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Abstract

Based on Shannon’s Separation Principle, source and channel coding are often
treated independently, resulting in what we call a tandem coding system. This sep-
aration of source and channel coding incurs no loss of optimality provided that the
sequence length approaches infinity. In practical implementations, however, due to
limitations on system delay and complexity, the infinite sequence length assump-
tion is often not valid. Therefore, joint source-channel coding may be a more suitable
approach in practice, as it can significantly outperform traditional tandem coding sys-
tems. During the past few decades, significant improvements have been achieved in
the two separate areas of source and channel coding. One of the most exciting break-
throughs in channel coding is the invention of Turbo codes, whose error-correcting
performance is unprecedentedly close to the Shannon limit. In this thesis, we inves-

tigate three joint source-channel coding issues in the context of Turbo codes.

In the first part of the thesis, a robust soft-decision channel-optimized vector quan-
tization (COVQ) scheme for Turbo-coded additive white Gaussian noise (AWGN) and
Rayleigh fading channels used in conjunction with binary phase shift keying (BPSK)
modulation is proposed. The log-likelihood ratio (LLR) generated by the Turbo de-
coder is exploited via the use of a ¢-bit scalar soft-decision demodulator. The concate-
nation of the Turbo encoder, modulator, AWGN channel or Rayleigh fading channel,

Turbo decoder, and ¢-bit soft-decision demodulator is modeled as an expanded dis-



crete memoryless channel (DMC), or a discrete block-memoryless channel (DBMC).
A COVQ scheme for these expanded discrete channel models is designed. Numerical
results indicate substantial performance improvements over traditional tandem coding
systems, and COVQ schemes designed for hard-decision demodulated Turbo-coded
channels (¢ = 1). We also compare our system with a recent soft Turbo decoding
COVQ scheme proposed by Ho, in which the entire unquantized soft-decision in-
formation provided by the LLR of the Turbo decoder is utilized. Our DMC-based
system offers comparable performance, while the DBMC-based system outperforms
Ho’s scheme. Furthermore, the decoding complexity of both of our systems is lower

but the storage requirement is higher.

Turbo codes were originally designed for the transmission of uniform independent
and identically distributed (i.i.d.) sources, which contain zero redundancy. In the
second part of the thesis, we first design systematic Turbo codes for the reliable com-
munication of non-uniform i.i.d. sources over BPSK modulated AWGN and Rayleigh
fading channels. One main objective is to achieve the best possible performance vis-
a-vis the Shannon limit. The redundancy in the form of non-uniformity is exploited
in the decoder. The encoder structure, on the other hand, is optimized to further
enhance the performance. We prove that for recursive convolutional encoders, under
certain (necessary and sufficient) conditions, the state and output marginal distribu-

tions are asymptotically uniform, irrespective of the degree of non-uniformity in the
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source distribution. We also observe a significant mismatch between the biased sys-
tematic Turbo encoder stream and the channel inputs, which limits the best possible
achievable performance of the system. To eliminate this mismatch, we hence investi-
gate non-systematic Turbo codes for this problem, and achieve significant gains over
systematic Turbo codes with a performance within 0.74 to 1.17 dB from the Shannon
limit. Finally, we compare our joint source-channel coding system with two tandem
schemes which employ a 4*-order Huffman code and a Turbo code that either gives
excellent waterfall bit error rate (BER) performance or a low error-floor performance.
At the same overall transmission rate, our system offers robust and superior perfor-

mance at low BER levels (below 10~%), while its complexity is lower.

The third part of the thesis investigates the design of Turbo codes for Markov
sources to exploit the source redundancy in the form of memory. In the first con-
stituent decoder, the decoding algorithm is modified by incorporating the Markovian
property of the source. Due to interleaving, the second constituent decoder is designed
for memoryless sources. However, when the source is asymmetric, it can also take
advantage of the source redundancy in the form of non-uniformity. Furthermore, the
extrinsic information from the second decoder is modified via a weighted correction
term. Simulation results demonstrate substantial gains (from 1.29 up to 3.57 dB)
over the original Turbo codes’ performance. As a result, the OPTA gaps are in the

range of 0.94—1.45 dB. Finally, similar to the scenario of non-uniform i.i.d. sources,
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we compare the performance of our joint source-channel coding system designed for
Markov sources with two tandem schemes over AWGN channels. All schemes have the
same overall transmission rate. To achieve near-optimal data compression, a 8"-order
Huffman code is adopted. While the tandem schemes suffer from an inevitable high
BER performance, our system yields a substantially better performance and enjoys

a lower system complexity since the source encoding and decoding are omitted.
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Chapter 1

Introduction

1.1 Background

The fundamental goal of a communication system is to efficiently and reliably trans-
mit information data from a source to a destination over a physical channel where
noise distortion may occur. For the sake of efficiency, the source output is usually
compressed prior to transmission. This data compression procedure (also known as
source coding), in turn, renders the sources more vulnerable to noise corruption. In
what follows, in order to make the transmission reliable, channel coding is usually

employed to combat the noise by adding controlled redundancy to the data.

Traditionally, source and channel coding are treated as two independent subjects.

In 1948, Shannon proved that there is no loss of optimality by implementing the



Source Channel
Encoder Encoder Modulator

Physical
Channel

Source Channel Demmod
Dest. Decoder Decoder mod.

Figure 1.1: Block diagram of a digital communication system.

source and channel coding independently [69]. This is known as Shannon’s Separation
Principle. Therefore, the source encoder is designed to remove as much redundancy
as possible to achieve bandwidth efficiency, and the goal of channel coding, on the
other hand, is to make the transmitted signals robust to channel noise distortions
such that they can be delivered to the destination nearly error-free. A typical digital
communication system based on a separate design is depicted in Fig. 1.1. However,
Shannon’s Separation Principle is valid under the assumption that the information
sequence length goes to infinity, resulting in infinite delay and system complexity. In
practice, when delay and complexity are limited, joint source-channel coding schemes

often outperform the traditional separately designed (or tandem) coding systems.

In his landmark paper “A mathematical theory of communication” [69], Shannon
established the Channel Coding Theorem, which states that for any transmission rate
below the channel capacity C', there exists a channel coding system that can achieve

vanishing probability of error as long as the sequence length goes to infinity. On the



other hand, when a desired transmission rate is given, the capacity C' of channels
with additive noise (such as AWGN and Rayleigh fading channels) is essentially a
function of Ej/Ny, where E}, is the average energy per information bit, and Ny/2 is
the additive noise variance; i.e., C' = C(E,/Ny). The lowest possible value of E, /N, at
which the information can be reliably (with zero error probability) transmitted at the
given rate is called the Shannon limit. The Shannon limit can also be determined for
any desired value of the error probability by invoking Shannon’s Lossy Joint Source-
Channel Coding Theorem (also known as Shannon’s Lossy Information Transmission
Theorem). More detailed discussions on the Shannon limit will be elaborated in the

thesis.

Shannon’s proof of his Channel Coding Theorem is an existence proof; it does
not give any suggestions on how to construct good channel coding schemes. Over the
last five decades, motivated by Shannon’s promise, researchers devoted great efforts
to construct powerful and efficient coding structures that can approach the Shannon
limit. In particular, the attention was focused on the transmission of Bernoulli (1/2)
sources (or uniform independent identically distributed (i.i.d.) sources) over noisy
channels. A motivation for this endeavor is given in [47], where it is quoted that
1 dB gain in channel coding is equivalent to 80 million dollars’ saving in deep space

communications.

For almost half a century, the gap between the Shannon limit and the best reported



channel coding performance for the communication of a Bernoulli (1/2) source over
an AWGN channel reported remained above 2 dB [47], until 1993 when Berrou,
Glavieux, and Thitimajshima [14] made a breakthrough by constructing a scheme
named “Turbo codes,” whose performance is historically unmatched: at a channel
coding rate of 1/2, and a BER level of 107°, the Turbo codes performance was only

0.5 dB away from the Shannon limit [15].

The extraordinary error-correcting capability of Turbo codes ignited great enthu-
siasm in the communications society. Since their debut in 1993, within less than
10 years, there has been a huge volume of publications regarding various aspects of
Turbo codes. Turbo codes have indeed blossomed into one of the most exciting and

active research areas in Telecommunications.

Among numerous research directions, in this thesis, we are particularly interested
in the following joint source-channel coding issues in the context of Turbo codes. The
first topic is to address the channel optimized vector quantization (COVQ) design
problem for Turbo-coded AWGN and Rayleigh fading channels. The second part
considers using Turbo codes based joint source-channel codes for the transmission of
non-uniform i.i.d. sources over noisy channels. The third part examines joint source-

channel Turbo codes for binary Markov sources.



1.2 Literature Review

The simplest case of quantization is scalar quantization, which deals with 1-dimensional
signals. The first work on designing optimal scalar quantizers was by Max [58] and
also independently by Lloyd in an unpublished report dated back to the 1960s. Their
design algorithm is widely known as the Lloyd-Max algorithm. About 20 years later,
Linde, Buzo and Gray extended the Lloyd-Max algorithm to vector quantizers, which
is referred to as the LBG algorithm [52]. However, both the Lloyd-Max algorithm
and the LBG algorithm do not take the channel noise distortion into consideration as
they are designed for noiseless channels. The first work considering the effect of the
channel noise distortion in a scalar quantization system was conducted by Kurten-
bach and Wintz [51], resulting in the so-called channel optimized scalar quantizer
(COSQ). Kumazawa et al. extended the COSQ to the high-dimensional vector space
or channel-optimized vector quantizer (COVQ) [50]. The performance and complex-
ity of the COVQ system is studied by Farvardin and Vaishampayan [29]. In [28],
Farvardin also introduced the simulated annealing technique to the initial codebook
design for the COVQ system. In [2, 62], Alajaji and Phamdo successfully imple-
mented a COVQ system for AWGN and Rayleigh fading channels in conjunction
with a ¢-bit soft-decision scalar quantizer at the channel output. Since Turbo codes
can offer extraordinary error-correcting performance, we would like to incorporate

Turbo codes in the design of the soft-decision COVQ system proposed in [2, 62].



Turbo codes were originally designed for uniform i.i.d. sources over AWGN chan-
nels. Later the work was extended to Rayleigh fading channels showing comparable
performance [46]. Recently, McEliece pointed out that Turbo codes have also great
potential on nonstandard channels (asymmetric, non-binary, and multiuser, etc.) [60].
However, most of the works in Turbo codes focus only on uniform i.i.d. sources. To
the best of our knowledge, the issue of designing Turbo codes for non-uniform i.i.d.
sources has not been fully studied. In [44], Hagenauer briefly mentioned that when
Turbo codes are used for non-uniform i.i.d. sources, the extrinsic information needs
to be modified such that the source redundancy in the form of non-uniformity can be
exploited. A similar observation was mentioned in [33, 35]. However, there has been
no study on the performance for such scenario, particularly vis-a-vis the Shannon
limit.

On the other hand, in almost all the Turbo coding literature, the encoder struc-
tures of Turbo codes are exclusively systematic. The only series of works using non-
systematic Turbo codes was conducted by Costello Jr. et al. [22, 21, 23, 57]. However,
their attention is restricted to the uniform i.i.d. source case. Their goal is to find a
code in the non-systematic Turbo codes family that can outperform the best sys-
tematic peers with the motivation that non-systematic Turbo codes have a larger
code space. In [57], Massey et al. found an asymmetric non-systematic Turbo code

that outperforms Berrou’s (37,21) code by about 0.2 dB at the 107> BER level with



a block length size of 4096. For larger block length, we expect that Massey’s code
should still outperform Berrou’s code, although it is not clear if the 0.2 dB gain would

be maintained.

Since the debut of Turbo codes, there has been a belief in the Turbo coding society
that the two parity sequences generated by each constituent recursive convolutional
encoder may (with high probability) have significantly different weight and thus dif-
ferent marginal distributions. For example, in [61], it is stated that when the first
constituent encoder has low-weight parity output, a pseudo-random interleaver can
ensure the second constituent encoder produces a high-weight parity sequence. Note
that all constituent encoders considered in [61] are recursive convolutional encoders

and the input sequence is assumed to be uniform and memoryless.

In our studies of Turbo codes for non-uniform i.i.d. sources, we empirically ob-
served in our simulations that the marginal distribution of the parity output generated
by most recursive convolutional encoders is almost uniform, even when an extremely
biased non-uniform i.i.d. source is used as the input. Furthermore, this is observed
for both constituent encoders’ parity sequences; that is, they are both almost uni-
form regardless of the use of pseudo-random or other interleavers. This led us to
the proof that under certain conditions, recursive convolutional encoders can produce
asymptotically uniformly distributed parity sequences, irrespective to the degree of

non-uniformity in the source distribution. A similar result was also separately ob-



tained by Fair et al. in [27] in the context of line coding. Meanwhile, a recent work
by Shamai and Verdu [67] attracted our attention. They proved that the empiri-
cal distribution of any good code (i.e., a code with rate approaching capacity and
asymptotically vanishing probability of error) converges to the input distributions
that achieve channel capacity. Furthermore, their conclusion is also valid for any k-
order distribution, where k is an arbitrary positive integer. The capacity of a binary
input AWGN or Rayleigh fading channel is achieved when its mutual information is
maximized by a uniformly distributed input. The above observations led us to inves-
tigate the design of non-systematic Turbo codes for the transmission of non-uniform

i.i.d. sources.

Despite the huge volume of publications regarding various aspects of Turbo codes,
only limited amount of work has been devoted to the design of Turbo codes for sources
with memory, such as Markov sources. Independently of our investigation on this
issue, Garcia-Frias et al. first proposed using Turbo codes for Hidden Markov sources
(33, 35]. Also in [30], Fazel considered joint source-channel decoding algorithms for
the 2400 bps MELP speech coder. She considered using Turbo codes for the MELP
speech coder output whose parameters are modeled by Markov chains. Another
related work is by Cai et al. [19], in which a simple modification is proposed to the
extrinsic information terms of both constituent decoders, and the decoding algorithm

remains the same as for uniform i.i.d. sources.



Our work on Turbo codes for Markov sources is in the same spirit as the work
of Garcia-Frias et al. and Fazel, where the modifications to the Bahl-Cocke-Jelinek-
Raviv (BCJR) algorithm [9] are proposed for the first constituent decoder. Due to
interleaving, the second constituent decoder remains the same as for non-uniform
i.i.d. sources, in which the source redundancy in the form of non-uniformity can be
exploited. We also adopt a similar correction term for the extrinsic information from
the second decoder passed on to the first; however, only marginal improvement is

observed due to this correction term.

1.3 Contributions

The contributions of this thesis are as follows:

e The design and evaluation of a COV(Q system for Turbo-coded AWGN and
Rayleigh fading channels with known channel state information. Substantial
gains are achieved in comparison with the original COVQ system, a tandem

coding scheme, as well as Ho’s recent COVQ Turbo coding scheme.

e The investigation of using standard systematic Turbo codes for non-uniform
i.i.d. sources. Besides exploiting the source redundancy in the form of non-
uniformity in the decoder, the encoder structure is optimized for a given source

distribution, resulting in significantly enhanced performance.



e The examination of the performance loss due to the systematic structure in
systematic Turbo codes for the transmission of non-uniform i.i.d. sources. This
leads us to prove the asymptotic uniformity of the recursive convolutional en-
coder’s state and parity output under certain conditions. As a result, we propose
a more suitable solution to the issue of transmitting non-uniform i.i.d. sources
over noisy channels: recursive non-systematic Turbo codes. We achieve a close
to Shannon limit performance, which is also superior to that of two typical

tandem schemes at low bit error rates (below 107%).

e The investigation of Turbo codes for Markov sources. We propose a modified
BCJR algorithm in the first decoder to incorporate the Markovian source prop-
erty, as well as a weighted correction term in the second decoder’s extrinsic
information. Significant gains over the original Turbo codes are achieved. In
addition, performance comparisons with tandem schemes are also made, where
robust and superior performance are demonstrated over tandem schemes which

suffer from a high BER performance.

1.4 Thesis Outline

The thesis is organized as follows.

In Chapter 2, we provide the basic concepts of Turbo codes. After first introducing

10



recursive systematic convolutional encoders, we describe the general structures of
Turbo code encoders and decoders. A brief description of the BCJR algorithm [9]
used in the Turbo code decoder is then given, along with explanations on the iterative

decoding procedure.

In Chapter 3, we investigate the issue of designing a channel optimized vector
quantization (COVQ) system for Turbo-coded AWGN and Rayleigh fading channels
used in conjunction with BPSK modulation. We begin by introducing the concepts of
vector quantization and COVQ, and then depict the system under consideration. To
incorporate Turbo codes in the COVQ design, we provide two discrete channel models
to describe the concatenation of Turbo code encoder, BPSK-modulator, physical
channel, Turbo code decoder, as well as a ¢-bit soft-decision quantizer. The g¢-bit
soft-decision quantizer is designed so that the capacity of the overall discrete channel
model is maximized. A COVQ is then designed for these models, and its performance
is compared with that of the original COVQ design, a tandem scheme, as well as a

recent scheme proposed by Ho [48].

