62)

The solution of h;(c,x) is independent with x:

/ _ N — Ci G
FLZ'(07 l’) - (P(Al) l’) (mlnk Ck + Zk CL — minyg Ck)
C;

- — . > o (P(A; N A) — ),

(ming cx) (D, cx — ming cy)

:P(A,;)( A G )
ming ¢, Y, ¢ — ming ¢

Ci
B (mink Ck)(zk Cr — Mminyg Ck) ; CkP(Al " Ak%

(4.63)

and the solution exists if and only if for all

> Lk P(ANAg) — O, )
< — . .
PA) — = E Ck mln Ck (4.64)

min ¢, <
k
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Thus, we get

max .
J M1y Cp

. Zk ¢, — minyg ¢y,

{ YoeeP(A; N Ag) — (2, ek — ming ¢x) P(AZ-)}Jr
(4.65)
<zr<m

Therefore, we get the upper bound

(UA ) < min { S crP(A; N Ay) — (ming ) P(A;) }

> Ck — ming ¢

+( . L )ZciP(Ao

ming ¢, Y, ¢ — ming ¢y

— 1 Z Z clckP A N Ak)

(ming ) (>, cx — ming ci)

(4.66)

=: Anpw.s(c).

Clearly, the upper bound hygw.5(c) in (4.66) is always sharper than hygw.; in (4.46),

however, it is conjectured to be always looser than hygw.s in (3.20).

4.2 Numerical Examples

In the numerical examples, € is obtained by the GK bound; the elements of ¢t are
given by {¢ = max(¢;,€),i = 1,..., N} where € > 0 is small enough so that if ¢ € RY
then ¢™ = ¢.

We present Ixew-3(¢), Inew-3(€¢"), Ingw-4(€T) and max,, {xgw-3(é++1) in Table 4.1.
In three examples (Systems II, IIT and VIII), ¢ € RY; therefore {xpw-3(¢) = Cnpw-3(¢).
In two examples (Systems VI and VII), {xgw.3(€) gives a negative value so we ignore

it and replace it by 0. The lower bound max, {Nxgw.3(€ + k1) is done by searching x
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from —1 to 1 with a fixed step length 0.005 (so that 401 points are used in total).
We also randomly generated 100,000 samples of ¢ € RY to compute {xpw-3(c) and
Ixew-4(c) and the largest bounds were selected and denoted as Ixpw.3(Crag) and
InEw-4(Ciiana)-

From the results, one can see xgw.3(¢") is always sharper than /xgw.3(¢) and
is sharper than gk in most of the examples except for System VI. The line search
max, /ngw-3(¢ + £1) is shaper than fxpw.3(¢") in most of the examples except for
System V. Since ¢ € RY, the class of lower bounds /npw.4(€¢") is always sharper
than /xpw-3(¢"), as expected.

In Table 4.2, we compared {xgw.3(c) and Ixgw.4(c) with randomly generated
¢ € RY. One can see that in System VI, the maximum (xgw-4(c) is 0.3203 which

is sharper than the maximum /xgw.3(c) which is 0.3022. Also, the percentage for

f INEw-4(C)

are shown in
INEW-3(C)

InEw-4(c) is strictly larger than {xgw.3(c) and the average o

Table 4.2.

4.3 Comments on the GK Bound

Finally, we conclude this chapter with two comments on the GK bound.

4.3.1 Applying the GK bound to subsets of events

We note that many existing lower bounds, which do not fully explore available
information, can be further improved algorithmically via optimization over subsets, as
in [2, 14]. However, in this section, we prove that the GK bound cannot be improved

by applying it to subsets of {A;,..., Ayx}.
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Table 4.1: Comparison of lower bounds (* indicates ¢ € RY and a bold number
indicates exact agreement with the optimal lower bound (5.1) of
exponential complexity in N.)

[ System [ I | TIIF nr | IV vV VI | VI [ VIOF |
N 6 6 6 7 3 4 4 4

P (Uﬁvz . A,-) 0.7890 | 0.6740 | 0.7890 | 0.9687 | 0.3900 | 0.3252 | 0.5346 | 0.5854
kAT 0.7247 | 0.6227 | 0.7222 | 0.8909 | 0.3833 | 0.2769 | 0.4434 | 0.5412
oK 0.7601 | 0.6510 | 0.7508 | 0.9231 | 0.3813 | 0.2972 | 0.4750 | 0.5390
INEW-2 0.7247 | 0.6227 | 0.7222 | 0.8909 | 0.3900 | 0.3205 | 0.4562 | 0.5464
INEW-1 0.7487 | 0.6398 | 0.7427 | 0.9044 | 0.3900 | 0.3252 | 0.5090 | 0.5531
Inpwa(€) || 0.6359 | 0.6517F | 0.7512% | 0.7908 | 0.3865 0 0 | 0.5412%
Inpwa(€7) || 0.7638 | 0.6517% | 0.7512% | 0.9231 | 0.3900 | 0.2951 | 0.4905 | 0.5412%
Inpw-a(€ + 1) || 0.7577 | 0.6539 | 0.7557 | 0.9235 | 0.3899 | 0.2993 | 0.4949 | 0.5412
InEw-3(Eang) || 07783 | 0.6633 | 0.7810 | 0.9501 | 0.3900 | 0.3022 | 0.4992 | 0.5666
Inewa(€T) | 07638 | 0.6517 | 0.7512 | 0.9231 | 0.3900 | 0.2951 | 0.4905 | 0.5412
InEw-4(Eang) || 07783 | 0.6633 | 0.7810 | 0.9501 | 0.3900 | 0.3203 | 0.4992 | 0.5666

Table 4.2: Comparison of {ypw.3(c) and Inpw.4(c) with randomly generated ¢ € Rf
(a bold number indicates coincidence with optimal lower bound (5.1) of
exponential complexity in N).

| System | v | vI | vl | VII* |
N 3 1 1 1

P (UL, 4) 0.3900 | 0.3252 | 0.5346 | 0.5854

max Inpw-s(C) 0.3900 | 0.3022 | 0.4992 | 0.5666

max Ixpw-4(C) 0.3900 | 0.3203 | 0.4992 | 0.5666

Average PEwi(d] 1.0011 | 1.065 | 1.0006 | 1.0000

Percentage {xpw-4(c) > Inew-s(c) || 7.82 % | 69.6% | 3.87% | 0.54 %

Lemma 9. For any given M > N, the GK bound is the solution of the following

problem:

min
{mGRMXl,AERNXM}
s.t. Az = «,

el

AAT =3 ¢ RV,

(4.67)
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Proof. We can always write  as
x=A"k + ATk, (4.68)

where k; € RV*!, ky € RM=Mx1 and A € RM-N*M gatisfies AAT = Onw(ir—n)-
Particularly, let LL” be the Cholesky decomposition of 3, then A = (L, On s (nr— N)) Q
where @Q is any orthogonal matrix is the solution of (4.67).

Then
||® = kT AA Ky + k] AL ATky = k{Ski + k] AL ATk (4.69)

The first constraint Ax = o implies AATk; = a, i.e., k; = ¥ 'a. Therefore, the

minimum of ||| is achieved at ky = 0, so that

min |z|]? = k] 2k, = "X (4.70)
k1,k2

O

Theorem 6. The GK bound cannot be improved via optimization over subsets of

{A1, As, ..., An}.