In Chapter 4, we consider designing Turbo codes for non-uniform i.i.d. sources.
The encoder used in this chapter has the standard systematic structure. Besides
an easy modification in the Turbo code decoder’s extrinsic information, the encoder
structure is optimized for a given source distribution via a simple iterative search

procedure. Necessary and sufficient conditions for the asymptotic uniformity of the

11



encoder states are also shown. Simulation results are provided and compared to the

Shannon limit.

Although the gains achieved in Chapter 4 are considerably significant with respect
to the original Berrou code, their performance gaps vis-a-vis the Shannon limit are still
relatively large for heavily biased sources. In Chapter 5, an analysis on the encoder
output reveals that the drawback lies in the systematic structure, which results in a
mismatch between the biased distribution of the systematic bit stream and the uni-
form input distribution needed to achieve the channel capacity. We prove that when
some constraints are satisfied, recursive non-systematic convolutional (RNSC) en-
coders can generate asymptotically uniformly distributed outputs even for extremely
biased sources. Therefore, we propose using RNSC encoders as the constituent Turbo
encoders. With a properly modified decoder and an optimized encoder for a given
source distribution, substantial gains over systematic Turbo codes are demonstrated.
The gaps to the Shannon limit for heavily biased sources are hence significantly re-
duced. Finally, we compare our joint source-channel coding system with two tandem

schemes that employ a nearly optimal source code followed by Turbo codes.

In Chapter 6, we investigate the design of Turbo codes for Markov sources. We
provide a modified BCJR algorithm in the first constituent decoder to incorporate
the Markovian source property. A weighted correction term is also introduced to the

extrinsic information generated by the second constituent decoder. Limitations on
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achievable performance with our system are examined. Significant gains over the orig-
inal Turbo codes are shown in simulation results. Finally, performance comparisons

with tandem schemes are also provided.

Finally, in Chapter 7, the thesis is summarized and future research directions are

discussed.
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Chapter 2

Turbo Codes Basics

In this chapter, we briefly provide the basics of Turbo codes as originally introduced
by Berrou et al. [14, 15]. In particular, we first introduce the so-called recursive
systematic convolutional encoders, which are used as the constituent encoders in
Turbo codes. We then describe the structures of a Turbo code encoder and decoder,

and describe the BCJR algorithm which is used in the iterative decoding process.

2.1 Recursive Systematic Convolutional Encoder

The constituent encoders of a Turbo code are recursive systematic convolutional en-
coders. A typical structure of such an encoder is depicted in Fig. 2.1. The number
of shift registers, M, is called the memory of the encoder. Here we have M = 4. The

tap coefficients of the feedback part are denoted as {f;}M,, and the tap coefficients
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.

Figure 2.1: Recursive systematic convolutional encoder.

of the feed-forward part as {g;}M,. Both {f;}}, and {g;}, are binary, where a “1”
means a circuit connection and a “0” otherwise. In many literatures, convolutional
encoders are denoted in octal form. For example, as in Fig. 2.1, we have {fy, fi,
foy f3, fa}={1, 1, 1, 0, 1} in binary, in octal form it is 35. Similarly we have the
feed-forward tap coefficients {go, 91, g2, 93, 94}={1, 0, 0, 1, 1}, and in octal form it

is 23. Thus the encoder structure in Fig. 2.1 is often denoted as (35, 23).

As systematic implies, one of the outputs, X}, is identical to the input Uy. The

other output X? is called the parity output. The relation between the input Uy and
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the parity output X} is given by

Vi

M
Uk + Z JiVi—is

=1

M
X =) 9Vis
i=0

where the summations are modulo-2.

The encoder state is defined by the content of its shift registers. Before the in-
formation sequence {Uy}£_, is fed into the encoder, it is assumed that each register
contains a “0”. In this case, we say that the encoder is in the all-zero state. The
encoder depicted in Fig. 2.1 has in total 16 possible states: 0000, 0001, 0010, ...,
1111. At time k, before U, is fed into the encoder, we say that the encoder is in
state Sk_1, and after the data-shifting is completed, the state is S;. Both Si and the
parity output are determined by the input U, and the state Sy_;. After the whole
information sequence is encoded, to make the decoding process easier, the encoder is
usually terminated at the all-zero state. For a convolutional encoder with memory
M, this would require M extra tail bits. If the encoder is non-recursive, i.e., it has
no feedback part, M consecutive zeros can flush the encoder to the all-zero state. For
recursive convolutional encoders, each tail bit, either a “1” or a “0”, is determined by
the encoder state at that moment. The extra state-terminating tail bits may impose
a bandwidth waste problem; however, when the sequence length is long, the effect is

negligible.
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2.2 Turbo Code Encoder

Fig. 2.2 illustrates the structure of a Turbo code encoder. A Turbo code encoder
consists of two systematic recursive convolutional encoders in parallel concatenation
and linked by an interleaver. In general, there can be more than two constituent

encoders and they do not have to be identical.

The role of the interleaver used in the Turbo code encoder is to re-arrange the
information sequence into a different order. In the Turbo codes literature, the most
commonly used interleavers are mainly of three types: uniform interleavers, random
interleavers, and pseudo-random interleavers. A uniform interleaver is a rectangular
matrix, with the data written in row by row and read out column by column. A ran-
dom interleaver, on the other hand, performs a permutation on the input sequence in a
purely random fashion. After random interleaving, sometimes neighboring bits may
still be permuted into neighboring bits; to eliminate this possibility, an S-random
interleaver may be used. An S-random interleaver is a special type of random in-
terleaver with the condition that all neighboring bits are permuted randomly into
positions no closer than the spread S. The drawbacks with S-random interleavers
are that their computer generation may require a long time, and sometimes when S
is chosen to be too large, they may not be generated successfully. For a given input
sequence, a pseudo-random interleaver permutes each bit according to a deterministic

function, however, the permuted sequence appears to the decoder quite random-like.
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Both random and pseudo-random interleavers offer superior performance than that
of uniform interleavers. Therefore, in this thesis, we mainly use a pseudo-random

interleaver described in [15] and adopt an S-random interleaver when necessary.

For a Turbo code encoder, the data flow goes as follows. The information sequence
{U}_, is fed directly into the first constituent encoder, which produces a parity se-
quence {X,”}L_ . At the same time, {Uy}L | is permuted by the interleaver into a
different ordered sequence {Uk}ﬁzl, which is then encoded by the second constituent
encoder, generating a second parity sequence {X Zp }._,. The other output sequence
{X;}E_| is identical to the input {Uy}E_,. Originally the second constituent system-
atic convolutional encoder has another output sequence {X S}k, which is identical
to {Uy}E_,; since it is nothing but a permuted version of {Uy}%_,, there is no need to
waste the bandwidth to transmit both systematic sequences. Thus corresponding to
each input bit Uy, there are 3 output bits, and hence the rate of this encoder is 1/3
bits per information symbol. When the desired rate R, > 1/3, a puncturing device is
used to delete some of the parity bits. For example, for R. = 1/2, we can puncture

all the odd bits of {X,”}, and all the even bits of {X*}.

As mentioned in the previous section, at the end of the information sequence, M
extra tail bits are appended to terminate the state of the first constituent encoder.
Due to interleaving, it is very unlikely that the second decoder can be terminated

at the same time. For short sequence lengths and encoders with a small number of
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Figure 2.2: Turbo code encoder structure.
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memory M, specially designed interleavers can guarantee both encoder states to be
terminated to the all-zero state. For example, in [12], the sequence length is 420
bits and the memory is 2. However, such design may not be easily extended to long
sequence lengths and encoders with large memory. Therefore, the second encoder

state is usually not terminated.

2.3 Turbo Code Decoder and Iterative Decoding

Before introducing the structure of the Turbo code decoder, we first clarify the no-
tation for the data before and after the transmission over the channel. As shown in
Fig. 2.3, the channel inputs are the systematic bit X and the parity bit X}, which
are obtained from X,? or X;” via a puncturing device. After the noise distortion is
introduced through transmission over the channel, we denote the systematic bit by
Y;?, and the parity bit by Y/, which is then separated into Y,”” and Y,* by a switch.
For the sake of simplicity in notation, we denote the pair (X;, X?) as Xj, and the
pair (Y,Y}”) as Y in the analysis throughout the thesis. When puncturing is used
to achieve high rates, some parity bits are not available. Furthermore, the sequence

{Yi}E_, is denoted as Y/¥ for brevity.

The structure of a Turbo code decoder is depicted in Fig. 2.4. Corresponding
to the two parallel concatenated constituent encoders, a Turbo code decoder has

two constituent decoders in serial concatenation. The two constituent decoders are
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Figure 2.4: Turbo code decoder structure.
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separated by an interleaver, which is identical to the one used in the encoder. In the
feedback loop from the output of the second constituent decoder to the input of the
first constituent decoder, a de-interleaver is used to permute the sequence back into

the original order.

To decode {Ug}t_,, based on the observation of the whole received sequence Y/,

each constituent decoder evaluates the conditional log-likelihood ratio (LLR) for every

bit Uy defined by

PriUy = 1|Y{" = yi'}
Pri{U, = 0|Y{" = yf'}

A(Uk) = log

via the so-called BCJR algorithm [9], which is a symbol-by-symbol maximum a pos-
teriori (MAP) decoding algorithm. We next describe the Turbo decoding method

given by Robertson [63].

In the BCJR algorithm, by considering the encoder state Sy associated with each

information bit Uy, the conditional LLR is factorized into

26 2y VWks L, |8 ) a1 (s") Br(s)

A(U) = log Yoo YWk, 0, 8|8 a1 (s") Be(s)’

where

[11>

Pr{Se = s|Y{" = y}'},
Pr{YkL_H = ylg+1|5k = s}
PriYh, =y Y =y}
. yAN .
Y(yk, i, s|s") = Pri{Yy = yg, Ux =i, Sk = s|Sk_1 = s'}.

v (s)

[1D>

Br(s)
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ai(s) and B(s) can be computed recursively using the following relations:

ozk(s) _ Zs’ le 0’7(yk7ivs|3,)ak 1(3,)
3o 0 Yico V(s i 8|8 ()

Bi(5) Doy Zi:o ;Y(?Jk+1,%s| $)Br+1(s")
> Y Yoico Y (Wk1, 4, 8'[5) a(5)

We can see that oy (s) is expressed in a forward recursion, while 8y (s) is computed
in a backward manner. Hence the BCJR algorithm is also known as the forward-and-
backward algorithm. Like any recursive methods, we need to have some boundary
conditions to solve ay(s) and Sg(s). For the first constituent encoder, since it starts

and terminates at the all-zero state, we have

ap(0) =1, and ap(s) =0 V s #0,

Br(0)=1, and Br(s)=0 V s#D0.

For the second constituent encoder, it starts at the all-zero state, but its trellis is left
“open” at the end. Therefore, the boundary conditions for the second constituent

encoder are

ap(0) =1, and ap(s) =0 Vs #0,

BL(s) = — Vs=0,1,---,2" 1.

To compute ax(s) and Si(s), at each step we need to compute (-, -, -|-) first, which
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can be factorized into

VY, 1, 88") = p(Yy =yp|Uk = i, Sk = 5,551 = &)
p(YY = g |Ux = i, Sk = 5,51 = 5')
Pr{U; =i|Sk = s,Sk_1 = '} - Pr{S, = s|Sk_1 = s'}. (2.1)
For the systematic bit, conditioning on the states is not necessary; therefore
Py = yplUs =4, Sk = 5, Sp1 = ) = p(Yy = yp|Up = 1),

which can be described by the probability density function (pdf) of the channel noise.
For the parity bit Y)?, either (U, =i, Sy, = s) or (U, = i, Sx_1 = ¢') is sufficient to
yield X7 = j, where j = 0, 1, and thus this channel transition probability can also

be computed. Denote the third factor in (2.1) as
q(i]s, s')éPr{Uk =i|Sk=s,Sk_1 =5}

Since given the state transition from Sy ; to Sk, the probability of Uy = ¢ can
only be either 1 or 0. Therefore ¢(i|s,s’) is actually deterministic. Finally, the
conditional probability Pr{Sy = s|Sk_1 = s'} is essentially the a priori probability of

the information bit U, which causes this state transition. That is
Pr{Sy = s|Sx_1 = '} = Pr{U, =i}

with ¢ satisfying

q(ils,s') = 1.
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Furthermore, by introducing the a priori LLR for Uy defined by

LapUe) = o8 505 =0y

we can express the state transition probability as

eLap(Uk)
1+ eLer(Ut)
1
1+ eLer(Us)

Pr{Sy = s|Sk1 =5} = when ¢(1|s,s') =1,

Pr{Sy = s|Sx_1 =5} = when ¢(1]s,s") = 0.

For memoryless sources and memoryless channels, the LLR can be decomposed

into three separate terms:

AUL) = La(Us) + Lea(Us) + Lap (U, (2:2)
where

L) = log prsk =g

Hlh) = o o)
where

F(yp, i, s|s") = Pr{Y} = y}|Uy = 1, S, = s} - Pr{U, = i|Sk = s, Sk_1 = s'}.

The three terms in (2.2) are called the channel transition term, the extrinsic

information term, and the a priori term, respectively.
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Figure 2.5: Information exchange between the two decoders.

There are also other alternative decoding algorithms such as the soft output
Viterbi algorithm (SOVA) [43, 45] and the Log-Max algorithm [64] proposed to re-
duce the decoding complexity at the expense of some performance degradation. In

this thesis, we only employ the BCJR algorithm due to its excellent performance.

As shown in Fig. 2.4, the Turbo decoding process is realized in an iterative fash-
ion. At the first iteration, the first decoder takes two input sequences: {Y#}%_ | and
{Yklp}ﬁzl, and produces the LLR of each bit as the output. Among the LLR A(Uy),
only the extrinsic information term L., (Uy) is passed on to the second decoder via the
interleaver. The second decoder then has three input sequences: {Y}_ |, {V* _,
and {L..(Ux)}E_,, and it passes on the extrinsic information part of its LLR eval-
uation back to the first decoder via the de-interleaver. Therefore, from the second

iteration on, both constituent decoders have three input sequences.

The extrinsic information produced by one decoder is used as the a prior: infor-
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mation for the other decoder. This is illustrated in Fig. 2.5. The reasons that only
the extrinsic information term is utilized in the iterative decoding process are as fol-
lows. First, the channel transition term L., (Uy) is a direct estimate of the uncoded
systematic bit; therefore it is not always reliable. If this term is passed on to the next

decoder, it can be shown that the LLR computed by the next decoder becomes

A(Ug) = 2L (Uy) + Ley(Uk) + Lap(Ug).

That is, the channel transition term is doubled. As a result, the extrinsic information
term becomes less significant in correcting the error. After a few iterations, L (Uy)
gets accumulated, and eventually becomes the dominant term, rendering the whole
iterative decoding process meaningless. Second, if the a prior: term is used in the
iterative process, then a constituent decoder would take its own extrinsic information
estimation from the previous iteration as part of the input. The new estimation
would therefore be biased since the errors made in the previous iteration would likely
reappear. Therefore, both L., (Uy) and Lgy(Uy) should be eliminated as part of the
input to the other constituent decoder. Thus, both constituent decoders produce
their own LLR estimation based upon the extrinsic information exchanged between
them in an iterative manner. The reliability of their estimations is improved after

each update, hence leading towards a greatly enhanced performance.

The most substantial coding gain is achieved by the first few iterations. As the

number of iterations increases, the improvement becomes less significant. Several
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stopping criteria are proposed to terminate the iterative process when the improve-
ment is negligible [71], which can practically save considerable amount of unnecessary
computations. However, in most of the Turbo codes literature, a predetermined fixed
number of iterations is usually adopted for fair comparisons. At the end of the itera-

tive decoding, a hard decision is made based on the last LLR estimation:

~

U, =1 if A(Uy) >0,

Ok =0 if A(Uk) < 0.
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Chapter 3

Soft-Decision COV(Q Design Based

on Turbo Codes

3.1 Introduction

The goal in source coding is to eliminate as much source redundancy as possible.
Source coding can be classified into two categories: [lossless and lossy. In lossless
source coding, the source output is compressed in such a way that the decoded data
is identical to the original one. Lossy source coding, on the other hand, achieves
higher compression rate by sacrificing a tolerable amount of distortion between the
recovered and the original data. Quantization performs a mapping from continuous

signals or a large set of discrete signals into a pre-determined set (with relatively
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small size) of symbols. Therefore, quantization falls into the category of lossy source

coding.

The vector quantization originated by Linde, Buzo and Gray [52] is one of the most
notable techniques in fixed-length source coding, and has been successfully applied
to speech [55] and image coding [37]. The channel-optimized vector quantization
(COVQ) studied by Kumazawa et al. [50] and Farvardin et al. [29, 28] incorporates
the channel statistics in the vector quantization design, thus achieves high end-to-end

performance over noisy channels.

In this chapter, we design and implement a robust soft-decision COV(Q scheme
for Turbo-coded AWGN channels and Rayleigh fading channels with known side in-
formation. More specifically, we employ the methods recently introduced in [2, 62]
to design a COV(Q system that improves the end-to-end performance of a Turbo-
coded system by exploiting the log-likelihood ratio (LLR) generated by the Turbo
decoder. This is achieved via the use of a ¢-bit scalar soft-decision demodulator at
the output of the Turbo decoder, and by designing a COVQ scheme for the resulting
expanded discrete channel which consists of the concatenation of the Turbo encoded
and decoded channel with the soft-decision demodulator. Alternative approaches for
channel-optimized quantization using Turbo codes have been previously studied by
Bakus and Khandani for scalar quantization [10, 11], and by Ho for vector quanti-

zation [48], where the entire (unquantized) soft-decision information provided by the
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LLR of the Turbo decoder is utilized. Our scheme offers better performance than
Ho’s system; furthermore, the decoding complexity of our system is lower but the

storage requirement might be higher.