Proof. Denoting A = , the first constraint of (4.67) is equivalent to N

constraints a! € = a;,i = 1,..., N, and the second constraint of (4.67) is equivalent

to N? constraints @] a; = ¥;;,i=1,...,N,j=1,...,N.
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By selecting a subset of {1,2,..., N}, the resulting GK bound is the solution of
a relaxed problem of (4.67) with a subset of constraints on « and a;,i = 1,..., N.
Since the objective value of the relaxed problem must be no more than the original
problem (4.67), the GK bound using a subset cannot be higher than the GK bound

using full information. m

4.3.2 Iterative implementation of the GK bound

Theorem 7. The GK bound can be computed iteratively. More specifically, for n =
1,..., N, denote Lgx(n) as the GK bound using the information of Ay, ..., Ay : o, =
(P(Ay),...,P(A)", B, = (P(AiNA4,),...,P(An1NA)) and =, the n x n
upper left sub-matriz of X, then if o, — sz,ilﬁn > 0, we have

b,b. b,

1
Cor(n) = Lax(n—1) + 47 o, (4.71)

where b, = —%.1.3, .
The matriz X, is not invertible if and only if o, — B354, 8, = 0. The last case

Qa, — ﬁfE;ilﬁn < 0 never happens, i.e., the following inequality holds

P(A,) > (P(A1NA), ..., P(A 1 N A))-

P(A1 N Al) . P(Al N An—l) P(Al N An)
P(AyNAy) ... P(AaNA,) P(A; N A,) (4.72)

P(A,-1NA) ... P(AvNA,1) P(A,-1NA,)
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form=1,... N.
Proof. Note that
Y, = . (4.73)

and by the matrix inverse lemma for a Hermitian matrix [16], we have

, 10, 1 b,b. b,
¥l = + —
ol 0 an = BnE,21Bn | b7 1

(4.74)

Substituting to lok(n) = @, X, o, fax(n) can be computed using (g (n — 1).
Since we have proved {gk(n) > lgk(n—1) in Theorem 6, the inequality is directly

from o, — 87318, > 0 in (4.71) of Theorem 7. O
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Chapter 5

New Bounds using {P(A;)} and {P(A; N A;)}

We derive new numerical lower/upper bounds of P (Uf\il Ai) using {P(A;)} and

(N—1)3+N+3

5 variables,

{P(A; N A;)} by solving a linear programming problem with
which coincide with the optimal lower /upper bounds when N < 7. The new numerical
lower /upper bounds are guaranteed to be sharper than ¢xgw.1, which is the optimal
lower bound using {P(A;)} and {>_; P(4; N Aj)}.

We also derive the generalized version of the KAT bound [19] when {P(A;)}
and {); ¢;; P(A; N A;j)} are used for any given parameter set {c;;}. Then we show
that the generalized KAT bound is upper bounded by the KAT bound. Similarly,
the generalized version of {xpw-2 using {P(4;)} and {3_; ¢;; P(4; N A;)} can also be

derived, which is also upper bounded by /Ngw.2-

5.1 New Numerical Lower/Upper Bounds

5.1.1 A Relaxed Problem of the optimal LP

As in Chapter 4, we consider a finite probability space for simplicity, and denote

by % as the collection of all non-empty subsets of {1,2,..., N}, and wp as the
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outcome that belongs to {A;,7 € B} and not to {A;,7 ¢ B}. Let pg stand for p(wg),
for B € . Consider pp as variables; then the following (exhaustive) LP problem

with 2% number of variables gives the optimal lower /upper bound established using

{P(A;)} and {P(A; N Aj)}:

min max E DB,
{pBBGUZ} {rs, BEJ}

5.t. Z ps=P(AiN4,), ijef{l,....N}, (51

1,j€EB,BEA

pBEO,BEQ.

The optimality of (5.1) can be easily proved by showing its achievability: for each pg,
construct an outcome wp such that p(wg) = pp and let wp € A;,Vi € B. However,
the computational complexity of the optimal lower bound (5.1) is exponential.

Now we consider relaxed versions of (5.1). Assume integer M < N and define 2M
functions fi(i1,...,in, k) to forr(i1,. .., a7, k) for iy 49, ... ip, k € {1,2,...,N} as
follows

filin, .. ia k) = > B,
Biit,....in €B,|Bl=k

fg(il,...,iM,k‘): Z PB,

Btit,...,ing—1€B,in B, Bl=k (52)
fQNI(il,...,iM,k): Z PB-
Briv,...in @B, |Bl=k

That is, for all outcomes that have degree k (i.e., for all B € £ that |B| = k), the

functions f1(i1,...,im, k) to form (i1, ... iy, k) divide ZBE%‘B‘:,C])B into 2 groups,
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each corresponding to a subset of {iy,...,iy} that B contains (i.e., the outcomes are
in a subset of {A;,, Aiy, ..., Ai, })-

Now we replace the constraints pgp > 0,VB € & in (5.1) by fu(i1,...,im, k) >

0,m=1,...,2M to formulate the following relaxed LP problem.
min / max DB,
{pB,BGP%} {pB,Beﬁﬂ} Bes
s.t. > pe=PANA), ije{l,....N},
i,j€B,BER (5.3)

finliv, ... iy, k) >0, Vme{1,..., 2",

Vil,...,iM,kG{l,...,N}.

Clearly, (5.3) is a relaxed problem of (5.1) since all the constraints of (5.3) must be

satisfied if pp > 0,VB € . Thus, the optimal value of (5.3) is a lower /upper bound

of P (UYL, 4).

Lemma 10. The solution of problem (5.3) coincides with the optimal lower/upper
bound by (5.1) when N < 2M + 1.

Proof. Since (5.3) is a relaxed problem of (5.1), we just need to show that the
constraints of (5.3) reduce to pg > 0,VB € & when N < 2M + 1.

Note that when 1 < k& < M, there exists one function f,(i1,... iy, k) that is
ie.,

for (i1, iy k) = Z PB- (5.4)

Be%B,ii,..., 1,EB k41, iM¢B,‘B‘=I€
Then the constraint

For (i1, - iar k) >0 (5.5)
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reduces to

p{il ..... ik} Z 07 (56)

which is equivalent to pg > 0,V|B| = k since iy,...,i € {1,...,N}.
Similarly, when N — M < k < N, there exists one function f,,» (i1, ..., iy, k) given
by
Forlin, i, k) = > ps. (5.7)

Be%,i1, ANk EBiN—k+1,-,iM EB,|Bl=k
Then the constraint

fm”(Zh?Zka) ZO (58)

reduces to

ppr >0, (5.9)

where B” = {1,..., N}\{i1,...,in_x}. Note that this is equivalent to pg > 0,V|B| =
k since iy,...,ix_p € {1,..., N}

Finally, if M > (N — M) — 1, the union of {1,..., M} and {N — M,...,N} is
{1,..., N} and so all possible values of k are included. Therefore, all the constraints
in pg > 0, B € & can be obtained by requiring f,,(iy,...,ix, k) > 0,m =1,...,2M.

Thus, the problem (5.1) is equivalent to (5.3). O

5.1.2 A Case Study for M = 3

In the rest of this chapter, we focus on a particular case with M = 3. We show

that when M = 3, problem (5.3) can be solved by an LP problem with M’+J\/+3

variables. Note that problem (5.3) has an exponential number of variables {pg, B €

ZY}. In this subsection, we show that problem (5.3) shares the same solution as a
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relaxed problem which still has exponential number of variables when M = 3. In

the next subsection, we show that the later relaxed problem can be solved by an LP

(N—-1)34N+3

3 variables.

problem with

Defining 2M = 8 functions, fi,..., fs, by the following:

Sili g L k) =
fali g, L k) =
f3(i; g, 1 k) =
fali, g, 1 k) =
(i, L k) =
Je(i g, k) =
folis g L k) =

fB(i7j7 l7 k) =
the problem (5.3) becomes

min / max ZpB,

,BEB \BER
{pB,B€%} {pB,BE }Be,%

s.t. Y pp=PANA), ije{l,... N},

i,jcB,BCA

Fuli, k) >0, me{l,....8}, il ke{l,....,N}

Z PB;

Bi,jl€B,|B|=k

Z bB,

B:,j€B,¢B,|B|=k

Z DB,

B:i,l€B,j¢B,|B|=k

> e

B:j,leBi¢B,|B|=k

Z PB;

Bii€B,j1¢B,|B|=k

Z Ds,

B:jeBi,l¢B,|Bl=k

Z PB,

B:€B,i,j¢B,|B|=k

> e

Bijl¢ B, Bl=k

(5.10)

(5.11)
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Now, we consider a relaxed version of (5.11) as follows:

min max g pB,
{pB, BGJ} {pB, Beﬁ}

s.t. Z pp=P(A;NA)), ije{l,...,N},
i,j€B,BER
11000000
10100000
10010000
00001001
00000101 fi(i, 4,1, k)
0000O0GO0T11 fo(i, 7,1, k)
100000GO0T1 f3(Z-,j.,l,k) 5.12)
01001000 fali, 5,1, k) S0
01000100 f5(i, 5,1, k)
01000010 fo(i, 3,1, k)
00101000 fr(i, 5,1, k)
00100100 fa(i, 7,1, k)
00100010
00011000
00010100
00010010

Vil ke{l,...,N}.

Clearly, (5.12) is a relaxed version of (5.11) and therefore a relaxed version of (5.1).

In the following lemma, we prove that (5.12) and (5.11) give the same solution, i.e.,
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the lower/upper bounds obtained by solving the two problems are identical.
Lemma 11. The optimal feasible point of (5.11) is also optimal in (5.12).

Proof. In order to show the optimal feasible point of (5.11) is also optimal in (5.12),
it suffices to show for any feasible point of (5.12), we are able to find a feasible
point of (5.11) that gives the same value of the objective function. That is, for
any {pp, B € A} that satisfies the constraint of (5.12), there exists a feasible point
of (5.11), {py, B € A}, that satisfies f,,(i,7,1,k) > 0,4,5,l,k € {1,...,M},m €
{1,....,8aswellas > 5, Vs = D pesnPB-

We consider different values of k. According to the proof of Lemma 10, it is direct
to verify for k € {1,2,3, N—3, N—2, N—1, N} the constraints of (5.12) are equivalent
to pgp > 0,|B| = k. Therefore, if {pp,|B| € {1,2,3, N —3,N —2,N — 1, N}} come
from a feasible point of (5.12), they also satisfy the constraints in (5.11).

Next, we only consider the case 4 < k < N — 4. Suppose k = k is given such
that 4 < k < N — 4, and there are variables {pg, |B| = k} which are from a feasible
point of (5.12). If {pp, |B| = k} also satisfy the constraints on fi, ..., fs for k =k in
(5.11), we simply let ps = pg,|B| = k. On the other hand, if {pg, |B| = k} do not
satisfy the constraints on fi,..., fs in (5.11) for k = k then there are integers 7, j,
that fo (7,7, l, l;;) < 0 hold for at least one m € {1,...,8}.

Note that the matrix in the last constraint of (5.12) does not have full rank, for any
value 7: vector (7, —7, —7, —7,7, 7,7, —7)7 lies in the null space of the matrix in the
constraint. Therefore, it is possible to introduce a particular transformation on the
values of {pp} such that after the transformation, the value of the objective function
of (5.12) is not changed and the equality constraints in (5.12) are still satisfied. The

only terms that have changed are the values of f,, (i, J, [, k) for a particular (1,7, l, l~€)
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We define the transformation in the following.

For given 1, 7,1, we first pick one B; such that |B;| = k and i,7,] € B;. Since
k < N — 4, there exists %,j,f ¢ B;. We replace some of i, 7,0 by some of i,},i
respectively, to get Bs, ..., Bg as follows (the notation ... denotes other integers in

the subset that are remain the same):

Bl :{;,j,i,

BQI{%,E,Z,...

~ A

(5.13)

o8]
ot

|
—
\.&
<
\'N

Let {pg)} be the values of variables {pg} before transformation, and {pg)} be the

values of variables {pp} after the first transformation, we assign values to pgjl, m =
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1,...,8 as follows:

P, P, T

P, Pl =

P, P, -7

I T B e (5.1
P, P, T

wl (||

[ | |

W)\ )\

for any 7. For other B ¢ {By, ..., Bg}, we simply set pg) = pg).

Now it can be verified that if {pg)} is a feasible point of (5.12), after the transformation
the value of the objective function is not changed, i.e., > g pg) => 5 pg) and all
the equality constraints in (5.12) are still satisfied. Also, the values of functions
fm(i,J,1, k) are not changed if one of the elements of (i,7,1, k) is not equal to the

corresponding elements of (E,j, , k). The only terms that were changed are

AV 5.1 k) AOG5, Lk +7
£VG.5,1 k) A6, 5.0 k) -7
£VG5,1E) 2G50 k) — 7
AOGRLR | | TG LR 5.15)
£VG. 5,1 k) DG Lk +T
f0G5,1k) FOGG k) + 7
ERIGVRNY A6,k + 7
AVG5,1E) FOG5. k) — 7
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where f},? ), m = 1,...,8 denotes the value of function f,, before the transformation
and f,% ), m =1,...,8 denotes the value of function f,, after the first transformation.

Note that f,(r} ) still satisfies the last constraint in (5.12) for any value of 7. Therefore,
{pg)} is still a feasible point of (5.12) that shares the same value of the objective
function with {pg)}.

Starting from a feasible point of (5.12), the transformation defined in (5.14) can be
used to get another feasible point of (5.12) without changing the value of the objective
function. Therefore, it suffices to show that for any optimal feasible point of (5.12),

if there are integers (i, J, l, l~€) and the inequality f#b)) (1,7, l, l;;) < 0 holds for at least

one m € {1,...,8}, we are able to find another feasible point after ¢ transformations
such that
OG5,k >0, m=1,...,8. (5.16)

We show that t < 2, i.e., at most two transformations are needed. The details are

as follows.
1. Suppose f7(r?) (1,7, l, /~€) < 0 holds for at least one m € {1,...,8}. Defining
r = min { (1G5 LR), 7GR, 0GR (5.17)
after the first transformation, according to (5.15), we have

win { (1,3, L8), (G 5,00, 0G5, LR | = 0. (5.18)

Furthermore, by the first four rows of the matrix constraint in (5.12), one can
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get
FVG5 LR 4+ min { VG,

which is equivalent to fl(l)(g,j, I,k)>0.

Finally, by the last nine rows of the matrix constraint in (5.12), one can get

(5.20)

The only function left is fél)@j, L, l~c) since we only have

OG5k +win{ (OG5, LR), AOGT LR, VG LR 20 (5.22)
after the first transformation. In case fg(l) (%, 7 l, l~€) > 0 after the first transformation,

then we have already obtained a new feasible point of (5.12) that satisfies

F9G, 5,0 k) >0 for all m.

2. On the other hand, if fél)(%,j, I,k) < 0 after the first transformation, let 7 =
fél)(g, 7.1, l;;), then after the second transformation, according to (5.15), one can

verify that f§2) (i,7,1,k) = 0 and all

26,5,k >0, m=1,...,8, (5.23)
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are satisfied.

]

Note that even though it results in the same solution as (5.11), the problem (5.12)

still has an exponential number of variables. Next, we show that we can solve (5.12)

(N=1)34N+3

5 variables.

by solving an LP problem with only

5.1.3 New Numerical Bounds

In this subsection, we show that (5.12) can be solved by an LP problem with only

N—-1)34N+3 .
()% variables. Define

aij(k) = P({x €AN Aj,deg(x) = k}) , L k€ {17 T 7N}
Then the following properties directly hold for a;;(k):
a;;(1) =P ({r € AinAj, deg(x) =1}) =0, forall i#j,

aij(k) = aji(k)

and

a;i(k) =P ({x € A; N A;,deg(z) = k}) = a;(k).