3.2 Vector Quantization

A vector quantizer ) of dimension k and size N is a mapping from a vector in
the k-dimensional Euclidean space, R¥, into a finite set C containing N output or

reproduction points, called code vectors or codewords [37]. That is,
Q:R =,

where C = (y,,¥2," - ,yn~) and y; € RF for each i € Ié{l, 2,---,N}. The set C is

called the codebook. The rate of the quantizer is defined as

1
R, = z log, N bits/source sample.

For a given N-point vector quantizer, R¥ is partitioned into N regions, which are
defined as

S;i={xeR:Qkx)=y;}, i=1,2,--- N,

and they satisfy

UJSi=Rf and Si[)Sj=0 V i#j
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P ={51, Sy, -+ ,Sy} is called the partition set.

A vector quantizer can be decomposed into two component operations, the vector

encoder £ and the vector decoder D, which are described by the following mappings:

ERF -7 and D:Z —C.

To assess the performance of a vector quantizer, a distortion measure needs to be
defined. The most convenient and widely used distortion measure between an input
vector X and a quantized vector X = Q(X) is the squared error (or the squared

Euclidean distance), which is defined as

dX,X) = |[X-X|}

Suppose the source generates random vectors according to its probability density
function (pdf) f(x), then the average distortion per sample of a given vector quantizer

is defined as

1 - 1
D = PR = ¢ [ dix Q) xxix
_ %;/g d(x, O(x)) fx (x)dx. (3.1)

The goal of designing a vector quantizer with given dimension &k and size NV is to
find the optimal partition set P* and the optimal codebook C* such that the average

distortion per sample defined in (3.1) is minimized. To achieve this goal, two necessary
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conditions are considered. The first one is called the nearest neighbor condition, which
states that for a given codebook C, the partition set P that minimizes the average

distortion must satisfy
Si={x:d(x,y;) <d(x,y;), Vj#i}. (3.2)

The second condition is known as the centroid condition: for a given partition set P,

the optimal codebook is described by

fSi xf(x)dx

yi:E[X|X€Si] :m.

(3.3)

In general, it may not be easy to find the optimal vector quantizer that minimizes
the average distortion. However, a locally optimal solution of the above problem was
proposed in [52] by Linde, Buzo and Gray by using an iterative algorithm (LBG algo-
rithm). The basic idea of the LBG algorithm is, for a given number of quantization
level NV, first choose an initial codebook C) use the nearest neighbor condition (3.2)
to find the optimal partition P(); then for this new partition P(), find the optimal
codebook C(V) by using the centroid condition (3.3). The average distortion decreases
as this iterative procedure continues. When the difference between the average dis-
tortions of two successive steps is less than a pre-determined small threshold e, the
iteration is terminated, yielding a locally optimal vector quantizer, which is often

referred to as the LBG vector quantizer (LBG-VQ).
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3.3 Channel Optimized Vector Quantization

Vector quantization is an efficient and powerful lossy data compression scheme. How-
ever, it does not take the channel noise distortion into consideration. As a result,
when the index of a vector-quantized signal is transmitted over a noisy channel, at
the receiver end, a wrong index may be used for decoding due to the channel noise
corruption. Channel optimized vector quantization (COVQ) is an extension of the
vector quantization by incorporating the channel statistics into the design. A COVQ
system consists of three operations: the encoder mapping, the channel index assign-
ment mapping and the decoder mapping. Consider a source that emits a real-valued,
stationary and ergodic sequence with zero mean and unit variance. The COV(Q en-
coder is a k-dimensional N-level vector quantizer, described by the encoder mapping

£ :R¥ — T according to
EX)=i, if Xef5;, Viel

The channel index assignment is a one-to-one mapping b : Z — Z such that for every

COVQ encoder output i, an index i’ is chosen by

and then ¢ is transmitted through the noisy discrete memoryless channel (DMC),

whose transitional probability is P(j|i'), V ', € Z. Finally, the COVQ decoder
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performs the mapping D : Z — C according to

D(j) =y;-

Correspondingly, the average distortion per sample is re-defined as

2

D((P,C); b)

?vlr—\

ZZP 71b(%) / f(x)d(x,y;)d (3.4)

i=1 j=1
The problem of minimizing the average distortion is identical to the VQ design
problem with a modified distortion measure, and the two necessary conditions are

modified accordingly as follows.

1) For a fixed codebook C and a fixed index mapping b, the optimal partition is

given by

:{X;Zp(ﬂb(i) (x,¥;) Z (5]b(1) xyj),VZEI}; (3.5)

2) For a fixed partition P and a fixed index mapping b, the optimal codebook C

is described by
I 21 1P]|b ) fs Xf
j
Zz 1P]|b i fS

(3.6)

3.4 System Structure

We now consider the following system (see Figure 3.1). The COVQ encoder takes

a k-dimensional real vector X as its input, operates at a rate of R, bits per source
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sample, and generates kR, bits as the output U € {0,1}f%. This output is then
fed into a Turbo code encoder, which is of rate R, information bits/code bit. From
the Turbo encoder, the output V' is binary phase-shift keying (BPSK) modulated as
W € {1, +1}*/Be (assuming kR, /R, is an integer). The sequence {W;} is then
transmitted through an additive white Gaussian noise (AWGN) channel or a Rayleigh

fading channel described by
Zl:Almfl+Nl7 l:172737"'7

where W, € {—1,+1} is the BPSK signal of unit energy and {V,} is an i.i.d. Gaussian
noise with zero mean and variance Ny/2. For the AWGN channel, A, = 1, [ =
1,2,3,---, while for the Rayleigh fading channel, the fading envelope {4,} (also known
as the channel state information or channel side information) is assumed to be i.i.d.
and Rayleigh distributed. We assume that {4} is known at the decoder, and that

Ay, Wi, and N; are independent of each other.

At the receiver end, Turbo decoding is used to provide the LLR given by

P =1|Z
A; = log ril 12}

=log—+ =) 1=1.2.3. ...
Pr{U; = 0|2}’ DR

which is then demodulated via a g-bit uniform scalar quantizer «(-) with quantization

step A. The quantizer is described by
o) =] if A€ (T),T)),

where j =0,1,---,29 — 1.
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Figure 3.1: Block diagram of the system.

The thresholds {7} are uniformly spaced with quantization step A; they satisfy

f

—00 if j=-1,

Ti=9q (j+1-29"YA, if j=0,1,---,20 -2,

+o0 if j=20—1.

\

Finally, these gkR, bits are passed to the COVQ decoder, from which X, an

estimation of X, is produced.

Note that in the g¢-bit scalar quantization part, when ¢ = 1, the whole system
is equivalent to a hard-decision COVQ system; when ¢ increases, it approaches the
system that exploits the entire soft-decision information provided by the LLR of the

Turbo code decoder.

As justified by Shannon’s separation principle, the source coding part and the
Turbo coding part can be designed independently, resulting in the so-called tandem

scheme. For example, the system consists of a LBG-VQ designed for noiseless chan-
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nels and followed by a regular Turbo code. Obviously, such tandem schemes would
practically be unable to achieve optimality, since the LBG-VQ assumes that all chan-
nel errors can be corrected by the Turbo code, which is not the case in reality. Here we
propose a joint source-channel coding scheme by designing the COVQ for a discrete

Turbo-coded channel model.

3.5 DMC Model for Turbo-Coded AWGN Chan-

nels

We model the concatenation of the Turbo encoder, BPSK modulator, AWGN chan-
nel, Turbo decoder, and ¢-bit soft-decision demodulator as an equivalent expanded
discrete memoryless channel (DMC) model. This expanded DMC is of 2¢%:_input
and 2%%s_output. This channel can be regarded as a binary-input, 2%output DMC
used kR, times. In this case, the channel input alphabet is /={0, 1} and the channel
output alphabet is given by Y={0,1,---,27—1}. To design a COVQ scheme for this

Turbo-coded DMC model, we need to determine its transitional probability matrix
H:[Tfij], ieu,jey.

where

7 =P(Y = j|U = i).
We propose to find II using a Gaussian approximation method. As observed by
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Berrou et al. [14], [15] and Colavolpe et al. [20], within a certain region of channel
signal-to-noise ratio (CSNR), and for large information block length L, the LLR
generated by the Turbo decoder is approximately Gaussian with mean +M or —M,
and variance o4. Therefore, the transition probability distribution for this equivalent
channel can be approximated by

1 (A =(2i-1)M)?

252
e ZUA

V2mo} ’

i=0,1, 1=1,2,--- kR,

p(N|U =1) =

The values of M and 0% depend on the structure of the Turbo encoder, the
channel statistics, as well as the decoding algorithm used in the Turbo decoder. While
analytical expressions for M and o% are intractable, we obtain a reliable estimation
of their values by data training. For this channel model, we are now able to give the
transition probability matrix II as

= Priy =j|U =i} = Pr{A € (1,0, T)|U = i}

(= (21 l)M)Z
= d\

\/27TO'A Ty
= 1erfc L= @i )M — 1e1rfc L= @i- )M ,
2 V20% 2 202

erfc(z) = —/ e Vdt

where

is the complementary error function.
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Hence, the channel transition probability matrix of our DMC model can be com-
puted in terms of the quantization step A, the channel SNR, and the complementary
error function. It can be observed that this DMC is “weakly” symmetric in the sense
that its transition probability matrix IT can be partitioned (along its columns) into
symmetric arrays — where a symmetric array is defined as an array whose rows are
permutations of each other, and so are the columns [32]; therefore, its capacity is
achieved by a uniform input distribution. For each channel SNR, the quantization
step size A of the ¢-bit demodulator is chosen such that the capacity of this DMC is

maximized.

3.6 DBMC Model for Turbo-Coded AWGN and

Rayleigh Channels

Besides the simple DMC model described in the previous section, we can also obtain
the transition probability matrix Il via data training. Note that in this expanded
channel model, because of Turbo encoding and decoding, the memoryless assumption
is in fact not very accurate, particularly for low CSNRs. Indeed, it should be regarded
as a channel with memory. However, to keep our COVQ design tractable, we regard it
as a discrete block-memoryless channel (DBMC) with 2F% inputs and 2% outputs,
and ignore the memory between the blocks (inter-block memory). We can estimate

the 2Ffts x 2¢kRs transition probability matrix IT by using a long training sequence,
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Figure 3.2: Expanded DBMC model of our system.

and then use Blahut’s algorithm [17] to calculate the capacity for this channel. The
quantization step size A is chosen to maximize the channel capacity for each channel
SNR. This is a more accurate method since it captures the block memory in the
expanded channel. Also, as the block length, kR, gets large, the model becomes

more accurate.

Since this method does not need the Gaussian assumption of the LLR distribution
from the Turbo decoder output, we can also employ it for other channel models such

as the Rayleigh fading channel.

3.7 COVQ Design

We next design a COVQ for the 2¥%_input 29 _output DBMC (including the special

case of the binary-input 2%-output DMC). We now have the following setup.

The encoder mapping is described by a partition P = {S, C RF : u € Y}
according to £(x) = x if x € Sy, u € UF%s where x = (11, 29,+-+ , x1) is a block of
k successive source samples. The DBMC is described by its block channel transition

matrix P(y|u), where u € U*% and y € Y% Finally, the decoder mapping D is
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given by a codebook C = {cy, € RF : y € Y%%:} according to D(y) = ¢y, y € Ykl

As both models involve estimations using long training sequences, the average
distortion per sample in (3.4) and the centroid condition (3.6) need to be modified
accordingly. Suppose the training sequence has length 7', then the average distortion

per sample is defined by

||>
Nl =

D((P,

T N 1
> D 7Pl d(xe,y)),

t=1 j=1

and the centroid condition is expressed as

. SN PGIb() Y e, X1/ T
! S Pib(0))]S|/T

Y

where |S;| denotes the number of training sequences in region S;. The nearest neighbor
condition remains the same as in (3.5). By using long training sequences, we also
circumvent the cumbersome evaluations of high-dimensional numerical integrals in

(3.4) and (3.6).

The codebook can be pre-computed off-line. Therefore, the COVQ decoding is
implemented simply by a table-lookup with no extra computation. However, the

memory for storing the codebook is high for large values of gk R;.
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3.8 Numerical Results and Discussion

In this section, we present numerical results in terms of the signal-to-distortion ratio

(SDR) versus the channel signal-to-noise ratio (CSNR), which is defined by

E, 1

CSNR = 15 = 35

where Ej is the average symbol energy, and E; = EyR./R;, where E, is the average

energy per information bit.

We first compare the performance of the original COVQ to that of a COVQ
designed for our Turbo-coded systems. In the original COV(QQ scheme, the ¢-bit scalar
quantizer is directly applied to the real-valued channel output. In all cases, 80,000
training source vectors are used. The system that does not employ Turbo codes,
consists of a COV(Q with rate R;=2 bits/source symbol and dimension k& = 2; thus
its overall transmission rate is 0.5 source symbol/channel symbol. The Turbo code in
the COVQ system using channel coding is a rate-1/2, 16-state code with generator
(37, 21), and block length L=65536 bits. A pseudo-random interleaver is used [15, 48],
and the number of decoding iterations is 10. The dimension of the COVQ source input
is also £ = 2, and the quantization rate is Ry, = 1; therefore, with the rate R, = 1/2
Turbo code, the overall transmission rate is also R./R; = 0.5 source symbol/channel

symbol.

In Table 3.1, we present performance results for the quantization of a memoryless
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Gaussian source over a BPSK-modulated AWGN channel. The first two columns pro-
vide the SDR performance for COVQ without Turbo codes, the middle two columns
give the performance for COVQ based on Turbo codes and the DMC model (using
the Gaussian LLR assumption), and the last two columns give the performance for
the COVQ-Turbo system based on the DBMC model (direct channel estimation). For
very low CSNRs (< 0.5 dB), the original COVQ offers better performance than that
of our COVQ-Turbo systems. However, in this low CSNR region, the bit error rates
of both the Turbo-coded and uncoded sequences are very high (above 1072 level);
therefore, the performance in this low CSNR region is not of much practical inter-
est. Around 0.6 dB, the Turbo code gives a water-fall BER performance, resulting
in a quick improvement in the overall SDR, performance of the whole system. From
0.7 dB and above, the performances of both our DMC and DBMC based systems
quickly reach that of the COVQ designed for the noiseless channel. This is due to the
excellent BER performance provided by the Turbo code (below 1075 level). For high
CSNRs, the Gaussian approximation is no longer very accurate; this is reflected in a
small gap between the SDR performances of the DMC and the DBMC model. Note
that while the SDR performance of our systems remains constant for CSNR>0.7 dB,
the performance curve of the original COVQ system keeps increasing, although at a
very slow slope. Since the original COV(Q system can potentially reach an SDR per-
formance of 9.52 dB (for noiseless channels) as opposed to the 4.43 dB achievable by

our joint source-channel coding systems, at some point, the original COV(Q will again
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outperform our systems. In fact, this occurs at about 1.8 dB in CSNR for the case
considered here. The performance limitation for very high CSNRs imposed to our
system is due to the fact that we sacrifice half of the overall rate for error-correction.
In reality, if the performance at very high CSNRs (for example, above 1.8 dB for
the discussed case) is also of interest, we can re-allocate the rate between the source
coding and channel coding. This can be achieved by using a high-rate Turbo code
and assigning more of the available bits to the COV(Q; in this case, our joint source-
channel coding scheme will still offer a better performance than that provided by pure

CoVQ.

Similar numerical results for a Gauss-Markov source with p = 0.9 are presented
in Table 3.2. Also starting at around 0.6 dB, where the Turbo code’s water-fall BER
performance occurs, a slight increment of CSNR results in a drastic improvement of
our systems’ performances. For a long range of CSNRs above 0.6 dB, the performance
of our DBMC system offers a significant gain (up to 3.8 dB for ¢=1 and 2.5 dB for

g=4) over the original COVQ design.

In Tables 3.3 and 3.4, we present performance results simulated for quantizing a
memoryless Gaussian source or a Gauss-Markov source with p=0.9 over a Rayleigh
fading channel with known side information. For the sake of comparison, we also
give results of a COVQ for a Rayleigh fading channel without using Turbo codes.

We observe that the SDR performance improves quickly from 2.4 dB to 2.6 dB,
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which corresponds to the water-fall region of the BER performance of Turbo codes
for Rayleigh fading channels (with known side information) [46]. At CSNR=2.6 dB,
for a Gaussian source, our system yields a 1.66 dB gain for ¢=1, and a 0.97 dB gain
for ¢g=4. For a Gauss-Markov source with p=0.9, at the same CSNR value, the gains

are 4.2 dB for ¢=1, and 2.98 dB for ¢q=4, respectively.

In the above tables, we also observe improvements due to the increase of the soft-
decision decoding resolution ¢. For example, in Table 3.4, without using Turbo codes,
the SDR performance gain from ¢ = 1 to ¢ = 4 is around 1.2 dB for all CSNRs. With
Turbo codes, the gain due to the increase of ¢ is about 1.3 dB at CSNR=2.0 dB; but
it becomes less obvious as CSNR increases. Beyond CSNR=2.6 dB, there is no gain
due to the increase of q. This is because for such high CSNRs, Turbo codes offer very
powerful error-correcting ability, making the Turbo-coded Rayleigh fading channel

behave like a noiseless channel.

Finally, we compare our joint source-channel coding system with two other schemes.
One is the traditional tandem scheme, (which consists of a noiseless LBG-VQ followed
by a regular Turbo code independently designed of each other); the other scheme is
proposed by Ho [48]. As shown in Fig. 3.3, the DMC based scheme offers compa-
rable performance to Ho's system; however, the DBMC based system offers better
performance that Ho’s system (with an SDR gain up to 1.5 dB), because it captures

the channel memory. Furthermore, both of our schemes have lower complexity than
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that of Ho’s. In comparison with the tandem scheme, at CSNR=0 dB, our DBMC
scheme with ¢ = 4 can achieve a gain of about 3 dB in SDR; at CSNR=0.6 dB, the
gain is about 3.5 dB. The performance is improved when ¢ increases. For low CSNRs,
the gain from ¢ = 1 to ¢ = 4 is as big as 1 dB. However, the most significant gain
is achieved at ¢ = 2. For high CSNRs, the gain due to increasing ¢ is less obvious,
since the performance is already very close to the performance of the system under

no channel errors.

As a concluding remark for this chapter, it is important to point out that, although
COVQ is an efficient and powerful data compression scheme, there are usually still
some residual redundancy in the COVQ encoder output either in the form of non-
uniformity or memory. How to exploit this residual redundancy presents another

interesting problem, which will be treated subsequently in the following chapters.
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CSNR With TC With TC
Without TC
(dB) (DMC Model) (DBMC Model)
g=1|qg=4 || ¢g=1 qg=4 qg=1 qg=4
0.2 2.79 3.50 1.57 1.91 2.13 2.48
0.3 2.84 3.56 1.66 2.00 2.29 2.63
0.4 2.89 3.62 1.81 2.16 2.50 2.83
0.5 2.94 3.67 2.13 2.47 3.07 3.33
0.6 3.00 3.73 3.31 3.53 4.34 4.02
0.7 3.05 3.79 4.34 4.36 4.42 4.43
0.8 3.10 3.85 4.39 4.41 4.42 4.43
0.9 3.16 3.91 4.41 4.41 4.43 4.43
1.0 3.21 3.97 4.41 4.41 4.43 4.43
1.1 3.27 4.03 4.41 4.41 4.43 4.43
1.2 3.33 4.09 4.41 4.41 4.43 4.43
00 9.52 9.52 4.43 4.43 4.43 4.43

Table 3.1: SDR (in dB) performances of COVQ based on Turbo codes for the AWGN
channel, (COVQ rate R,=1 bit/source symbol, Turbo code rate R.=1/2 bit/channel
symbol), compared with that of COV(Q without Turbo codes, (COVQ rate R,=2

bits/source symbol). Both use dimension k=2 and a Gaussian Source (p=0).
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CSNR With TC With TC
Without TC
(dB) (DMC Model) (DBMC Model)
g=1|qg=4 || ¢g=1 qg=4 qg=1 qg=4
0.2 3.80 4.92 1.75 2.96 2.55 3.76
0.3 3.86 5.01 2.46 3.09 2.81 3.98
0.4 3.91 5.08 2.66 3.31 3.16 4.25
0.5 3.97 5.16 3.10 3.75 4.21 4.92
0.6 4.03 5.25 4.95 5.19 7.58 7.63
0.7 4.09 5.33 7.57 7.59 7.88 7.89
0.8 4.16 5.41 7.79 7.80 7.90 791
0.9 4.22 5.49 7.83 7.83 791 791
1.0 4.28 5.57 7.85 7.85 7.91 791
1.1 4.34 5.66 7.86 7.86 7.91 791
1.2 4.41 5.74 7.87 7.87 791 791
00 13.52 | 13.52 791 791 791 791

Table 3.2: SDR (in dB) performances of COVQ based on Turbo codes for the AWGN
channel, (COVQ rate R,=1 bit/source symbol, Turbo code rate R.=1/2 bit/channel
symbol), compared with that of COV(Q without Turbo codes, (COVQ rate R,=2

bits/source symbol). Both use dimension k=2 and a Gauss-Markov Source (p=0.9).
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CSNR Without TC With TC (DBMC Model)

(dB) g=11q=2|q=41|q=1|q¢q=2 g=4

2.0 2.54 3.08 3.25 2.01 2.31 2.40
2.1 2.57 3.11 3.29 2.19 2.47 2.56
2.2 2.61 3.16 3.33 2.33 2.60 2.69
2.3 2.65 3.20 3.37 2.69 2.93 3.01
24 2.68 3.24 3.41 3.60 3.73 3.78
2.5 2.72 3.28 3.45 4.37 4.38 4.39
2.6 2.76 3.32 3.50 4.42 4.43 4.43
2.7 2.79 3.36 3.54 4.43 4.43 4.43
2.8 2.83 3.40 3.58 4.43 4.43 4.43
2.9 2.87 3.44 3.52 4.43 4.43 4.43
3.0 291 3.48 3.66 4.43 4.43 4.43
3.1 2.95 3.52 3.71 4.43 4.43 4.43

3.2 2.98 3.57 3.75 4.43 4.43 4.43

00 9.52 9.52 9.52 4.43 4.43 4.43

Table 3.3: SDR (in dB) performances of COV(Q based on Turbo codes for the Rayleigh
fading channel with known side information, (COVQ rate Rs=1 bit/source symbol,
Turbo code rate R.=1/2 bit/channel symbol), compared with that of COVQ without
Turbo codes, (COVQ rate R;=2 bits/source symbol). Both use dimension £=2 and

a Gaussian Source (p = 0).

20



CSNR Without TC With TC (DBMC Model)

(dB) g=1]1qg=2|qg=4 1| ¢g=11|q¢=2 g=4

2.0 3.41 4.28 4.57 2.38 3.52 3.69
2.1 3.46 4.33 4.63 2.61 3.70 3.87
2.2 3.52 4.39 4.69 2.86 3.92 4.08
2.3 3.56 4.45 4.75 3.48 4.36 4.52
2.4 3.61 4.51 4.81 5.37 5.72 5.93
2.5 3.65 4.57 4.87 7.71 7.73 7.74
2.6 3.71 4.62 4.93 791 791 791
2.7 3.77 4.68 4.99 7.91 791 791

2.8 3.82 4.74 5.05 791 791 791

2.9 3.88 4.80 5.11 791 791 791
3.0 3.92 4.86 5.17 7.91 7.91 7.91
3.1 3.97 491 5.23 791 791 791

3.2 4.03 4.97 5.29 791 791 791

00 13.52 | 13.52 | 13.52 791 791 791

Table 3.4: SDR (in dB) performances of COVQ based on Turbo codes for the Rayleigh
fading channel with known side information, (COVQ rate Rs=1 bit/source symbol,
Turbo code rate R.=1/2 bit/channel symbol), compared with that of COV(Q without
Turbo codes, (COVQ rate R,=2 bits/source symbol). Both use dimension k=2 and

a Gauss-Markov source with p = 0.9.

ol



12 T T T T T T T

% DBMC model, g=4
-©- DBMC model, g=2
-+ DBMC model, g=1
—#— Ho’s Turbo-COVQ
—x— DMC model, g=4

—0- DMC model, g=2 .
—- DMC model, g=1 7
- % Tandem Scheme 7

10

)
°
c 6 §
a
n %
L f% ' ¥
D _ "_/ ”D/
4.______::1-::::5:::—§' -V .
P v %
i
e
2+ e -
g
e R
*
O | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
CSNR (dB)

Figure 3.3: SDR performance of Turbo-coded AWGN channel, k=4, R,=1, R.=1/2.

Gauss-Markov source with p = 0.9.
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Chapter 4

Systematic Turbo Codes for

Non-Uniform I.I.D. Sources

4.1 Introduction

In almost all the theory and practice of error-control coding, the source that is en-
coded for transmission over the channel is usually assumed to be a binary memoryless

Bernoulli (1/2) source, i.e., it generates uniform i.i.d. bit streams {Uj}32,, where

In reality, however, natural sources (e.g., image and speech sources) often exhibit
substantial amounts of redundancy in the form of memory and/or non-uniformity [3];

in this case, a source encoder would be used. An ideal source encoder would be able
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to eliminate all the source redundancy and hence produce a uniform i.i.d. sequence of
bits, which would then be used as the input of the channel encoder. However, most
existing source encoders are suboptimal (particularly fixed-length encoders that are
commonly used for transmission over noisy channels). As a result, the input to the
channel encoder contains a certain amount of residual redundancy. For example, the
4.8 kbits/s US Federal Standard 1016 CELP speech vocoder produces line spectral
parameters that contain 41.5% of residual redundancy due to non-uniformity and
memory [5]. For uncompressed sources, it has been observed that many binary images
(e.g., facsimile and medical images) may contain as much as 80% of redundancy in the
form of non-uniformity (e.g., [18], [49]), this corresponds to the a priori probability
Pr{U; = 0} = 0.97. Therefore, transmission of sources with a considerable amount
of residual or natural redundancy is an important issue. Several studies (e.g., [4]-[6],
[31, 41, 65, 75, 77], etc.) have shown that appropriate use of the source redundancy

can significantly improve the system performance.

In this chapter, we investigate the issue of designing Turbo codes for non-uniform
i.i.d. sources sent over AWGN and Rayleigh fading channels. Unlike the methods in
the previous chapter, in which the channel statistics is incorporated in the source code
design, here we propose a different joint source-channel coding approach — exploiting
the source redundancy in the design of Turbo codes. Our objective is to strive to come

as close to the Shannon limit as possible.
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A non-uniform i.i.d. source is described by the non-equiprobable probability distri-

bution of the bit stream. The source emits a sequence of bits {Uy }{>, with probability

Pr{Uy=0}=py, k=1,2,3,---.

To take advantage of the source redundancy in the form of non-uniformity, the ex-
trinsic information in the Turbo decoder is modified; as a result, the bit error rate
(BER) performance of the Turbo coded system is significantly enhanced. We also
observe that while the original Berrou Turbo code which uses the (37,21) convolu-
tional code in each constituent encoder offers extraordinary performance (excellent
“waterfall” region at very low SNR’s) for uniform i.i.d. sources, it provides relatively
poor performance with a considerably high error floor when the source is non-uniform.
Furthermore, when the source distribution is more biased, performance degradation
becomes more obvious. An analysis of the encoder’s structure reveals to us that it is
important to find more suitable constituent encoders for non-uniform i.i.d. sources.
Through a systematic search we performed by simulations, we show that some con-
stituent encoders substantially outperform Berrou’s (37, 21) encoders for a given non-
uniform i.i.d. source. Significant coding gains are further achieved by combining this
optimized encoder structure with the appropriately modified decoder that exploits

the source non-uniformity.
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4.2 Modifications of the Decoder Extrinsic Infor-

mation

In the BCJR algorithm used by the Turbo decoder, we observe that the log-likelihood

ratio (LLR) produced by the Turbo decoder can be decomposed into three terms:
A(Uk) = Len(Uk) + Lex(Uk) + Lap(Ug),

where Ly, (Uk), Leg(Uy), and Lgy(Uy) are the channel transition term, the extrinsic
information term, and the a priori term, respectively, [15], [63]. The extrinsic infor-
mation produced by one constituent decoder is used as the a priori estimation for the
other constituent decoder. At the first iteration, for the first constituent decoder, if

the source is uniform i.i.d., which is the case investigated in [15], we have
Lap(Ur) = log 55m—o3 = 0,

since P(U, =1) = P(U, =0) = 1/2.

When the source is non-uniform i.i.d., log((1 — py)/po) # 0 is used as the initial
a priori input for the first decoder in the first iteration. As a result, in the output

A(Ug) produced by the first decoder,

Lap(Uk):log<1_p0>.

Po

By passing this term together with the extrinsic information from the first decoder
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to the second decoder, a BER performance gain is observed!. It can be shown via the
BCJR algorithm’s derivation that log((1 —py)/po) will appear in the output A(Uy) as
an extra term. In our design, we then use L., + log((1 — po)/po) as the new extrinsic
information for both decoders at each iteration. With this simple procedure, the

performance is greatly improved.

4.3 Constituent Encoder Structure

In the original design of Turbo codes by Berrou et al, extensive search was performed
to find the best constituent encoder structure. The one that offers the best water-
fall BER performance was found to be a 16-state recursive systematic convolutional
(RSC) encoder with tap coefficients (37, 21) [15]. The structure of Berrou’s (37, 21)
constituent encoder is depicted in Fig. 4.1. Note that in [15] the source is uniform i.i.d.
When the source is non-uniform i.i.d., we found that a Turbo code using Berrou’s
encoder performs poorly over a wide range of E,/N, values, where E, is the average
energy per source bit, and Ny/2 is the additive noise variance. As the source gets
more biased, performance degradation becomes even more obvious. When py=0.9,

our simulations show that the whole performance curve drops down very slowly and

!This simple modification of appropriately using the source information in the Turbo decoder
for non-uniform sources was also briefly mentioned in [44] (see Remark 4.d on page 433) but not
explicitly studied and evaluated. One of our goals in this paper is to explicitly assess the gains

achieved by this method and examine how close we can come to the Shannon limit.
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Figure 4.1: Berrou’s (37, 21) constituent encoder.

there is virtually no sharp water-fall region.

To reveal why Berrou’s (37, 21) code performs so badly when the source is non-

uniform i.i.d., we consider the state transition of the encoder as follows.

First, consider the extreme case — the input sequence contains only one “1” at
the beginning of the sequence and all the other bits are zeros (which is the case of an
extremely biased or nearly deterministic source). Suppose the (37,21) encoder shown
in Fig. 4.1 starts at the all-zero state 0000, where each digit represents the content
of each shift register. The encoder would remain in this state until the “1” arrives,

which would cause a transition to state 1000. The following state transitions would
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be 1100 — 0110 — 0011 — 0001 — 1000, and from then on the state transition would
be confined in a short cycle consisting of the above 5 states while all the other states

remain dormant. We herein cite the following definition from [16].

Definition: Let a recursive convolutional encoder initially be in any state other
than the all-zero state. After introducing a certain number of consecutive Os at the
input, the encoder will return to its initial state. This number of Os required to drive
the encoder to its initial state is called the period of the encoder, and is denoted by

L.

Therefore, the total number of excitable (or reachable) states in our extreme case
scenario, where the encoder (initialized at the all-zero state) is driven by an input
sequence containing a single 1 and a very large number of Os, is equal to L + 1. Thus,
Berrou’s (37, 21) code has only 6 out of 16 excitable states, which indicates that its
encoder memory is not fully exploited. Similarly, we can find that for a encoder with
feedback 35, its period is L = 7; so its number of excitable states is 8. However,
for an encoder with feedback 31, its period is L=15, and hence all of its 16 states
can be excited. The following table provides the periods for some 16-state recursive

convolutional encoders.

Next, consider a heavily biased source with py very close to but still strictly less
than 1. Then with high probability, the state transition is confined within a cycle as

listed above over a relatively long time period. A second “1” might bring the state
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feedback || 21 | 37 | 25 | 33 | 27 | 35 | 23 | 31

L 4 5 6 6 7 7 115 | 15

Table 4.1: Periods of 16-state recursive convolutional encoders.

transition outside the cycle; however, again with high probability, the state transition
would be confined in a new cycle consisting of a few other possible states. Therefore,
for such sources, feedback 31 and 23 are apparently better structures than others
as indicated in Table 4.1. When py decreases, the advantage of using a feedback
with larger L becomes less obvious. Therefore, for a source with a given probability
distribution py, we need to find the encoder structure that gives the best possible

performance.

The number of possible encoders grows exponentially with the encoder memory.
Consider memory M =4, and denote the coefficients of the feedback and feed-forward
polynomials of a RSC encoder in binary form as { fo, f1, fo, f3, fa} and {go, 91, 92, 93, 94},
respectively, where f;, g; =0or1,¢,7=0,1,---,4. Since fj is the tap for the encoder
input, we always have f; = 1. Then altogether there are 2* x (2° — 1) = 496 pos-
sible combinations; therefore, an exhaustive search is impractical. However, among
these 496 possible choices, some encoders obviously would give poor performance,

and therefore should be eliminated in our search for the best encoders.

It is known that for convolutional codes, larger memory generally results in better
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performance [76]; although for Turbo codes, to find one with M > 4 that gives better
performance than that of Berrou’s (37,21) code requires extensive simulations [56]. In
our simulations, we only focused on 16-state encoders. To fully exploit the memory,
the last tap in the feedback fy is set to 1. The following theorem gives a more rigorous

explanation for this choice. First, we give the following lemma.

Uy

x>< Y

Figure 4.2: General structure of a recursive convolutional code.