Also, we have

i ai;(k) = P(A; N A;).

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)
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Furthermore, we can write

> p (g € A deste) = K)) = (k) (5.29)

Jj=1

Substituting (5.29) into the expression of P (Ufil Ai) using a;(k), we directly obtain

the following equalities

3 a”]ik)> : (5.30)

In the following, we show that one can formulate an LP problem with {a;;(k)} as

variables that is equivalent to problem (5.12)

Theorem 8. The solution (denoted by {npw.5/hnpw.¢) of the following LP problem

with N3 wvariables is the same as the solution of (5.12), which gives a lower/upper
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bound for P (|J; A:).

Cbz
Cnaw- 5/hNEW6 = min max ZZZ J
{ai; (k)} {aw k)}

s.t. ZZGZJT:P(AJ, izl,"',N,
kg

Zam;ﬁ(kb g(k), i=1---,N, j=1.--,N, k=1 N,
m=1
A (K) Aim (K) (k)
%:zn: k‘2 _; k Z - k‘ _azj(k>, 7/7]7]{:— 17 ’N’
ni(k
alkf ) > zl(k)+a]l(k) —aij(k:), 7 ],ZJC— 1 N,
G (K im (k) + @im (k) + apm (k
ZZ ]C2< )—f—am(kj)‘i‘azl(k?)—f—ajl(k‘) ZZ ( ) Jk( ) l ( )7

(5.32)

Furthermore, the number of variables of (5.32) can be reduced to UV_I)?’TJFNJF?’

Proof. First, we show that problem (5.32) is equivalent to (5.12).
Noting that a(k) and a;(k) can be written as linear functions of a;;(k). Also,

from their definitions, a(k), a;(k) and a;;(k) can be written as linear functions of
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{pB; B € %}

a(k) = Z DPB;

|B|=k
a(k)= > ps (5.33)
i€B,|B|=k
a;i(k) = Z PB-
i,j€B,|B|=k

Since the objective function and the equality constraints in (5.12) can be easily written
in terms of a;j(k), it suffices to show that the matrix constraint in (5.12) can also be
written as constraints on a;;(k).

By symmetry, we only need to show that fi(i, 7,1, k) + fa(i, 4,1, k), f3(i,5,1, k) +
fs(i, 3,1 k), f2 (i L R)+ fs (i, 5, 1 k), fa(i, g, L k)4 f2 (6, g, L k) and fu(i, 5, 1 k) + fs(d, 5,1, F)
can be expressed using a;;(k). Other rows of the matrix constraint in (5.12) can be
directly obtained by changing the order of the indices (i, j,1). The details are in the

following:

aj(k) =Y pp=fli,j.Lk)+ f2(i,5.1k),

i,j€B,|B|=k

(5.34)
al(k>_a7«](k): Z pB:f3(i7j7luk)+f5(i’j7lak>u
i€B,j¢B,|B|=k
a(k) — a;(k) — a;(k) + a;; (k)

= Z bp — Z PB

i¢B,|B|=k jEB,i¢B,|Bl=k (5.35)
= Z PB

i,j¢B,|B|=k

= f7(i7j7l7k> + f8(i7jal7k)7
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ai(k) + aij(k) — aq(k) — aj(k)

= Z PB+ Z PB — Z PB — Z PB

I€B,|B|=k i,jEB,|B|=k i,l€B,|B|=k {j,l}eB,|B|=k

= Z PB + Z PB + Z PB + Z PB

{l,’L,]}EB,|B‘:k lvj€B7l¢3»|B|:k {l,j}GB,l%B,|B|:k Zv]¢B:l€B’|B|:k

+ Z PB + Z DB

l,i,j€B,|B|=k i,jEB,l¢B,|B|=k

- Z rB+ Z B

li,j€B,|B|=k Li€B,j¢B,|B|=k

- Z PB + Z PB

Li,j€B,|Bl=k l,j€B,i¢B,|B|=k

— Z pB+ Z pB:f2(i7j7l7k)+f7(i7j7l7k)a

(5.36)

a(k) — ai(k) — a;(k) — a;(k) + a;; (k) + aq(k) + a;(k)

= [ai ()] + la(k) — ai(k) — a;(k) + ai; (k)] — [a(k) + aij (k) — ai(k) — a;(F)]

= fil6, 3, LK) + foliy 5y L k) + f2 (6, L k) + fs (i, 5, LK) = fali g, LK) + f2(2, 5,1 )

= [1(6, 5, k) + fs(i, 5, 1, F).

(5.37)

Therefore, the problem (5.32) with N variables is equivalent to (5.12).

Next, we show the number of variables of (5.32) can be reduced to w
First, for k = 1, we can obtain a;;(1) = 0 for i # j, which is previously given by

(5.25), from the LP problem (5.32). This is because from the constraint ), a;;(k) =
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P(A; N A;) of (5.32), we have

> ai(k) = P(A;),i=1,--- N, (5.38)

by setting j = i. However, by another constraint, Zgzl G””T(k) > a;;(k) in (5.32), we

have

PM0=§:%M0§§:Z:%§Q=PWM, (5.39)

thus, we have

aMMZE:%ﬁ% k=1,---,N. (5.40)

Letting £ = 1, we have

ai(1) = ay(1) =au(1) + Y _ay(1). (5.41)
j i

Since a;;(k) > 0, the constraints (5.25) directly holds. Furthermore, we note that
for k = N, the variables a;;(NN) are equal and so they can be reduced to 1 variable.
Finally, using the constraint a;;(k) = a;(k) in (5.32), we can further reduce the

number of variables. In conclusion, the number of variables for different values of &

are
N if k=1
MO ik =2,...,N—1 (5.42)
1 if k=N

N(N-1)(N-2) +1. ]

Thus, the total number of variables is N + 5

It can be readily shown that the new lower bound by (5.32) is sharper than the
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lower bounds /Ngw.1 and ¢Ngw.2 in Chapter 3 (see also [26, 27]).
Denoting the lower bound obtained by (5.32) as {ngw.5, then we have the following

lemma.

Lemma 12. The lower bound {npw.5; obtained by (5.32) is no less than the lower

bound ngw.1, which is optimal lower bound using {P(A;)} and {ZJ P(A;NAj)}.

Proof. For any feasible point of (5.32), defining variable a;(k) using (5.29), it can
be readily verified that all the constraints in the LP problem formulated in (3.1)
are satisfied. Therefore, the LP problem (3.1) can be seen as a relaxed version of

(5.32). 0

Lemma 13 (Optimality of ngw.s for N < 7). The lower bound obtained by

(5.32) is an optimal lower bound when N < 7.

Proof. Since (5.32) shares the same solution with (5.11) which is (5.3) with M = 3.
According to Lemma 10, the lower bound obtained by (5.32) is optimal when N <
2M+1=T17. O

5.2 Generalized KAT-type Lower Bounds

Note that both the existing KAT bound and the analytical bound /xgw.o (of Chapter 3)
are established using {P(4;)} and {3>_; P(A; N A;)}. Consider the general case that
{P(A)} and {_;ciyP(A;i N Aj)} are available, for some given {c;;}. In this case,
neither the KAT bound nor /ygw.2 can be computed. However, we could formulate
a similar problem using the definition of {a,;;(k)} which could lead to a KAT-type

lower bound.
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For example, we can solve the following relaxed problem of (5.32)

. aijk
min ;ZZ%

{ai;(k)}
&i'k .
s.t. ZZ#:P(AQ, i=1,---,N,
ko J
Z%Zaij(/ﬂ):Z%‘P(Aiﬁ/lj), i=1,---,N, (5.43)
J k J
aii(k)zza]; )7 k:L"'aNa

J

CLU(]{?)ZO, i:]-a"'7N7 j:17”'7N7 kzl?"'aNa

the solution of which, {Ngw-¢, satisfies

where ¢; is obtained by fixing ¢ and solving the following subproblem for each i =