Lemma 4.1 For a recursive convolutional encoder as depicted in Fig. 4.2, at time

k + 1, each state sgi; can be reached from only two (state, input) pairs (sg)), Ugﬂ

and (s,(cl), u,(ﬁlll), where the two states at time k satisfy s,(€0> + s,(cl). The necessary and

sufficient condition that u,(coll # u,(clll is fy = 1.
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Proof: The encoder state is determined by the content of each memory element
of the shift register. Let the state at time k be sy = (rig, rok, -+, mk). By the shift

register’s structure, we have

M

Tik+l = Ukt1 D Z fi - Tk, (4.1)
7=1

Tik+1 = Tji—1k, .] = 27 37 T 7M7 (42)

where @ and the summation are modulo-2. Therefore, s;,; can only be reached from

two states which differ at rj,. Now rewrite (4.1) as follows,

M-1
Up1 = T1 k1 D far - Tk @ Z fi Tk
=1
For both states s,(co) and sg), the summand produces the same result. When

far = 0, the input ug; is independent of the encoder state being s,(co) or s,gl). When

far = 1, different value of rj results in different value of wy . 0

Theorem 4.1 Consider a recursive convolutional encoder with feedback {fi, fo, - - -,
fa}, and let a non-uniform i.i.d. source with distribution p, € (0,1) be its input.
Then the encoder state distribution is asymptotically uniform (as the source sequence

length tends to infinity) regardless of the value of py if and only if fy, = 1.

Proof: The shift register is a fully connected (irreducible) time-invariant Markov
chain when py € (0,1); so the state distribution will asymptotically converge to the

steady state distribution. Then it is equivalent to show that the uniform distribution
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is or is not the steady state distribution. From Lemma 4.1, there are only two (state,

input : (0)  (0) d n h : ith 1
put) pairs (s, u;.,) and (s, v, ) that may transit to state s;4,. Without loss

. oM

of generality, denote the possible encoder state as 0,1, - - — 1. Assuming that at

time k the state distribution is uniform, i.e.,

then at time k + 1, if f); = 1, we have

Pr(Spa = k1) = Pr(Sc=s, Upp = i) + Pr(S = s, Ui = ufl)))

= Pr(Upsy = ul))27™ 4 Pr(Upyy = ull))2M

2—M

Y

where the second equality is due to the independence of Sy and Uy, and the last
equality holds because u,(coll #* u&zl by Lemma 4.1. Therefore, fy; = 1 yields that the
uniform distribution is the steady distribution of the encoder states. On the other

hand, if fy; =0, by Lemma 4.1, u,(ﬁoll = u,(clll, then

PT‘(Sk+1 = Sk+1) = QPT(Uk+1 = uk+1) : 27M

Therefore, when the source is biased, the uniform distribution is not the steady dis-
tribution of the encoder states when f); = 0. Hence for any py € (0, 1), the encoder
state distribution is asymptotically uniform if and only if fj; = 1. As a final remark,

we note that pp=0.5 is a special trivial exception to the “only if” part. 0
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Now by setting f; = 1, we have narrowed our possible choices down to 23 x (2° —

1)=248. To further eliminate redundant choices, we note the following.

For the same feedback coefficients, the choice of the feed-forward coefficients
{90, 91, 92, 93,94} to be {1,0,0,0,0} or {0, 1, 0, 0, 0}, or {0,0,0,0,1} gives essen-
tially the same performance. The same behavior is also observed if the feed-forward
coefficients are {1,0,1,0,0} or {0,1,0,1,0}, or {0,0,1,0,1}. Therefore, we can choose
go = 1, hence the total number of possible encoders becomes 2% x 24=128. Again, to
avoid an exhaustive search, we obtain sub-optimal encoders with fy=go=1 and f;=1

through the following iterative steps:

1) Fix the feed-forward polynomial, (e.g., {go, 91, 92,93, 94}={1,0,0,0,0}), find

(by simulation) the best feedback polynomial among the remaining possible choices;

2) Fix the feedback polynomial as the one found in step 1), find the best feed-

forward polynomial among all remaining possible choices;

3) Fix the feed-forward polynomial as found in step 2), go back to step 1), if
the feedback polynomial coincides with the one obtained in step 1), stop (otherwise,

proceed to the next step).

Via this procedure, for a given non-uniform probability distribution, several en-
coders were found to outperform Berrou’s (37,21) encoder significantly; they also
have considerably lower error floors. Among them, the (35,23) encoder gives the

best performance for py = 0.7 and 0.8; when py = 0.9, the best encoder is (31, 23).
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However, when the source is uniform i.i.d, Berrou’s (37,21) encoder gives a better
performance in the water-fall region than the above encoders, though its error floor
is higher. For uniform sources, improving the error floor region of Turbo codes is
usually achieved at the expense of the waterfall region; however, for the non-uniform

case, this tendency seems to decrease as pg increases.

4.4 Numerical Results and Discussion

In this section, we present simulation results of Turbo codes for non-uniform i.i.d.
sources over BPSK-modulated AWGN and Rayleigh fading channels. All simulated
Turbo codes use the same pseudo-random interleaver introduced in [15]. The sequence
length is L = 512 x 512 = 262144 and 200 blocks are used; this would guarantee a
reliable BER estimation at the 107> level with 524 errors. The number of iterations
used in the decoder is 20. Simulations for our selected codes and the Berrou code are
performed for rates R, = 1/3 and R, = 1/2, for py=0.5, 0.7, 0.8 and 0.9. To show the
performance gains due to the use of the modified extrinsic information, simulations
are also performed by using the unchanged extrinsic information; i.e., the decoder

has no knowledge of the probability distribution and assumes the source is uniform?.

2In this case, regardless of the source generated at the encoder (po = 0.9, 0.8, 0.7 or 0.5), the
performance of the system with unchanged extrinsic information at the decoder varies very slightly

with pg; so for this system, we can assume that pg = 0.5 at both the encoder and the decoder.
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Figure 4.3 shows the performance comparison of Berrou’s rate-1/3 (37,21) Turbo
code and our selected Turbo codes for transmitting uniform and non-uniform i.i.d.
sources (with py=0.5, 0.7, 0.8 and 0.9) over AWGN channels by using the modified
extrinsic information in the decoder. The (35,23) code offers the best performance
from pp=0.7 up to 0.8; when py = 0.9, the (31, 23) seems to be the best choice. At the
1075 BER level, the gains over the Berrou (37,21) code due to optimization of the
encoder for pg=0.7, 0.8 and 0.9 are 0.09, 0.51 and 1.18 dB, respectively. Furthermore,
the gains due to using the modified extrinsic information for py=0.7 and 0.8 (with
the (35, 23) code) are 0.43 dB and 1.08 dB, respectively; for pp=0.9 (with the (31, 23)
code) it is 2.46 dB. Similar results can be observed for rate-1/2 codes in Figure 4.4.
For example, when py=0.9, our selected (31, 23) code gives a gain of 1.08 dB over the
Berrou (37,21) code at the 107> BER level, while the gain achieved due to exploiting

the source redundancy in the form of non-uniformity is 2.20 dB.

In Figure 4.5, we provide the performance comparison for the Rayleigh fading
channel with known channel state information. When py=0.7, the gain due to encoder
optimization is visible only below the 10~° BER level, because the performance offered
by Berrou’s code has a lower error floor than that in the AWGN channel case. When
po=0.8, our (35, 23) Turbo code offers a 0.33 dB gain at the 10> BER level over its
(37,21) peer; when pg=0.9, the gain is further increased up to 1.08 dB by using the

(31, 23) encoder. Furthermore, the gains due to exploiting the source redundancy in
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the form of non-uniformity become bigger than those obtained in the AWGN channel
case: when py=0.7 and 0.8, the gains at a BER of 107° produced by the (35,23)
Turbo code are 0.54 dB and 1.36 dB, respectively; when py=0.9, the (31,23) Turbo
code realizes a significant 3.01 dB gain. Similar performances for rate-1/2 are shown
in Figure 4.6. For example, at the same BER level, and for p, = 0.9, by using our
selected (31,23) code, the gain achieved by encoder optimization is 1.03 dB, while

the gain achieved due to using the modified extrinsic information is also 3.01 dB.

4.5 Shannon Limit

In his landmark papers [69], [70], Shannon established the Lossy Information Trans-
mission Theorem, also known as the Joint Source-Channel Coding Theorem with Fi-
delity Criterion [59]. From this theorem, we know that for a given memoryless source
and a given memoryless channel with capacity C, for sufficiently large source block
lengths, the source can be transmitted via a source-channel code over the channel at
a transmission rate of r = R./ R, source symbols/channel symbols (where R, and Rj
are the channel coding and source coding rates, respectively) and reproduced at the
receiver end within an end-to-end distortion given by D if the following condition is
satisfied [59]:

r-R(D) < C, (4.3)
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where R(D) is the rate-distortion function. For a discrete binary non-uniform i.i.d.
source with distribution py, we have that D = P, (BER) under the Hamming distor-

tion measure [24]; then R(D) becomes

hy(po) — ho(Pe), 0 < P, < min{pg,1 —po}
R(Pe) =
0, P, > min{py,1 — po}

where hy(-) is the binary entropy function:
hy(z) = —xlogy v — (1 — x) logy(1 — ).

The capacity of discrete-input memoryless channels is defined as the maximum of

the mutual information between the channel input and output:

C=maxI(X;Y)

p(z)

where the maximization is taken with respect to all input distributions p(x).

For binary-input continuous-output AWGN channels,

I(X;Y) = ;/_Zp(w,y)lo& [%] dy
(

»
- Z/_Zp(ylx)P(w) log, {p ym] dy

p(y)

= 3 [tk P o [z ,Zj};ﬁg'jfp(x,)} By (44)

The channel transitional probability density function of a binary-input continuous-
output BPSK modulated AWGN channel is

1 _l-@z-1)?
€ 7.

p(y|.’17) = \/W 2o
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Therefore, for a BPSK-modulated uniform channel input,

1 [ 1 1)? 1 y
I(X;Y) = ——/ e*%log2 {5(14-632)] dy

2 2mo?

1 /°° 1 _? 1 {1(1 N #)] p
—— e 22 log, |- e
2] . ro? 8o 9 Yy

Cu() + Cul .

1>

By symmetry, C,o = C,1. Therefore,

_(w+1)?

1
"7 log, {2(1+ea )] dy

Cawen = — \/2—26
0 To
e 1 w+1)?
= 1—/ e~ 50 log2(1+e§_g)dy.

2702

(4.6)

Similarly, consider binary-input continuous-output BPSK modulated Rayleigh

fading channels with known channel state information. With the probability den-

sity function of the fading amplitude given by

2

pala) =2ae™, a>0,

and the channel transitional probability density function given by

_ y—ae—1)?
20

1

the mutual information becomes:

X,Y|A
I(X3Y) = E(x,y,a) log, [ (p( 4 ]

X[A)p(Y|A4)
= Z/ / p(ylz, a)P(x)pa(a) log, [fop(gllf, Z))P(x,)] dy da

w+a)? 2 1
e 22 - 2ae” " -log [ 1+ ¢t ] dy da
/0 /oo V2mwo? 2 2( )
<1 —a)? 1
/ U5 200 - log, {2(1 et )} dy da.
0 _
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Again using symmetry the above two integrals are equal. Therefore we have

<1 (y+a)? ‘ 1 a
CRayleigh = _/ / 5¢ w200 - log, {5(1 + 62:,5’)] dy da
0 — V21O
o & 1 _ (y+a)? _a2 2ay
= 1- e 27 -2ae " -logy(1+e-?)dy da. (4.8)
0 —00 2mo?

From equations (4.6) and (4.8), we can see that for binary-input BPSK-modulated
AWGN and Rayleigh fading channels, the channel capacity is a function of Ej,/Ny; i.e.,
C = C(E,/Ny). Therefore, the optimum value of Ej,/Ny to guarantee a bit error rate
of P, can be solved using (4.3) assuming equality. This optimum value of E,/Nj is
called the Shannon limit, or the optimal performance theoretically achievable (OPTA).
The Shannon limit cannot be explicitly solved for a BPSK-modulated input due to

the lack of a closed form expression; so it is computed via numerical integration.

For the above simulations, we computed the OPTA at the 10~®> BER level for
rates 1/2 and 1/3, and for py = 0.7, 0.8 and 0.9. The OPTA values and OPTA gaps
(distances between the performance of the designed systems and the corresponding
OPTA values) are provided in Tables 4.2 and 4.3, respectively. We observe that the
performances of our selected Turbo codes are significantly closer to the OPTA limit
than those offered by their (37,21) peer. When py increases, the gains achieved by

using our selected encoders over the (37,21) encoder become more significant.
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Figure 4.3: Turbo codes for non-uniform i.i.d. sources, R.=1/3, L=262144, AWGN

channel.
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Figure 4.4: Turbo codes for non-uniform i.i.d. sources, R.=1/2, L=262144, AWGN

channel.
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Figure 4.5: Turbo codes for non-uniform i.i.d. sources, R.=1/3, L=262144, Rayleigh

fading channel.
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Figure 4.6: Turbo codes for non-uniform i.i.d. sources, R.=1/2, L=262144, Rayleigh

fading channel.
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Source AWGN Rayleigh
distribution | R.=1/2 | R.=1/3 | R.=1/2 | R.=1/3
po = 0.7 -0.62 -1.19 0.76 -0.34
po = 0.8 -1.81 -2.24 -0.73 -1.56
po = 0.9 -4.14 -4.40 -3.47 -3.96
Table 4.2: OPTA values at BER=10"° level (in dB).

Turbo Coding AWGN Rayleigh
System R.=1/2 | R.=1/3 | R.=1/2 | R.=1/3

(37,21), pp = 0.7 1.07 0.89 1.17 0.91
(35,23), po = 0.7 0.87 0.80 1.16 0.91
(37,21), po = 0.8 2.02 1.70 2.18 1.61
(35,23), pp = 0.8 1.56 1.19 1.88 1.28
(37,21), pp = 0.9 3.69 3.20 4.12 3.26
(31,23), po = 0.9 2.61 2.02 2.99 2.18

Table 4.3: OPTA gaps in Ej,/Ny at BER=107° level (in dB).
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Chapter 5

Non-Systematic Turbo Codes for

Non-Uniform I.I.D. Sources

5.1 Introduction

In almost all the Turbo coding literature, the Turbo code encoders used are systematic.
Non-systematic Turbo codes were recently proposed by Costello et al. [22], and
followed by a series of works in [21, 23, 57]. The motivation for using non-systematic
Turbo codes as an alternative to their systematic peers is due to their larger code
space; therefore, there is a good potential that better codes might be found. However,

the sources considered in these works are uniform i.i.d.

The Turbo encoders used in Chapter 4 are recursive systematic convolutional
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(RSC) encoders. Despite the significant coding gains achieved, the performance can
be further improved since the gaps to the Shannon limit are still relatively wide for
heavily biased sources. For example, when rate R.=1/2, pp=0.8 and 0.9, for AWGN
channels the OPTA gaps are 1.56 dB and 2.61 dB, respectively; for Rayleigh fading
channels, the OPTA gaps are as big as 1.88 dB and 2.99 dB, respectively. An analysis
on the encoder output reveals that the drawback lies in the systematic structure, which
results in a mismatch between the biased distribution of the systematic bit stream
and the uniform input distribution needed to achieve the channel capacity. As we will
show in this chapter, when some constraints are satisfied, recursive non-systematic
convolutional (RNSC) encoders can generate asymptotically uniformly distributed
output even for extremely biased sources. It is known that [24, 69] the capacity of a
binary input AWGN or Rayleigh fading channel is achieved by a uniform i.i.d. channel
input; therefore, we propose using RNSC encoders as the constituent Turbo encoders.
Simulation results demonstrate substantial gains over systematic Turbo codes. The

OPTA gaps for heavily biased sources are hence significantly reduced.

5.2 OPTA Loss in Systematic Turbo Codes

In this section, we justify the need to examine non-systematic Turbo codes for the
transmission of non-uniform sources by evaluating the OPTA loss incurred in system-

atic Turbo codes due to the distribution mismatch between the systematic bit stream

7



and the channel input.

For symmetric discrete memoryless channels, the capacity is achieved (the mutual
information is maximized) by a uniform channel input. When the channel input is
known to be non-uniform, the capacity cannot be fully exploited if systematic Turbo
codes are used due to the distribution mismatch between the systematic bit stream
and the capacity achieving distribution. As a result, the achievable OPTA in terms
of E},/Ny solved by equation (4.3) would be smaller than the real OPTA, resulting
in an OPTA loss. In this section, we compute analytically the achievable OPTAs for
transmitting non-uniform i.i.d. sources using the systematic Turbo codes as studied

in Chapter 4, and thus find the OPTA losses due to the systematic structure.

For a rate-1/3 systematic encoder as depicted in Fig. 2.2, since the channel in-
puts consist of one systematic sequence (which is non-uniform i.i.d.) and two parity
sequences (which are uniform), the achievable capacity is

1
Coys = 3 [21(XY) [pix=0p=1/2 + LG Y) | pox=0)=po] (5.1)

where for binary-input continuous-output BPSK-modulated AWGN channels,

1 e = X [ ool tos, [ LU ay
1 _w+1)?

- . 2y
= —DPo /Oo \/We 202 lOgZ(pO +p1602 )dy

1 _w=y? -2
—pl/ e 22 log,(poee® + p1)dy. (5.2)
—00

V2mo?

where p; =1 — py.
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When the source is uniform i.i.d., as in Section 4.5, we have

& 1 w+1)?

e 22 logy(l —I—e%)dy. (5.3)

I(X5 Y)|P(X:0):1/2 =1- /

o V2mo2

Similarly, for binary-input continuous-output BPSK modulated Rayleigh fading
channels with known channel state information, the above mutual informations be-

come:

p(X,Y]A) }
X[A)p(Y]A)

-3 [ stk Pmala)on, |« RIS ay

o0 o0 1 2
/ / = 2ae~" log [p +p e2a2y] dy da
= —po [ 20 . . 0 1 o

0 —oo V 27T02 2

° ° 1 _(y—a)2 a2 —2ay
—p1 e 22 -2ae “ -log, [poe o2 +p1] dy da.  (5.4)
0 —00

I(X, Y) |p(X:0):p0 = E(X,Y,A) IOgZ |:p(

For the uniform i.i.d. case, we have

o o0 1 _ (w+a)? 2 2ay
I1(X;Y —o)=1/2 = 1 — e 22 -2ae” " -logy(1+e7? )dy da. (5.5
EVlrnap=1- [ [ L+ )dy da. (59

For a rate-1/2 systematic encoder, as obtained conventionally by puncturing half

of the parity bits of a rate-1/3 systematic encoder, the achievable capacity is
1
Coys = X Y)px=0)=172 + I(X5Y) | p(x=0)=po]- (5.6)

For a fixed rate r and a given BER P,, the achievable OPTA (in terms of Ej,/Ny)

of a systematic Turbo code can then be solved (as shown in Section 4.5) by
r-R(D) < Cyys (5.7)
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assuming equality. Due to the lack of a closed-form expression, the above inequality
is solved numerically; it is computed by the bisection method in conjunction with
numerical integrals or numerical double integrals for (5.2) to (5.5). The achievable
OPTASs and the corresponding OPTA losses for transmitting non-uniform i.i.d. sources
over AWGN and Rayleigh fading channels using systematic Turbo codes are provided

in Tables 5.1 to 5.2.

We observe that as pg increases, the OPTA loss due to the systematic structure
becomes more significant. We also observe that the OPTA losses of R.=1/2 are
generally greater than those of R.=1/3; this is because for systematic Turbo codes,
higher rates are conventionally achieved by puncturing parity bits, which makes the
proportion of systematic part in the encoder outputs even greater. As we will see in
the next section, under certain conditions, the parity sequence of a recursive convolu-
tional encoder is asymptotically uniform. Therefore, the above observations provide
the motivation to investigate non-systematic Turbo codes for the transmission of

non-uniform i.i.d. sources.
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R, | po || OPTA | systematic OPTA | OPTA Loss
0.7 | -1.19 -0.93 0.26

1/3 108 -2.24 -1.64 0.60
0.9 -4.40 -3.28 1.12
0.7 || -0.62 -0.19 0.43

1/2 108 -1.81 -0.80 1.01
0.9 -4.14 -2.25 1.89

Table 5.1: OPTA losses in systematic code, AWGN channels.

R. | po OPTA | systematic OPTA | OPTA Loss
0.7 | -0.34 -0.04 0.30

1/3 108 || -1.56 -0.89 0.67
09 | -3.96 -2.75 1.21
0.7 0.76 1.31 0.55

1/2 108 -0.73 0.49 1.22
0.9 -3.47 -1.34 2.13

Table 5.2: OPTA losses in systematic code, Rayleigh fading channels.
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5.3 Asymptotic Uniformity of Recursive Convolu-
tional Encoder Output for Non-Uniform I.I.D.
Sources

In this section, we prove that for a non-uniform i.i.d. source, when certain condition is
satisfied, a recursive convolutional encoder produces an asymptotically uniform out-
put sequence, regardless of the value of py € (0, 1). The condition is both necessary
and sufficient. Based upon empirical observations, we also give a conjecture on the
condition when the encoder output has higher order asymptotically uniform distri-
butions. This asymptotic uniformity property can be employed as a design criterion
for the construction of good Turbo encoders. We first establish the following lemma

(which was also independently shown in [27] [Lemma, p. 1692]).

Lemma 5.1 For a given binary non-uniform i.i.d. sequence {Ay}7°, with probability
distribution P(Ax =0) =pp and P(Axy =1)=p; =1—1py, k=0,1,2,---, construct

{Br}2,, where

BO = AOJ

k
Bk = ZA’LJ k:172737"'7
=0

where the summation is modulo-2. Then

1
lim P(B; = 0) = 5.

k—00
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Proof: Let us denote q[()k)éP(Bk = 0) and qgk)éP(B;C = 1), then for k > 1, we

have

@ = P(By=0) = P(A+ Ay + -+ A, = 0)

+ P(A +A+---+ A, 1=1)-P(A4=1)

k— k—
= CI(() DPO‘*‘Q% Upy.

Similarly we have

¢t = ot o+ 0" o,

Rewrite (5.8) and (5.9) in the equivalent vector form as

_ _ Po D1
[qék),qyc)] = [qék R 1)]

b1 Po

by recursion, we can get

Po P
k k 0 0
0] = [”.4] ,

P1 Po

for £k > 0.

Now denote the matrix

A | Po D1

P1 Do
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To compute IT¥, we first find its eigenvalues \; = 1 and \y = 2py — 1, and the

corresponding eigenvectors

1 1
Vi = ) Vo = )
1 -1
denote
1 1 1 0
e , D= ,
1 -1 0 2py—1

then since P~'IIP = D, we have

1111 1 0 1 1
[1* = pDFp~"t = 3
1 -1 0 (2py— 1)k 1 -1
Therefore,
lim {qék),qﬁk)] = lim [qéo),fﬁo)] I,
—00

|

Remark: The above proof is to explicitly show that [q(()k), q%k)] approaches the

uniform distribution ezponentially as the sequence length goes to infinity. For exam-

ple, if qfk) — 1/2‘ <107° (1 = 0,1) is desired, we only need to have k > 52. Realizing
that {Bg}32, is indeed a Markov chain, we may also prove Lemma 5.1 by showing

that the uniform distribution is the stationary distribution of { By }72,.
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Using the above lemma, we can now establish the following result.

Theorem 5.1 For a recursive convolutional encoder with feedback polynomial F'(D)
and feed-forward polynomial G(D), the necessary and sufficient condition that the
encoder output is asymptotically uniform for a non-uniform i.i.d. source with distri-
bution py € (0, 1) (regardless of the value of py) is that G(D) is not divisible by F'(D)

in GF(2).

Proof: a) Necessary Part:

Suppose the source generates {U;}?°,, and the encoder produces an output se-
quence of {X;}%,. Denote the encoder input and output in polynomial forms as
U(D) = Y 52 uxD* and X(D) = Y2 2, D, respectively. Then for a recursive
convolutional encoder with feedback polynomial F'(D) and feed-forward polynomial

G(D), we have

When G(D) is divisible by F(D) in GF(2), E(D) is a polynomial of D with finite
degree. Then any bit of the encoder output Xy is essentially a modulo-2 summation
of a finite number of bits from {Uy}3°,. However, a finite modulo-2 summation of
non-uniform i.i.d. variables would still be non-uniform; therefore, {X;}2, is still

non-uniform.

b) Sufficient Part:
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When G(D) is not divisible by F'(D) in GF(2), E(D) is an infinite polynomial of
D,

E(D):‘30‘|‘191D—|—1921)2—|—---—|—eka_|_...7

where e, k =0,1,2,--- is binary. Since E(D) = G(D)/F (D) is a rational polynomial
fraction, when G/(D) is not divisible by F'(D) in GF(2), {¢;} is a periodic series. When
k — oo, the number of 1s in {e;} also goes to infinity. Therefore, X} is the modulo-2
summation of an infinite number of bits from {U;}7,. From Lemma 5.1 we obtain
that

lim P(X, =0) =1/2.

k—o0

Ol

In [67], Shamai and Verdd proved that for any fixed positive integer k, the k-
order empirical distribution of any good code (i.e., a code approaching capacity with
asymptotically vanishing probability of error) converges to the input distributions
that achieve channel capacity. The capacity of a binary input AWGN or Rayleigh
fading channel is achieved when its mutual information is maximized by a uniformly
distributed input. Therefore, having higher order uniform distributions (in addition
to the first order distribution) in encoder outputs is also desirable. Observations

through extensive simulations lead us to the following conjecture.

Conjecture: For a recursive convolutional encoder with feedback polynomial

F(D) and feed-forward polynomial G(D), suppose G(D)/F (D) is in its minimal form
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and that F(D) has degree M, then the m-order distribution of the encoder output

is asymptotically uniform for any py € (0, 1) and V m =1,2,---, M.

A proof for the above conjecture with arbitrary G(D) and F(D) is not obvious.
However, the conjecture has been verified by empirical estimation of all possible

combinations of recursive convolutional encoders with memory 4.

5.4 Non-Systematic Turbo Codes

As shown in Section 5.2, when non-uniform i.i.d. sources get heavily biased, a large
OPTA loss is incurred due to the systematic structure. Justified by Shamai and
Verdu’s result, Theorem 5.1 and the conjecture in Section 5.3 indicate that non-
systematic Turbo codes seem to be a suitable solution in this scenario and great

potential gains can be expected.

5.4.1 Design of Good Encoder Structures

Fig. 5.1 shows our proposed non-systematic Turbo encoders. In a) the first constituent
encoder has two parity outputs X} and X,ig while the second has only one parity
output X zg ; so the overall rate is 1/3. In b) both constituent encoders have two parity
outputs and the overall rate is 1/4. Structure b) can achieve the same overall rate

of 1/3 by puncturing. Structure a) is actually a special case of structure b) obtained
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Figure 5.1: Non-Systematic Turbo encoder structures.

by completely puncturing X?2"; therefore, a generally designed decoder for structure
b) can also be used for structure a). A detailed diagram of structure b) is shown in

Fig. 5.2.

Ideally, good design criteria are analytically based on the minimization of the
error probability. However, to the best of our knowledge, all available error bounds
for Turbo codes are obtained by averaging over a code ensemble or by assuming
uniform interleaving and maximum likelihood decoding, while Turbo codes in fact
employ random interleaving and maximum a posteriori decoding. Furthermore, the
bounds are useful only in the error floor region at high signal-to-noise ratios (SNRs),
but are not tight in the waterfall region [13, 26, 68]. Our goal is, however, to obtain
the best waterfall performance. Hence, we need to use other tools to find good design

criteria.

As in Chapter 4, we focus on symmetric 16-state encoders. First, as proved by
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Theorem 4.1 in Section 4.3, we choose to have the last feedback tap coefficient f, =1
to fully exploit the encoder memory. Also, we choose go = 1 besides the given f; = 1.
This would reduce the total number of possible encoders in our search space down
to 23 x 2% x 2% = 2048, which is still impractical for an exhaustive search. Second,
according to Theorem 5.1, we would only consider the choices of G(D) and F(D)
such that G(D) is not divisible by F(D). Furthermore, by our empirically verified
conjecture, given fy = 1, we choose F(D) and G(D) such that the greatest common
divisor of F'(D) and G(D) is 1, we can guarantee the encoder outputs have up to
the 4" order distribution asymptotically uniform. Thus additional inferior candidate
encoder structures can be eliminated. Finally, again to avoid an exhaustive search,
we take advantage of the optimization results found in systematic Turbo codes (see
Section 4.3); i.e., we first find the best pair of F(D) and G(D), and then search for

the best second feed-forward polynomial H (D).

5.4.2 Decoder Modifications

When RNSC encoders are used as constituent encoders, unlike in systematic Turbo
codes, the LLR A(Uy) in the BCJR algorithm can only be decomposed into two

separate terms as follows:

A(Ug) = Leyp(Ug) + Lap(Uy),
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where the new extrinsic term involves two parity sequences. For AWGN channels, we

have

s/ ’7(ylfcba ylg|17 S, S,) ) akfl(sl) . ﬁk(s)
s/ V(ylfcba ylg|07 S, S,) : ak—l(sl) : /Bk(s)

Y

Lex(Ug) = log gsg

S

where for 1 =0, 1,

Yyr,viliy s, s") = pyplUs =14, Sk = s) - p(yl|Uy, = i, Sk, = s)

PT‘{Uk = Z|Sk =S, Sk,1 = S,},

and where Sy is the encoder state at time k, y and y{ are the noise corrupted
versions of z' and z7, respectively, which are the parity bits generated from the two

feed-forward polynomials.

For Rayleigh fading channels, the extrinsic term needs to be modified to appro-
priately incorporate the channel statistics. The extrinsic term therefore becomes

Zs,s’ 7(ylfcb7 ylz|17 S, Sla alléa ai) ) O‘lcfl(sl) . ﬂk (3)

L..(U,) =lo ,
( k) & Zs,s’ ,Y(ylfcb7 ylz|07 S, Sl) GZ', ai) ) O‘k*l(sl) . ﬂk (3)

where af and aj are the fading factors, and for i = 0, 1,

'Y(?JZ:?J;Z“: S, slaa27 az) = p(ylfﬂUk - i: Sk; - S,GZ) p(y]g|Uk - i: Sk; =S, az)

PT‘{Uk = Z|Sk =S, Sk,1 = S,}.
When the source is non-uniform i.i.d., log((1 — py)/po) is used as the initial a priori
input to the first decoder at the first iteration; then at the following iterations, L, +

log((1 —po)/po) is used as the new a priori information for both constituent decoders

at each iteration.
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5.5 Numerical Results and Discussion

In this section, we present simulation results of our non-systematic Turbo codes for
non-uniform i.i.d. sources over BPSK-modulated AWGN and Rayleigh fading channels
with known channel state information. The performance is measured in terms of bit
error rate (BER) versus Ej, /Ny, where Ej is the average energy per source bit and Ny/2
is the variance of the Gaussian additive noise process. All simulated Turbo codes have
16-state constituent encoders and use the same pseudo-random interleaver introduced
in [15]. The sequence length is L = 512 x 512 = 262144 and at least 200 blocks are
used; this would guarantee a reliable BER estimation at the 107° level with 524
errors. The number of iterations used in the decoder is 20. All presented results are
for Turbo codes with structure b) encoders as they have a better performance than
the codes with structure a) encoders. Simulations are performed for rates R, = 1/3
and R. = 1/2 with py=0.8 and 0.9. From our simulations, for both rates 1/3 and 1/2,
the best RNSC encoder structure found for po=0.8 and for both channels has each
constituent encoder with the feedback polynomial 35 and feed-forward polynomials
23 and 25, denoted by (35,23,25); for po=0.9 the best structure is (31,23,27). Several
other encoders give very competitive performance; for example, (35,23,31) for py=0.8,
(31,23,35) and (31,23,37) for pp=0.9 also give a good performance that is very close

to the one offered by the above encoders.

Fig. 5.3 shows the performances of our rate-1/3 non-systematic Turbo codes over
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AWGN channels in comparison with their systematic peers investigated in Chapter 4,
as well as with Berrou’s (37,21) code, which offers the best waterfall performance
(among 16-state encoders) for uniform i.i.d. sources. At the 107> BER level, when
po=0.8, our (35,23,25) non-systematic Turbo code offers a 0.45 dB gain over its (35,23)
systematic peer, and the OPTA gap is thus reduced down to only 0.74 dB; when
po=0.9, the improvement is 0.89 dB with the encoder structure (31,23,27), and the
OPTA gap therefore becomes 1.13 dB. In comparison with Berrou’s (37,21) code
performance, the gains achieved by exploiting the source redundancy and encoder

optimization are therefore 1.48 dB and 3.25 dB for py=0.8 and 0.9, respectively.

Fig. 5.4 shows similar results over AWGN channels for rate-1/2. We observe that
the gains are generally more significant. In comparison with the best systematic Turbo
code performances, at the 107> BER level, for py=0.8 and 0.9, the gains achieved
are 0.69 dB and 1.56 dB, respectively, and the new OPTA gaps are 0.87 dB and
1.05 dB, respectively. Furthermore, the gains over Berrou’s code due to combining

the optimized encoder with the modified decoder that exploits the source redundancy

are 1.57 dB (py=0.8) and 3.72 dB (py=0.9).

Performance comparisons over Rayleigh fading channels are also provided in Fig-
ures 5.5 and 5.6. For rate-1/3, at the 107° BER level, when py=0.8, our (35,23,25)
non-systematic Turbo code offers a 0.40 dB gain over its (35,23) systematic peer,

which brings the performance only 0.88 dB away from OPTA; when py=0.9, the
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improvement is 1.01 dB with the encoder structure (31,23,27), which narrows the
OPTA gap from 2.18 dB down to 1.17 dB. In comparison with Berrou’s (37,21) code
performance, the gains achieved by exploiting the source redundancy and encoder
optimization are therefore 1.76 dB and 3.87 dB for py=0.8 and 0.9, respectively. For
rate-1/2, as shown in Fig. 5.6, we observe that the gains are generally more significant.
In comparison with the best systematic Turbo code performances, at the 10> BER
level, for py=0.8 and 0.9, the gains achieved are 0.77 dB and 1.84 dB, respectively;
the OPTA gaps are therefore reduced to 1.11 dB and 1.15 dB, respectively. Further-
more, the gains due to combining the optimized encoder with the modified decoder
that exploits the source redundancy are 2.01 dB (py=0.8) and 4.71 dB (py=0.9). The

OPTA gaps are provided in Tables 5.3 and 5.4.