1 N:

g ey

. aij(k)
b= I, zk:z]: =
s.t. Zk: Z GJT(’C) = P(4),
J

SN chayk) =Y ey P(AN A)), (5.45)
J k j
a; (k) = aijT(k), k=1,---,N,

J

aig(k) >0, j=1,--- N, k=1,--- N.
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The solution of ¢; in (5.45) is given by the minimum of two values. The first is

1 6; 11 5
min a; — 15 =a;q1— 115 : (5.46)
ke{2,..,N} kc; ke i
where j is a function of k:
~ 1 B
1= i D i 5.47
J argmjm{cj_k_lai} (5.47)

and the second is

ko |G (ke = 1) = 2] 4 o [ 2 = Gy, (k= 1)

i i = - , 5.48
beze N Kok (o (hiz — 1) — &0y (k1 — 1)] (5.48)
where )
argmin,, ; c;; if ko >k
Gy = 7 o (5.49)
argminci]. {% - (kl - ]-)Cij Z O} if ]{52 < k?l
and )
argminci].{k —1ci~—%20} if ko >k
iy = o= e = Y (5.50)
arg max,; Cij if ky < kq.
\
Therefore,
¢; = min{(5.46), (5.48)}, (5.51)
The details of solving (5.45) are given in Appendix C.1.
Remark 17. When c¢;; = co = -++ = ¢;y hold for all i, the generalized KAT lower

bound {ngpw.¢ reduces to the KAT bound.

Unfortunately, we can show that {xgw.¢ is upper bounded by the KAT bound.
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Lemma 14. (ngw.g < Lxar, where the equality holds if for any given i, the values of

cij for all j are equal.

Proof. The dual problem of (5.45) can be written as

&' = max q1P(A,) + q2 Z CZJP(AZ N AJ)

91,92

Jig#
Lo ! k=2,...,N—1, Vj#i
- Ciiqa < ) =2,...,.N—1, 1.
kql ]q2 k(k o 1) ]

An upper bound of ¢; is given by maximizing ¢; over all possible {¢;; }, i.e.

&- S @ZU = Inax q1P(A7,) + q2 Z Cl]P(Al N A])

q1,92,{cij}

Ji#i
st oq <1, (5.53)
L ey < k=2...,N—1, Vj#i
7 Cij = T/ 1\ = 4 ’ ) 2.

Denoting g;; := ¢;jq2, the above problem becomes

&' S 55] = Imnax q1P(AZ) + Z QZJP(AZ N AJ)

q1,{3ij} et

1
G < ——y k=2,...,N—1, VYj#£i.

Note that for any given ¢;, the constraints for ¢;; are the same for any j, which are

1 1

i< ——————qi, k=2,...
W=kk—1 &

N -1, Vj#i, (5.55)

Y
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and the objective function is monotone increasing function of ¢;; for any j. Therefore,

the problem can be reduced to

at . (k—1)
jijFi (556)

s.t. a1 < 17

which is equivalent to ¢;; are equal for all j, i.e. using P(A;) and Zj# P(A; N A;).

Therefore

INEW-6 = Zfi < ng = lgar- (5.57)
]

Similarly, we can also consider generalization of the analytical bound /Ngw.2 to

solve the following problem
, ai; (k)
min —
{ai;(k)} zk: XZ: zj: k?
s.t. 2 = P(A;), i=1,---,N,

Y iy aik) =) ciP(AiN4), i=1.-- N,
k j

j (5.58)
N
im (IN
Zalm( )Zalj(N)7 izlv"'an j:]-v"'aN7
m=1 N
au(k): aijT(k:)7 k:]-a 7Na

J

aij(k)zoa Z.:la"'aNa jzla"'vNa k:L"'vNa
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which can be rewritten as

i ZZZG”
s.t. Zza” Ay), i=1,---,N,

cl-jaijk’ = CZ‘]‘P Az Aj, 7= ,"',N,
zy:zk: . Xg: ) 1 (5.59)
ai(N) = app(N) =+ = ani(N) = --- = ayn(N),
N k)
CL“(]{?)— T, k’—]_, ,N,

J

a;(k)>0, ¢=1,---,N, j=1,---,N, k=1,--- N.

Fixing 4, {a;;(k)} is N x N variables with indices j and k. Then, by solving the

following LP as a function of x

&( — {(gj}%? Z Z aw
st % “T = P(4y),
kg

CijQij = CijP Az Aj s

;; . ; ) (5.60)
r=a;1(N)=ap(N)=-=an(N) >0,
a”(k):;al]]ik)’ k:la-..’N,

a;(k) >0, j=1,--- N, k=1,--- N.
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We can therefore solve (5.59) and get another lower bound as

where the minimum ranges over > 0 when the solutions of the LP problems (5.45)
all exist. Since the solution of (5.59) can be obtained based on the solution of (5.58),

we herein ignore the derivations.

Remark 18. If ¢;1 = ¢ = -+ = ¢;n for all i, the lower bound {ygw.7 reduces to the

analytical lower bound £ ngw.».

Remark 19. Similar to the proof of Lemma 14, one can show that the lower bound
obtained by (5.58) is upper bounded {ypw.s, i-e., {npw.y < {npw.o. We herein ignore

the derivations.

5.3 Numerical Examples

Lower bounds are compared in Table 5.1, including existing bounds (the KAT bound
lkar, the GK bound /gk and the stepwise lower bound lsepwise described in Chapter
2), the new lower bounds ¢xgw.1 and ¢xgw.2 of Chapter 3, the new lower bounds
Inew-3 and Ingw-4 of Chapter 4, and the new lower bound /ngw.5 in this chapter.
We use the same notation as in Chapter 4: ¢ is obtained by the GK bound and
the elements of ¢t are given by {¢ = max(¢;,€),i =1,..., N} where € > 0 is small
enough so that if ¢ € RY then ¢" = ¢. In three examples (Systems II, III and VIII),
cc Rﬂf , therefore {xgw.3(¢) = Ixgw-3(€¢'). In two examples (Systems VI and VII),
InEw-3(€) gives a negative value so we ignore it and replace it by 0. The lower bound

max, /Npw-3(€+ k1) is computed by searching x from —1 to 1 with a fixed step length
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0.005 (with 401 points used in total). We also randomly generated 100, 000 samples of
¢ € RY to compute {npw-3(¢) and Ixpw-4(c) and the largest bounds were selected and
denoted as Inpw-3(Crrang) a0d Inpw.a(ch,q)- The class of new lower bounds {ngw.g
and /ngw.7 are not included in these numerical examples since we have shown that
INEw-6 18 not sharper than i ot and fNgw.7 is not sharper than fxgw.2. A bold number
in the table indicates coincidence with the optimal lower bound using {P(A4;)} and
{P(A; N A;)}, which is the solution of (5.1).

According to the numerical examples, since N < 7, the new lower bound /Ngw.s5
coincides with the optimal lower bound in all eight systems, as expected by Lemma 13.

The upper bounds are compared in Table 5.2, including the existing bounds (the
union upper bound Aypien and the Greedy upper bound hgreeqy described in Chapter
2), the new upper bounds hnxgw.1 (of Chapter 2), Axgw.2 and Angw.s (of Chapter 3)
and the new upper bound Anxgw-g of this chapter. The class of hAxgw.¢ and hxgw.5 are
not included in Table 5.2 since they are conjectured to be always looser than hAngw-1
and hngw.3, respectively. All the upper bounds shown in Table 5.2 are not truncated
by 1, and a bold number indicates coincidence with the optimal upper bound (5.1).

Again, we can see that the new upper bound coincides with the optimal upper
bound in all eight systems, as expected by Lemma 13 since N < 7.