In the works of non-systematic Turbo codes for uniform i.i.d. sources, it has been
verified via extensive simulations that most of the non-systematic Turbo codes show
inferior performance to their systematic peers [21, 22, 23, 57], except the one found
in [57] employing a non-systematic “quick-look-in” constituent code, which is basi-
cally “close” to a systematic code. Also, it has been pointed out in [23, 57] that
at low SNRs, the initial extrinsic estimates for the information bits provided by
non-systematic Turbo codes are not as good as those of systematic Turbo codes
due to the lack of received channel values; this motivates their choice of a close-to-

systematic code in the non-systematic family. However, as shown in Section 5.2, for
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heavily biased non-uniform i.i.d. sources, systematic Turbo codes result in relatively
big OPTA losses; therefore, close-to-systematic may not be desired in the scenario
of non-uniform i.i.d. source. Additionally, another encoder structure called the “big-
numerator-little-denominator” (BNLD) code proposed in [22], which contributed to
gains over Berrou’s code for uniform i.i.d. sources, again may not be desirable for non-
uniform i.i.d. sources because the little denominator results in non-uniform high-order

output distributions.

In the scenario of non-uniform i.i.d. sources, there are two things playing against
each other: the a priori knowledge of py, and the systematic structure. When the
source is heavily biased, the systematic structure results in a big OPTA loss due to
the distribution mismatch between the source and the capacity achieving channel
input. Furthermore, the knowledge of a biased py can give good initial extrinsic
estimations for the information bits at the decoder, thus eliminating the need for the
systematic structure. This may explain why non-systematic Turbo codes, which do
not suffer from any distribution mismatch (at least asymptotically), offer superior
performance over their systematic counterparts. On the other hand, when the source
distribution gets close to uniform, very little a priori knowledge of py is available; the
systematic bits, however, even when corrupted by channel noise, can provide more
reliable extrinsic estimations in the initial iterative decoding stages at low SNRs,

while the OPTA loss becomes less significant. In particular, as pointed out in [21,
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22, 23, 57|, when the source is uniform, there is no a priori knowledge of py at all;
thus the systematic structure would play an important role. To investigate the role
of the systematic bits for less biased non-uniform i.i.d. sources, we also studied the

performance of so-called “extended” systematic Turbo codes.

The encoder of an “extended” systematic Turbo code consists of one systematic
output, two RNSC encoders, each of which produces two parity outputs. The overall
rate is therefore 1/5. Higher rates (e.g., 1/3 and 1/2) are obtained by partial punc-

turing of the systematic part and partial puncturing of the four parity sequences.

For py=0.6, 0.7 and 0.8, and for R.=1/2 and 1/3, we performed simulation us-
ing the following puncturing patterns: delete j/8 of the systematic sequence, where
j =0,1,2,---,8, and delete evenly the four parity sequences to maintain the de-
sired overall rates. Our simulations show that when py,=0.7, starting from j = 0, the
performance gets improved as j increases up to j = 4, which yields approximately a
0.1 dB gain at the 107> BER level over that of 5 = 0, then the performance degrades
as j increases from 4 to 8. Therefore, when py=0.7, puncturing half of the sys-
tematic sequence yields the best performance. When py=0.8, we observe monotonic
performance improvement as j increases from 0 up to 8, which indicates that purely
non-systematic Turbo codes should be preferred. When py=0.6, we observe exactly
the opposite: preserving all systematic gives the best performance. This agrees with

the works of [21, 22, 23, 57| that systematic bits are especially important when not
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enough a priori knowledge of the source distribution is available.

To achieve a desired rate by puncturing, using different puncturing patterns may
result in different performances. For example, when structure b) is used for an overall
rate of 1/3, we may choose to puncture 1/4 of each parity sequence according to
various patterns, or we may puncture half of two parity sequences, and leave the
other two sequences intact. Simulations show the best puncturing pattern is to keep
the parity sequence generated from feed-forward 23 intact and puncture half of the one
generated from the other feed-forward. The performance of this puncturing pattern
is about 0.2 dB better than other patterns; in particular it is 0.3 dB better than the
performance offered by structure a). For an overall rate of 1/2, structure b) is also
better than a), and the best puncturing pattern is to delete all even (odd) position bits
of the sequences generated from feed-forward 23, and delete all odd (even) position

bits of the sequences generated from the other feed-forward polynomial.

As a final remark to this section, we should point out that the value of py does
not have to be known to the Turbo code decoder, since at each iteration, it can
be estimated from the decoded sequence and thus be used as part of the a priori
information for the next iteration. The estimated value of py is updated at each new
iteration. This issue was earlier addressed in [35] for estimating parameters of hidden
Markov sources in the Turbo code decoder, where almost no performance loss was

observed.
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Source Systematic Non-Systematic

distribution||R, = 1/2|R. = 1/3|R. = 1/2|R, = 1/3

po = 0.8 1.56 1.19 0.87 0.74

po = 0.9 2.61 2.02 1.05 1.13

Table 5.3: OPTA gaps in Ej, /Ny at BER=10"" level (in dB), AWGN channel.

Source Systematic Non-Systematic

distribution||R, = 1/2|R. = 1/3|R. = 1/2|R. = 1/3

po = 0.8 1.88 1.28 1.11 0.88

po = 0.9 2.99 2.18 1.15 1.17

Table 5.4: OPTA gaps in E,/N,y at BER=107° level (in dB), Rayleigh fading channel.
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5.6 Comparison with Tandem Schemes

A tandem scheme consists of a source coding and a channel coding system designed
independently. That is, the source is compressed first, and then channel coded as-
suming the output from the source encoder is already uniform memoryless. Although
in theory, when the sequence length approaches infinity, there is no loss of optimality

due to the separate design, this is seldom the case in practice.

In this section, we compare the performance of our joint source-channel system
with that of two tandem schemes for the same overall transmission rate. Each tandem
scheme here consists of a 4"-order Huffman code followed by a rate R.=1/3 Turbo
code. The overall rate for both tandem and joint source-channel coding systems is
r = R./Ry=1/2 source symbol/channel symbol (in the joint source-channel coding
scheme, R, = 1/2 and R; = 1 since no source coding is performed). Therefore, the
Huffman code needs to be of rate R;=2/3 code bits/source symbol. Since the average
rate of the Huffman code depends on the source probability distribution, we need to
find the value of py which renders the Huffman code rate (not the entropy) Rs=2/3
code bits/source symbol with satisfactory accuracy. By using the bisection method,
we can find that when py=0.83079, a 4""-order Huffman code has rate R,=0.666668
code bits/source symbol. Note that the 4®"-order Huffman code performs near-optimal
data compression since R, is very close to the entropy (0.656) of the non-uniform i.i.d.

source with pp=0.83079. Therefore, in this section, simulations are performed for this

103



value of py.

Berrou’s pseudo-random interleaver [15] requires that the sequence length has to
be an even power of 2; this inflexibility becomes an obstacle in the design of the
tandem scheme, since the Huffman code is a variable-length code. The S-random
interleaver [25], however, can take an input sequence with arbitrary length and yields
good BER performance; therefore, in this section we adopt the S-random interleaver
in the Turbo encoder and decoder. Another small modification to the Turbo code
is that the first constituent encoder is not terminated; because otherwise errors in
the tail bits of the Turbo-decoded sequence would introduce irrecoverable errors in
the Huffman-decoded sequence. For fair comparison, our system also adopts the

S-random interleaver, and also with the first constituent encoder not terminated.
The tandem scheme is implemented as follows:
1) the source generates a non-uniform i.i.d. sequence with length L, and py=0.83079;

2) the Huffman encoder produces a compressed sequence with variable length,

whose mean is approximately (2/3)L;
3) an S-random interleaver is generated for this given length;
4) the sequence is Turbo-encoded using the S-random interleaver generated in 3);

5) the sequence is BPSK modulated and transmitted over a Rayleigh fading chan-

nel;

6) the sequence is Turbo-decoded and then Huffman-decoded.

104



Another issue is the choice of the source sequence length L. Due to error propaga-
tion in the Huffman decoder, a few errors in the Turbo-decoded sequence could result
in a big percentage of errors in the final Huffman-decoded sequence. On the other
hand, what matters is not only the number of errors in the Turbo-decoded sequence,
but also the positions of the erroneous bits. Considering how Huffman decoding is
performed, we can see that an error among the first few bits in an input sequence is
much more disastrous than an error in the tail bits. Therefore, a sufficiently large
number of blocks is necessary to obtain a good average performance. Considering
computation limitations and after several trials, we chose to use L=12000, and 60000

blocks. The number of iterations in the Turbo decoder is also 20.

For a given sequence length, the larger we choose the “spread” S of the S-random
interleaver, the better performance we can achieve. However, in practice, generating
an S-random interleaver with a large spread requires a substantial amount of com-
putation time, and sometimes such an S-random interleaver may not be generated
successfully. Therefore, in order to reduce the computation time and also to guaran-
tee the successful generation of S-random interleavers of arbitrary size, the spread S

is chosen to be only 10.

Figure 5.7 shows the performance comparison of our system with two tandem
schemes over Rayleigh fading channels. The comparison is made in terms of BER

versus E,/Ny. In the first tandem scheme, the rate R.=1/3 Turbo code we simulated
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is Berrou’s (37,21) code, which offers an excellent waterfall performance for uniform
sources among all 16-state codes. However, due to a relatively high error-floor pro-
vided by Berrou’s code, this tandem scheme suffers from a high-BER performance
caused by error propagation in the Huffman decoder. Thus, we also provide simu-
lation results of a second tandem scheme using the (35,23) Turbo code, which has
a significantly lower error-floor at the expense of a slight waterfall performance loss.
Although at very high BER levels, both tandem schemes offer better performance
than that of our joint source-channel coding system, their error-floors occur at high
BER levels (1072 for the (37,21) code, and 10~* for the (35,23) code). Therefore, at
low BER levels, our joint source-channel coding system offers superior performance
than both tandem schemes. Interestingly, most traditional joint source-channel cod-
ing schemes outperform tandem schemes at high BER levels, while here the opposite
result is observed. Recently, alternative joint source-channel coding schemes in the
context of Huffman codes with Turbo codes are proposed in [40, 42]. It would be in-
teresting to make performance comparisons with these schemes. However, our system

has lower complexity, since the source encoding and decoding parts are omitted.
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Chapter 6

Turbo Codes for Binary Markov

Sources

6.1 Introduction

As mentioned in Chapter 1, the source redundancy can take two different forms: non-
uniformity and memory. The issue of designing Turbo codes for non-uniform i.i.d.
sources has been addressed in Chapters 4 and 5. In this chapter, we investigate how
the source redundancy in the form of memory can be exploited in the decoder of

Turbo codes.

We consider a stationary ergodic binary first-order Markov source {Uy}32,. The
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Markov chain is described by the transition matrix:

qo 1—qo
Il = [my] = :
1—q q1

where the transition probability is defined by

A - . . .
1iy=Pr{Us = jlUs-1 =1}, 14, j€{0,1}.

Also, define the marginal distribution of the source as pqg 2 Pr{U; = 0}, and p, 2

Pr{U = 1}. By stationarity, it can be easily shown that py and p; are given by the

stationary distribution:

I—q

_ . 6.1
2—q—q ( )

po=1—p1=

In general, the source described above is an asymmetric Markov source; its re-
dundancy is in the form of both memory and non-uniformity. When ¢y = 1 — ¢y,
the source reduces to a memoryless source with marginal distribution py = ¢y and
p1 = ¢1; in this case the source redundancy is purely in the form of non-uniformity.
When ¢y = ¢; # 1/2, the source becomes a symmetric Markov chain with a uniform
marginal distribution, i.e., py=p;=1/2; the source redundancy is therefore strictly in

the form of memory. When the source is symmetric, we denote ¢y=¢,=q.

109



6.2 Shannon Limit

Shannon’s Lossy Information Transmission Theorem described in Section 4.5 was
originally proved for transmitting memoryless sources over memoryless channels; how-
ever, it is also applicable when the source and the channel additive noise are stationary
ergodic [7]. In general, for asymmetric Markov sources, there are no closed-form ex-
pressions for the rate-distortion function R(D). In this case, Blahut algorithm [17]
can numerically give relatively tight upper and lower bounds for R(D). Therefore,
for a desired BER level and a given overall rate r = R./R; in source symbol/channel
symbol where R, and R, are the source coding and channel coding rates, respectively,

we may substitute R(D) with its upper or lower bound in

r- R(D) < C(Ey/No),

and hence obtain an upper or lower bound on the corresponding Shannon limit.

For a special case, when the source is binary symmetric Markov with transition
probability

Pr{Uk+l = ]|Uk = Z} =4, for % Js (62)

and assuming ¢ > 1/2 without loss of generality, Gray proved that [38]

R(D) = Hy(q) — Hy(D), if0< D < D,
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where D, is the critical distortion defined by

DC:1(1— 1—(1_q)2>.
2 q?

Therefore, when the desired distortion D is no greater than the critical distortion D,

R(D) admits a closed-form expression identical to that of a non-uniform i.i.d. source
with Pr{U, = 0} = ¢. Gray’s expression for R(D) (which is also known as Shannon’s

lower bound) was noted by Berger [8] to be a good lower bound for D, < D < Ds,:
R(D) > Hy(q) — Hy(D), if D, < D < Dy,

where

D2:

(1—\/2q—1), q>%.

N =

Trans. Prob.| D, (Gray) | D, (Berger)

q=08 1.59 x1072 | 1.13 x10~"

q=0.9 3.10 x1073 | 5.28 x107?

Table 6.1: Gray and Berger’s expressions for the critical distortion under the Ham-
ming distortion measure for binary symmetric Markov sources for two values of the

transition probability q.

From Table 6.1, we can see that using the Hamming distortion measure, for the

values of ¢ we simulated, and at the BER levels of our interest (107°), Gray’s expres-
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sion for the critical distortion can indeed guarantee the validity of the closed-form
expression for R(D). Therefore, the OPTA values for a symmetric Markov source
with transition probability ¢ are identical to that of a non-uniform i.i.d. source with

6.3 Decoder Modifications for Markov Sources

To exploit the memory in the source, the BCJR algorithm employed in the Turbo
code decoder has to be modified. However, this is only the case for the first con-
stituent decoder. Because of interleaving, the Markovian property is destroyed in
the second constituent encoder’s input sequence. Therefore, the second constituent
decoder remains identical to the original BCJR algorithm designed for memoryless

sources.

6.3.1 Modified BCJR Algorithm in the First Decoder

The modified BCJR algorithm in this section is derived for systematic Turbo codes;

however, the modifications can be readily extended to non-systematic Turbo codes.

Given that the L-tuple yf is received at the channel output (as described in
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Chapter 2), we have

PriU, = ilyF} = ZPT{Uk =i, = s|yr'}

3 Pr{Uy =i, Sk = 5,41, Yi1 }
Priyf, yf}
_ Z Pr{Uy =i, S, = s,y } - Pr{yt.  |Us = 1,5k = s,y}}
Priyt}- Priyi.lyt} '

S

S

Since given U, =1 and S = s, the observation y,’;jrl does not depend on y¥, we have
Pr{ylg+1|Uk - ia Sk = Say]]_c} - PT{y]€+1|Uk - i; Sk - S}'

Now if we define

: A :
ap(i,s) = Pr{Uy=1,S = s|y}, (6.3)
: A PT{yl€+1|Uk = 1,5 = s}
Br(i,s) = : (6.4)
Pr{y1€+1|yf}
then the conditional probability becomes
Pr{Uy =ilyf} = on(i, s)Bli,s). (6.5)

In order to compute ay(i, s), we consider the previous encoder state Sy_; and the
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corresponding input bit Uy ;. Then

Pr{U, =1,S, = s,y*}
Priyt}
Z Pr{Uy =i,Sy = 5, Up_1 = @', Sp—1 = 5", "1 i}
Priyf™" y}

- ZPT'{U/C - i; Sk - Sayk|Uk—1 = ila Sk—l = Slayllc_l}

ax (1, s)

PT‘{Uk—l = il; Sk—l — SIJ y]’?_l}
Priyelys "} - Pri{yt ™"}
_ 3 ) o ()

Priygly; ="'} 7

where

v(i, 8, yklt', 8) = Pr{Uy =14, = 8, Y|Up—1 = 7', Sp_1 = '}

The term y’f’l is dropped in the conditional probability because once Uy_; = ' and

Sk—1 = s" are known, all events at time k& do not depend on yf_l.