Finally, we provide additional examples for N > 7 to illustrate cases where the
new lower and upper bounds, /xgw.s and Axgw.g, do not always coincide with the
optimal upper/lower bounds of (5.1). The two additional systems (System IX with
N = 8 and System X with N = 10) are given in Appendix C.2, and the lower and
upper bounds for these two systems are given in Table 5.3. The optimal lower and

upper bounds of (5.1) are denoted as {opr and hopr, respectively.
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Table 5.1: Comparison of lower bounds (* indicates ¢ € RY and a bold number
indicates coincidence with the optimal bound (5.1) of exponential
complexity in V).

[ System [ I [ ©IF | W* [ IV [ VvV [ VI | VI | VI |
N 6 6 6 7 3 4 4 1
P(UX,4;) | 07800 | 0.6740 | 0.7890 | 0.9687 | 03900 | 0.3252 | 0.5346 | 0.5854
AT 0.7247 | 0.6227 | 0.7222 | 0.8909 | 0.3833 | 0.2769 | 0.4431 | 0.5412
lak 0.7601 | 0.6510 | 0.7508 | 0.9231 | 0.3813 | 0.2072 | 0.4750 | 0.5390
INEW-2 0.7247 | 0.6227 | 0.7222 | 0.8909 | 0.3900 | 0.3205 | 0.4562 | 0.5464
INEW-L 0.7487 | 0.6398 | 0.7427 | 0.9044 | 0.3900 | 0.3252 | 0.5090 | 0.5531
IxEw-3(€) || 0.6359 | 0.6517 | 0.7512F [ 0.7908 | 0.3865 | 0 0 [0.5412%

INew3(€7) || 0.7638 | 0.6517* | 0.7512% | 0.9231 | 0.3900 | 0.2951 | 0.4905 | 0.5412%
Inpwa(€ + 1) || 07577 | 0.6539 | 0.7557 | 0.9235 | 0.3899 | 0.2993 | 0.4949 | 0.5412
InEw-3(Eang) || 0.7783 | 0.6633 | 0.7810 | 0.9501 | 0.3900 | 0.3022 | 0.4992 | 0.5666
Inpwa(€7) || 07638 | 0.6517 | 0.7512 | 0.9231 | 0.3900 | 0.2951 | 0.4905 | 0.5412
InEw-4(Eang) || 0.7783 | 0.6633 | 0.7810 | 0.9501 | 0.3900 | 0.3203 | 0.4992 | 0.5666
(Stopwise 0.7890 | 0.6740 | 0.7890 | 0.9687 | 0.3900 | 0.3027 | 0.5009 | 0.5673
INEW-5 0.7890 | 0.6740 | 0.7890 | 0.9687 | 0.3900 | 0.3252 | 0.5090 | 0.5673

Table 5.2: Comparison of upper bounds (* indicates ¢ € ]RJI and a bold number
indicates coincidence with the optimal bound of (5.1) of exponential
complexity in N. All upper bounds are not truncated by 1.)

| System [ I | ©m*¥ | O [ IV [ VvV | VI | VI [ VHOI* |
N 6 6 6 7 3 4 4 4
p (UfV: | Ai) 0.7890 | 0.6740 | 0.7890 | 0.9687 | 0.3900 | 0.3252 | 0.5346 | 0.5854
Anion 207 | 1716 | 1.916 | 24181 [ 0.5 [ 0.5612 | 0.8022 | 1.5737
ANEW-1 1.3907 | 1.1870 | 1.3320 | 1.7974 | 0.4200 | 0.4059 | 0.5984 [ 0.8093
ANEW-3 1.3744 [ 1.1356 | 1.2820 | 1.7763 | 0.4125 [ 0.3814 | 0.5642 | 0.7813
ANEW-2 1.28 [ 0.9310 | 1.1330 | 1.5047 [ 0.3900 | 0.3252 | 0.5346 | 0.7070
AGreedy 1.144 | 0.8010 | 1.0780 | 1.4568 [ 0.4450 | 0.3252 | 0.5346 | 0.7070
ANEW-6 0.8550 | 0.8130 | 0.9550 | 1.0703 | 0.3900 | 0.3252 | 0.5346 | 0.7070

From Table 5.3, one can see that the new lower and upper bounds, {Ngw.5 and
hnew-¢ do not coincide with fopr and hopr in these two systems. However, they
are still sharper than all other tested lower/upper bounds that can be computed in

polynomial time.



5.3. NUMERICAL EXAMPLES

95

Table 5.3: Additional Systems (Examples for N > 7).

] System H IX ‘ X ‘
N 8 10

P(UX,4;) | 05051 | 05261
(K AT 0.4391 | 0.4847
(oK 0.4381 | 0.4852
INEW-2 0.4391 | 0.4847
INEW-1 0.4393 | 0.4847
INEw-3(€) 0.4381 | 0.4852
InEw-3(€T) 0.4381 | 0.4852
INEW-3 (é + Ii].) 0.4381 0.4852
INEw-3(Ch,q) || 0.4381 | 0.4852
InEw-a(€™) 0.4381 | 0.4852
INEw-4(Clhag) || 04381 | 0.4852
CStepwise 0.4349 | 0.4758
INEW-5 0.4400 | 0.4874
topr (5.1) 0.4421 | 0.4878
AUnion 2.1101 | 2.7491
ANEW-1 1.0975 | 1.4542
ANEW-3 1.0705 | 14180
hNEW-2 0.9566 | 1.2652
RGreedy 0.8735 1.1581
ANEW-6 0.7362 | 0.9887
hopt (5.1) 0.7359 | 0.9831
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Appendix A

New Bounds using {P(A;)} and {EJ P(A;NAj)}

A.1 Uniqueness of the optimal feasible point of the KAT LP problem
(2.22)

Since we can solve the KAT LP problem (2.22) by separating ¢ = 1,..., N, we only

need to consider if the following LP has a unique optimal feasible point:
minp’x, st. Ax=b, Ix>0, (A.1)

Y, e = (x,...,28)T, b= (a,7)T, T is the N x N identity

where p = (1,%,...,%

matrix, and

11 ... 1
A= . (A.2)
1 2 ... N

First, the optimum of LP is achieved at one vertex, which is denoted by {z; =

0,k # ki, k # ko} and xy, > 0,2, > 0, ky > ky such that

Ty + Ty, = Q klxkl + k2xk2 =7 (A-3)
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or Ty, = 22‘:@17 and zy, = T—° k}c The optimal k7 and k3 are chosen to minimize the
objective function
. Tk Tk
ki kY = ==+ A4
(K, 3} = argmin - plw =72 + (A4)

Denote £ as the set of all integer tuples (k1, ko) such that 1 < k; < ks < N, and
. be the set of optimum (&, k%). Then using a similar approach to the proof of
Theorem 2, we can show that if 2 is not an integer, JZ, = {(|2], 2] 4+ 1)} has only
one optimal solution of (kf,k5). If T is an integer, &, = {(1,2 4+ 1),(Z —1,1)},
both lead to the same solution of . Note that using a similar approach as the one

adopted in A.2, by computing the derivative with respect to k; and ko, we have that

Trr Tk . Ty | Thy Tk | Tho
= min —+—< min + —= A5
TR ke T s ke Tk (4.5)

for any (kf, k3) € .. Note that the strict inequality implies there exists €* > 0 such

that

xk{ xkg « xkl Lo
Thy A6
ky k3 ‘ (b, kglel%\% k1 " k2 (A.6)

Now we prove the uniqueness of the LP problem by [21, Theorem 1], which is to
show that for any given non-zero vector g, the optimal feasible point of (A.1) is also

optimal for the following perturbed LP problem by properly choosing ¢ > 0:
min(p +eq)’x, st. Ax=0b, Iz>0. (A.7)

Since the constraints remain the same, it suffices to show the optimal (£, k3) are also
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optimal for the perturbed problem, i.e.,

1

1 . 1 1
(k* + €qk; )‘Iké‘ = i |:(l€ + Eq}ﬂ)xkl + (]{I_ + 6q}€2)£’¢2:| (A8)
2 1 2

+ €qur )Tp: + (k (bR

which is enough to show

| 1 1 |
. . < i A9
(oo + G oo < i G equ)on, + (- + | (A9
Note that

1 ]_ ])k* Ik*
(k*+€qk ):ck;+(k*+eqk*)xk < (k:fl + k_§2> +e Lklfgng (e, Tx, + kaxkg)] (A.10)
and
in |G+ e, + (ot ea,)
min €Qi, )T €k, )T
(k1 ko)e\As | k1 Bh1 )% ko k2 )Tk (A11)
> min Thy + Tks +e| min (g Tk, + Qo Thy)
T (k1 k2)e N\ \ Ky ko (kika)er 2
Therefore, by choosing
€= ‘ , (A.12)

MaX(ky,ko)eX (qklxkfl + qkzxk’z) - min(kl,kQ)Ef (qklxkfl + ngku)

equation (A.9) can be obtained by (A.10), (A.11) and (A.6).



A.2. PROOF THAT #4£1) 4 4% 1§ NON-DECREASING WITH K,
AND NON-INCREASING WITH K; (BETWEEN (3.13) AND (3.14)00

A.2 Proof that 20 4 2itk2) 34 1 on_decreasing with k, and non-increasing
k1 k2

with k; (between (3.13) and (3.14))

Let k := 2% then
a;—T

i—Nx
kso(oy — ) — (s — Nz) ky — 122 ky —k
, — =(a; —x)——2=% — (q; — . (A1
al(kl) kQ _ kl (al x) kQ _ kl (al x) kQ _ kl ( 3)
Similarly, we have
(vi = Nx) — ky(a; — x) k—k;
(ko) = = (o — , A14
(k) k2 =y Tk S

Since a; — x is a constant here and ky < k < ks, we only need to consider

1 CLZ‘(]CI) i ai<k2) . i k?g —k 1 i k — ]{?1
kq ky | kiko—Fki o koky— K

(i) (6 w))
ko — ey |\k1 Ky ko ks (A15)
1 (@—ﬁ+h—@0

o — T

- k?g — k?l k?lka kle
L1k
Tk ky kik

The derivatives w.r.t. k; and ky can be obtained as follows:

1 k 1 k
— | —=1]<0 — | ——=1]>0. A.16
k3 (k2 )_ ©k3 <k1 >_ (4.16)

Therefore, the function is non-increasing with k; and non-decreasing with ks.
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A.3 Proof that % is a non-increasing function of =
=

Note that by definition of 7; and «a;, we know 7; < Nay.

(%—<Nx)gz<—Nxaf—x>—<%—<Nxx—w

o — T (o — x)?
(v — x)?
(Noy — Nx) — N(o; — ) _0
- (a; — x)? '

Clearly, if v; < Nq;, the function % is a strictly decreasing function of z.

A.4 Proof that f;(x + h) — fi(x) and f;(x) — fi(x — h) are positive
By (3.16), we can write

2n—1)+1 1
n-D+1, 1

) = T o,y — - N+
2(n—1)+1 1 r+h
file +h) = W(ai—x—h)—m(%—]\fx—]\fh)+ (A.18)
2n+1 1 A x—h

fi(m—h):m(ai—x—i—h)—
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Substituting v; — No = n(a; — ), we get

2n — 1 n x 1 o
fi(x) = Ln_l)n - <n—1>n] (0 —2) + 5 = (o —2) +
e+ = i) - =D b e G
2n+1 n m+1 N r—h
fi(m_h)_[”(”ﬂLl)_n(n—l—l)](ai_x [n(n+1)_n(n+1) h+ N
2n+1 N 1
fer s [n(n+ ) nn+1) N] h
(A.19)
Therefore, we have
N-2n+1 1
st =50 =1 (T )
N —n 1 1
=h {(n " nt ﬂ (A.20)
N —n 1 1
=h n (n—l_ﬁ)>0’
and
N 1 1 1
o) = fle =1 = [ 8]
_[N—n N—n]h (A.21)
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Appendix B

New Bounds using {P(A;)} and

{>_;¢P(A;iNAj)}

B.1 The solution of (4.34)

Note that we can solve (4.34) using the same technique used in Chapter 3 (see also

[26]). Assume two subsets By and By such that pp, > 0 and pg, > 0, then denoting

b:= 2 P40 Ak), b, = —ZkEBl Ck, by = —ZkeBg Ck, (B.1)
CZP(AZ) C; C;
then problem (4.34) reduces to
. PB; PB,
l;(c) = min — + =
( ) {pB1 7p32} bl b2
.t. + = P(A;)),
8 PB, PB, ( ) (BZ)

bips, + bapp, = OP(A;),

bB, > 07 PbB, > 0.
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According to Appendix A.2 (see also [26, Appendix B|) that one can get

1 1 b
fi = 1 P Az 7 7 ) B.3
(C) {bl,b;:?llgbgbz} ( ) (bl + b2 blbg) ( )

and the partial derivative of P(A;) (i + é - ﬁ) with respect to by and by are (see

Appendix A.2 or [26, Appendix B, Eq. (B.3)]):

ofPea) (i + & - at)] _ puay &l

- 2
b, B2 by (B.4)

oPa) (k+#-a5)] P (o

Oby b} by

Note that the partial derivatives are not continuous at b; = 0 and b, = 0. Therefore,

the solution depends on the following different scenarios.

1. If b > 0 and mingp.icp Z’“i? * < 0, the solutions of (B.3) are given by
c c
bl = {éna}é} M s.t. M < 07
RIS C; C;
s (B.5)
bQ = Imax keB T .
{Bi€B} ¢
2. If b > 0 and mingg.iepy @ > 0, the solutions of (B.3) are given by
by = max M st M <,
{B:1ieB} C; C;
= =" (B.6)
by = min SHEBTE gy £keBTE 5
{B:ieB} Ci &

Ci

3100 < 0and b < {maxgpep) 2%, st Ze2® < o, the solutions of (B.3)
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are given by

D _kep Ck > ke Ch
by = max keB B g, =keB T o
{B:ieB} C; C;
. Ck
{B:ieB} C;

0,
(B.7)

4. Iffb<0Oand b > {maX{B;iGB} @, s.t. @ < O}, the solutions of (B.3)

T

are given by

ZkeB Ck
)

by = {éﬂ&}é}
IS C;
! B.8
S o S o (B.8)
by = max =EEB T g E=EEB T <y
{BiieB} ¢ Ci N

B.2 Solving the dual problem of (4.34)

We can alternatively solve (4.34) by solving the dual problem. Here we give the proof
for ¢ € R*. The interesting property of the dual problem is that any feasible point
of the dual problem is a lower bound, although it is still not clear how to use such
property to get a lower bound with lower complexity.

Note that for the prime problem of the form

mine’p, st. Ap=b, p>0, (B.9)

p

the dual problem is

maxb’q, st. ATg<e. (B.10)
q



B.2. SOLVING THE DUAL PROBLEM OF (4.34) 106

Therefore, we can write the dual problem of (4.34) as

max ¢ P(4;) + ¢ Z wiP(A; N Ay)
k

m (B.11)
/ s /
st. g+ (,g;, W) o < s o VB'€e #:i¢€ B,
where
Wy, = Z—’j (B.12)

The necessary condition for a vertex is that there exists By, By € B : By # Bs,1 €

By,i € By so that equality holds for the constraints in (B.11); then we can get

1 1 1

Zk€B1 Wk ZkeBz W (Zk€B1 wk)(ZkeBz wy,)

q1

Hence, (B.11) is equivalent to

(ZkEBl Wy + ZkeBQ wk)P(Ai) - Zk ka(Ai N Ak)
max
B1.Ba (X kem, We)(Dken, Wk)
s.t. 1 + 1 . ZkeB’ Wi 1

< ;
Doken Wk Dkeny Wk (Dken W) (D pen, WE) T Dpen Wk
VB' e B:ie€ B.

(B.14)

Using the definition of b, b; and b, in (B.1) and defining b' =}, _ 5, wy, we have

o1 b

pA) (=420
max  P(4) (b1+62 blbg)
o1y 1

. =+ =< —. V.
i b by bl b

(B.15)
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Since we assumed ¢ € R* so b, by, by and b are all positive, the constraints imply

b1

1 1
in{—, -t < —< —< — B.16
mm{blbz, b’} SHSRS max{blbz, b’}’ ) ( )
and from (B.4) we know that
by < b < by. (B.17)

Therefore, the solution of (B.11) is (B.6).

B.3 Proof that the objective function of (4.59) is non-decreasing with x

The proof is similar to the proof of Theorem 2. First, we prove

| . e ¢ Yo e [P(A N Ay) — 2

li(c,z) =[P(A;) —x B 7

ile,r) = [P(4) — 2] > kentd Ch i 2k %k [P(A;) — 1] (ZkEBEw Ck) (Zkegg” Ck)
(B.18)

is continuous when 3B’ € %~ such that

Zk Ck [P(AZ ﬂ Ak) — x] — EkEB’ Ck (B 19)
This can be proved similarly to (A.4) that
lim ¢/ h) = lim £(c,x —h) = " B.2
Jim G(e,z+h) = lim fi(e,x —h) S o (B-20)
Then one can prove that when
Zkesgﬂ Ck _ Yok [P(ANA) — 1] ZkeBY') C’f’ (B.21)

C; C; [P(Az) — l’] = C;
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Ci

the partial derivative of #(e, z) + S Wt 2 is non-negative:

o (ble,w) + sia) e e e e
O 21 Ck z:ker> Ck ZkGBéi) Ck <ZkeB§i) Ck) (ZkeB§i> Ck)
G (Ek cp — Zker) Ck) (Zk Ck — Zk63£i> Ck)
- (2 cr) <ZkeB§“ C’f) (ZkeB§i> Ck)
Ci (Z%B@ Ck) (Z%By) Ck)

= > 0.

>k ) (ZkeBg") Ck) (ZkGBéi) Ck)

(B.22)

Therefore, the objective function of (4.59),

Zi:fé(a v)tr=> (eg(c, ) + Z(:Ckx) : (B.23)

%

is non-decreasing with x.
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Appendix C

New Bounds using {P(A;)} and {P(A; N A;)}

C.1 The solution of (5.43)

We can remove a;;(k), k > 1 using a;;(k) = >, aijk(k) and then only consider ai;(K), i 7
7
N
i ai; (k)
b= min _4i\v) o
{ai;j (k),i#5}ai(1) ;]JZ# (k _ 1)k ( )
N
. ag(k) .
5.8 a’(1)+2 k—l _P(Az)7
k=2 ji#j
~ (C.1)
DD chaylk) = e P(Ain 4,
k=2 j.j7#i J.J#
al(l) > 07

Considering the vertices of the above problem, for all the vertices that a;(1) > 0, we

obtain that the vertex yielding the minimal objective function is given by

min o b .8t gik—-1)> &,
j#i,ke{2,....N} kc;j oy
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where

337

Note that (C.2) can be easily solved by sorting N — 1 values:

1 6; 11 5
min ai——ﬂzai 1———£}, (C.4)
ke{2,..,N} k¢ ke i
where j is a function of k:
~ 1 B
| 1= i i ¢, C.5
J argmjm{c]_k_lai} (C.5)

In the vertices that a;(1) = 0, we get the optimal vertex as

in @i ka—ki Bilks —1) —cijau(k — 1) (k2 — 1)

ki k€2, Ny gi#igei, ki (ko — 1)k1ks Cijo (ke = 1) — ¢, (k1 — 1)

Bi(ky — 1) — ¢ijyai(ky — 1) (ke — 1)
Cijy (ke — 1) — ¢, (k1 — 1)

(C.6)
st. (ko —1Da; >

>0,

which can be rewritten as

min k’QCijQ(kQ — 1) — klcijl (kl — 1) o — kQ — ]{31
k1,k2,51,52 kle[Cij2<k2 — 1) — C’ijg(kl — 1)] ! kle[Cij2<k2 — 1) — C’ijg(kl — 1)]

S.t. (1{12 — 1)Cij2ai Z ﬂz Z (k’l — ].)Cileéi,
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or more compactly,

o Jeis (ko = 1) = 2] 4+ k|2 = cij, (b = 1)]

min o

k1,k2,71,j2 ]{311{32 [Cijz(kg — 1) — Cijg(kl — ].)] (08)
s.t. (k’g — 1)Cij2 Z % Z (k’l — 1)62']'1.
Note that the objective function has the form
k’ga + klb
i - 7 Z O, b Z 0, Cg
af =y ¢ (C-9)
and it is easy to note that
0 0 ko — k1)b 0 0 ko — k
foc—f: (kz = k) : foc——f:—(2 1)a (C.10)
(9%2 Oa k’lkg(a + b)2 aCijl 0b kle(a + b)2
Therefore, the optimal ¢;;, and ¢;;, can be written as functions of k; and k.
argming,; ¢;; if ko > kq,
Gy = 7 o (C.11)
argmincij {% — (l{fl — 1)Cij > 0} if ke < ]{?17
and
ar minci.{ k —101--—6—?20} if ko > kq,
. (o = Leiy =& o (C.12)
argmaXe;; C;j if ko < kq.
Then (C.8) can be solved by sorting the (N — 1)? values:
By [ (ko = 1) = 2] 4+ o |2 — &, (k= 1)
min Q; (C.13)

k1,k2€{2,...,N} k’lk’g [6ij2(k52 — 1) — Eijg(kl — 1)]
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Therefore, the new lower bound /xgw-¢ is
P <U Ai) > 6= min{(C4),(C.13)} =: lxgw-s. (C.14)

C.2 Additional Examples: System IX to System X

Table C.1: System IX.

Outcomes w; | p(w;) || Ay | As | A3 | Ay | A5 | Ag | A7 | As
Wo 0.0100 X X
w1 0.0019 || x X X X
Wy 0.0066 X X X
w3 0.0069 X X
Wy 0.0054 || x X X X X
Ws 0.0137 X X X | x | X
We 0.0136 X X X
Wy 0.0120 X X X X X X
wg 0.0129 || x X X X X X X
Wy 0.0021 X X
W10 0.0106 || x X | X X
w11 0.0036 || x X X X X X
W12 0.0062 X X X
w13 0.0010 X | x X
W14 0.0043 || x X X X X X X
W15 0.0081 X X X X X
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We2 0.0054 || x | X | x | X X | x | X
We3 0.0143 X X X

We4 0.0036 X

Wes 0.0137 X | X | x

We6 0.0070 || x X X | x
We 0.0112 X X X X
wWes 0.0141 X | X | X X

Table C.2: System X.

Outcomes w; | p(w;) || A1 | Ay | A3 | Ag | As | Ag | A7 | As | Ag | Aro
wWo 0.0045 || x X X X X
w1 0.0048 X X
Wy 0.0014 X X X X X
w3 0.0057 || x X | X X X
Wy 0.0099 X | X X
Ws 0.0006 || x X X X X
We 0.0033 || x X X X X X
wy 0.0003 || x | x X | x | x X
ws 0.0072 X X X X X
Wy 0.0064 X X X
w10 0.0103 X X | X | X X
w11 0.0074 || x | x | X | X X | x | X X
w1 0.0091 X X X X X X X
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