The denominator Pr{y;|y*~'} can be computed also by considering the encoder
state and input at time k,

Priylyt ™'} = D D Pr{lUc=1i,8 = s,y Up1 =1, Sy = 'y '}

- T
1,5 4,8

- ZZPT{U]C - i; Sk - Sayk|Uk—1 - il; Sk—l = Slayllc_l}

y T
1,5 i,

-PT{Uk_1 = i,, Sk—1 = Sl|y]1€71}

= YN sl o) - (i 8. (6.7)

- T
1,5 4,8

Combining (6.6) and (6.7), we obtain a recursive relation for computing ax(3, s)
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as follows:

ag(, s)

_ Zi’,s’ ,Y(Z: S, yk|i,7 Sl)akfl(ll,, S’)
Zi,s Zi’,s’ Y(i, s, yld', ") o1 (i, ")

(6.8)

Similarly, for Sy (i, s), we consider the encoder state and the corresponding input

bit at the next time index (k + 1); thus

ﬁk(l, S) ==

Z P?"{y]g+2, Yk+1, Uk+1 - i,, Sk-l-l = SI|Uk = i) Sk = 5}
PT{yI€+2a yk+1|yf}

il s’

Z Pr{ylf+2|yk+1; Uky1 =14, Sks1 =8, Up =i, Sk = s}

il,s' Pr{y,€+2|yk+1,yf}

.Pr{yk—i—la Uks1 =1, Skr1 = §'|Up =4, Sy, = s}
Pr{yp1|y¥}

Z Pr{yf o|Uss1 =1, Sp1 = 5'} A, 8, Yk, )

s Priyf,lyi ™} Priyiilyt}

. V(ilaslayk+l|ias)
ﬁk; 1(2,78,) : .
Z i Pri{yg1|yt}

i',s!

(6.9)

Using the expression (6.7) for Pr{ys.1|yf}, we get the following backward recursion

for Bk (i, s):

ﬂk(l, S)

o Zi’,s’7(7;,7s,7yk+1|i7s)/6k+l(ilas,)
Zi,s Zi’,s’ V(ila 5’7 yk+1|i7 S)Oék(i, 5) '

(6.10)

To solve the forward and backward recursions in (6.8) and (6.10), properly defined

boundary conditions are needed. Since both constituent encoders start at the all-zero

state, and the Markov source is stationary with marginal distribution py and p; as

given in (6.1), we have

aO(OJO) = Po, 050(1,0) = P1,

ap(i,s) =0, i=0,1, Vs#O.
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For the first constituent encoder, the boundary conditions for (7, s) are given by

ﬂL(an) = Do, ﬂL(]-:O) = D1,

Br(is)=0, i=0,1, ¥s#0.

For the second constituent encoder, since the final state is not terminated, its

boundary conditions for f(i, s) are

p p
Br(0,s) = 2—]\04; Br(l,s) = 2—]\14 VY s.

Thus, the conditional probability in (6.5) can be computed via ag(i, s) and Sg(3, s)
in a forward-backward manner. However, for iterative decoding, the LLR needs to

be decomposed. We first examine the components of (i, s, yx|i', s") as follows.

Pr{Uy=1,Sk = s, yp|Up—1 = 7', Sk—1 = 5}

,Y(Z: S, yk|i,; SI)
= pWilUc = 1) - p(yp|Ux =4, Sk = 5)

P’I“{Sk = S|U]€ = i, Sk,1 = S,} : P’I“{Uk = Z.|Uk,1 = Z,}

>

p(yili) - pyglis s) - q(sli, ') - m(ild). (6.11)

Combining (6.11) with (6.8) and (6.5), we can decompose the LLR of Uy into two
separate terms:

Ap(U) = Lon(U) + Lew(Uy), (6.12)

where

(6.13)



and

w0 PWIL, s, 8)q(s]1, 8 ) (1]i) ey (', ') Be(1, 5)
: D ; ; ” — . (6.14)
if,s! p(yk|07 8,8 )q(8|07 S )7-‘.(0|Z )Oék_l(l S )/Bk(oa S)

Le.(Ug) = log %S g

S

Comparing with the decomposition of A; in the uniform i.i.d. source case, where
A (Uk) = Len(Ux) + Lig (U) + Ly (U,

we observe that in (6.12), the extrinsic information term L., (Uy) is in essence the
combination of LY¢(Uy) and L4 (Uy), and Li¢(Uy) is actually the extrinsic informa-
tion generated from the second constituent decoder. In iterative decoding, a general
principle is that the estimation generated by a constituent decoder should not be fed
back to itself, otherwise the noise corruption will be highly correlated [15]. On the
other hand, the decomposition in (6.12) renders the first constituent decoder unable
to “update” its a priori information by using the extrinsic information generated from
the second constituent decoder in the same way as depicted in Fig. 2.5. Therefore, the

extrinsic information term for the first constituent decoder must be further modified.

The method we adopt here is from the first Turbo code paper by Berrou et al.
[14] in 1993. This is in contrast to the Robertson decoding technique [63] that we
used in Chapters 3-5 (after appropriately modifying it to tailor to non-uniform i.i.d.
sources and non-systematic Turbo codes). The input to the first decoder now has
three components:

ve = (W, ut, ye®),
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) is the extrinsic information term from the second decoder, Lg,;)(Uk), after

where y,”
de-interleaving. As observed by Berrou et al. and Colavolpe et al. [20], yzw@) can be
approximated as Gaussian with estimated mean M,, and variance o2,. As a result,

in (2.1), v(i, s, yx|?’, s") has one more factor described by

ex(2) . 2
ox 1 _ [yk *(2‘1*1)Mez]
p(yi" PN, = i) = ——=e L, i=0,1,

\/2mo2,

in which M., and o2, are obtained via an on-line estimation. Thus, in the forward-

backward recursion, both (7, s) and 5(7, s) are computed according to this modi-
fication.

@ can be re-

Finally, in the decomposition of A®(U}), due to interleaving, ;"
garded as weakly correlated with y; and y},; therefore, the LLR soft-output generated

by the first decoder is:

2Me$ exr
AV = Loy (U) + LO(U) + g @),

exr

At this point, we can use LS;)(U,C) as the extrinsic information to the second

constituent decoder.

In [30], Fazel considers designing a Turbo code for the 2400 bps MELP speech
coder’s output modeled by non-binary Markov chains. However, in [30], both ax(s)
and [k (s) have the same forms as for memoryless sources, and only 7 is changed to
take account of the source Markovian property. Therefore, the source memory is not

fully exploited by such modifications. In [33, 35], Garcia-Frias et al. consider the issue
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of using Turbo codes for Hidden Markov sources. However, it is not clear in [33, 35]

how the problem of modifying the extrinsic information in (6.14) is addressed.

6.3.2 Extrinsic Information Modification in the Second De-

coder

For the second constituent decoder, due to interleaving, the Markovian property in the
input sequence is destroyed; this apparently renders the second constituent decoder
unable to adopt the same modifications in the decoding algorithm as in Section 6.3.1.
Therefore, the second constituent decoder remains identical to the one used for non-
uniform i.i.d. sources. When the source is asymmetric Markov, the second decoder
can exploit the source redundancy in the form of non-uniformity. In [19], Cai et al.
proposed a different modification to exploit the source memory. In their scheme,
the original BCJR algorithm is employed in both decoders; however, the extrinsic
information is updated by adopting a modified probability according to:
PLe) = 5 | Pealom) + 3 o) PoCne)
Up—1

Indeed, the complexity of this method is much lower than ours as well as those
methods by Garcia-Frias et al. and Fazel. However, one potential computational
problem with such modification is that the modified probabilities may not sum up

to 1 due to round-up errors. On the other hand, the reliability of the correction
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term is unknown; therefore, putting equal weight on the original probability and the
correction term is questionable. Thus, we propose the following modification to the

extrinsic information generated from the second constituent decoder:

(1) P U, _
Lyy(Ug) = ¢1Lew(Uy) + c2log 27 |Z.) AL Z} :
> i 7(0])) Pr{Us—1 = i}

where ¢1, ¢ € [0,1] and ¢; + ¢, = 1. The values of ¢; and ¢, are empirically chosen to
yield the best possible improvement. Pr{U,_, =i} (with i=0, 1) is directly obtained

from the extrinsic information described by

. eLew(Uk—l)
Pr{Uy_, = 1} 1+ ebeaUsmn)”

. 1
Pr{Us_, =0}

]_ + eLe:c(Uk—l) ’

6.4 Encoder Structure Optimization

When the transition probabilities of the Markov source are close to 1 or 0, the input
sequence to the encoder would contain long segments of 1s or 0s. As a result, similar
to the case of heavily biased non-uniform i.i.d. sources, the encoder structure plays an
important role in determining the system performance. Therefore, encoder structure
optimization is also necessary in the design of Turbo codes for Markov sources. Fur-
thermore, the two constituent decoders employ different decoding algorithms and thus
exploit the source redundancy with different degrees. Therefore, the two constituent

encoders do not have to be identical.
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Due to the increased number of possible encoder structures by using different
constituent encoders, an exhaustive search becomes even more computationally ex-
pensive. Our search for the (sub-)optimal encoder structure is performed as follows.

Both constituent encoders have fy=f;=go = 1 as the initial restriction.

1) Fix the second constituent encoder as, for example, (31, 23), find (by simula-
tion) the best feed-forward and feedback polynomials of the first constituent encoder

via the iterative steps described in Section 4.3.

2) Fix the best structure for the first constituent encoder as found in step 1), find

the best feed-forward and feedback polynomials of the second constituent encoder.

The initial structure of the second constituent encoder in step 1) is selected ac-
cording to our results obtained in Chapter 4. For example, for a general asymmetric
Markov source, if the marginal distribution py > 0.9, then the second constituent
encoder is initially chosen as (31, 23); if 0.7 < py < 0.8, we may choose it as (35, 23).
On the other hand, if the source is symmetric, since there is no redundancy in the
form of non-uniformity that can be exploited by the second constituent decoder, we
may choose the second constituent encoder as Berrou’s (37, 21) code, which offers
very good performance for uniform i.i.d. sources. Thus we may avoid continuing the
iterative procedure between steps 1) and 2), and our selected encoder structure should
offer reasonably good performance close to that of the optimal one obtained via more

iterative steps between 1) and 2).
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6.5 Transformation Between Symmetric Markov

Sources and Non-Uniform I.I.D. Sources

When a binary Markov source is symmetric, we may have an alternative approach
by using the original BCJR algorithm for this special case. This is because via a
simple rate-one convolutional code, we can transform a symmetric Markov source

into a non-uniform i.i.d. source [3].
The rate-one convolutional code is described by

Uy, if k=1,
Vi = (6.15)

U, & kal, if k> 1,
fork=1,2,---, L, where & is the modulo-2 summation, and {Uy} are generated from
a binary symmetric Markov source with transition probability Pr{U; = j|Uy_1 =i} =
q, for i # j. It can be easily verified that after the transformation, {V;} becomes a
non-uniform binary i.i.d. sequence with distribution given by Pr{V; = 0} = ¢, and

Pr{Vj, =1} =1 — q. Therefore, for a binary symmetric Markov source, we can also

design a new system as follows.

A rate-one convolutional encoder described by (6.15) is placed between the source
and the Turbo encoder to realize the above transformation; at the decoder end, after

the Turbo decoder makes a final hard decision ‘Afk, a convolutional decoder is used,
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which is described by

. Vi, if k=1,
Up = (6.16)

Vi ®Viq, if k>1,

fork=1,2,---, L. This would perform the inverse transformation, i.e., from a binary

non-uniform i.i.d. source into a binary symmetric Markov source.

Via this rate-one convolutional code transformation, we convert the scenario of ap-
plying Turbo codes to symmetric Markov sources into that of applying Turbo codes to
non-uniform i.i.d. sources, which was studied in Chapters 4 and 5. This transforma-
tion is only valid between binary symmetric Markov sources and binary non-uniform
i.i.d. sources. For more general asymmetric Markov sources, the existence of such

transformation is still unknown.

However, one practical problem with employing this transformation is that very
few decoding errors in {V}; } may become disastrous in {Uy} due to the error-propagation
via the rate-1 convolutional code. To limit this effect, it was suggested in [3] that
the long source information sequence {Uy}%_, should be grouped into smaller blocks,
which is much shorter than the whole sequence length L. By doing this, the error
propagation is restricted within small blocks. This method, on the other hand, con-
tradicts with the use of Turbo codes, since the error-correcting performance of Turbo
codes degrades as the block length decreases. Therefore, this method might not give

a satisfactory performance.
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6.6 Numerical Results and Discussion

In this section, we present simulation results of our designed systematic Turbo codes
for the transmission of binary symmetric Markov sources over BPSK-modulated
AWGN and Rayleigh fading channels with known channel state information. All
simulated Turbo codes have 16-state constituent encoders and use the same pseudo-
random interleaver introduced in [15]. Due to the increased complexity and the
limitations on our computing facilities, the sequence length is chosen to be L =
512 x 512 = 262144 and at least 200 blocks are simulated; this would guarantee a
reliable BER estimation at the 107> level with 524 errors. The number of iterations
in the Turbo code decoder is also 20. Simulations are performed for rate R, = 1/3

with ¢=0.8 and 0.9.

The best encoder we found for ¢=0.9 has the first constituent encoder as (31, 23),
and the second as (35, 23). For ¢=0.8, (35, 23) for both constituent encoders turns

out to be the best choice.

In the modification to the extrinsic information generated from the second con-
stituent decoder, the weight between the original extrinsic information term and the
correction term is determined by simulations. Given ¢; + ¢ = 1, we simulated with
c1 =0,0.1,0.2, ---,0.9, 1.0. And the best choice is to set ¢;=0.8 and ¢;=0.2 for

both ¢=0.8 and 0.9, although the gain due to this change is no more than 0.1 dB.

Fig. 6.1 shows the performances of our rate-1/3 systematic Turbo codes designed
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for transmitting binary symmetric Markov sources over AWGN channels in compari-
son with the performance of Berrou’s (37, 21) code which does not exploit the source
memory. At the 107° BER level, when ¢=0.8, our system offers a gain of 1.29 dB
over Berrou’s code that assumes the source is uniform i.i.d.; when ¢ = 0.9, the above
gain becomes 3.03 dB. Furthermore, we observe that for ¢ = 0.8 and 0.9, the OPTA

gaps of our designed system are 0.94 dB and 1.36 dB.

Fig. 6.2 illustrates similar results over BPSK-modulated Rayleigh fading channels
with known channel state information. When ¢ = 0.8, the gain due to exploiting the
source memory in our design is 1.55 dB, which brings the performance at a distance
of 1.08 dB away from OPTA. When ¢ = 0.9, the gain offered by our system over
Berrou’s code for uniform memoryless sources increases up to 3.57 dB; in this case,

the OPTA gap is 1.45 dB. The OPTA values and gaps are summarized in Table 6.2.
Our system is clearly not optimal as it suffers from the following deficiencies.

First, due to interleaving, the second decoder is unable to exploit the source
redundancy in the form of memory. By adopting the modified extrinsic information
from the second constituent decoder via a weighted correction term, only marginal
improvement has been observed. Therefore, the second constituent decoder has an

inferior error-correcting capability, rendering the system sub-optimal.

Second, for symmetric Markov sources, although the systematic sequence has a

uniform marginal distribution, its high-order distributions are non-uniform. Accord-
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ing to Shamai and Verdd’s work [67], there is still a performance loss due to the
non-uniformity in high-order distributions. Non-systematic Turbo codes may still
seem a more suitable solution to further reduce the OPTA gaps; however, our initial

simulations did not show satisfactory performance results.

Third, our method relies on the Gaussian assumption of the extrinsic information
generated by the Turbo code decoder. This imposes limitations on our designed
algorithm to be applied accurately for wireless fading channels. Although when the
channel state information is known to the decoder, Rayleigh fading channels behave
like AWGN channels, the mean of the Gaussian distribution is different for each
transmitted bit. However, the estimated mean M., is only an average over the whole
transmitted sequence. Therefore, more performance loss would occur in the Rayleigh

fading channel case due to this mismatch.

With the above considerations, designing a Turbo coding system for Markov
sources which can perform closer to OPTA remains an interesting and challenging

problem.
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Figure 6.1: Turbo codes for binary symmetric Markov sources, R.=1/3, L=262144,
AWGN channel.
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Figure 6.2: Turbo codes for binary symmetric Markov sources, R.=1/3, L=262144,

Rayleigh fading channel with known channel state information.
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Transition AWGN Rayleigh

Probability || OPTA value | OPTA gap || OPTA value | OPTA gap

po = 0.8 -2.24 0.94 -1.56 1.08

po = 0.9 -4.40 1.36 -3.96 1.45

Table 6.2: OPTA values and gaps in E,/Ny at BER=10"° level (in dB), Turbo codes
for binary symmetric Markov source, R.=1/3, L=262144, AWGN and Rayleigh fading

channel.
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6.7 Comparison with Tandem Schemes

In this section, we present the performance comparison between our Turbo codes de-
signed for binary Markov sources with two tandem schemes. The Markov source used
here is symmetric with transition probability gpo = ¢11 = ¢. Similar to Section 5.6,
the tandem schemes consist of a Huffman code followed by a standard symmetric
Turbo code with constituent encoders (37, 21) or (35, 23), where the (35, 23) Turbo
code offers a lower error-floor performance than that of its (37, 21) peer at the price

of a slight performance loss in the water-fall region.

Again the comparison should be made at the same overall rate. Our joint source
channel coding system has R. = 1/2 and R; = 1; the tandem scheme, however, has
R, = 1/3, therefore it needs to have Ry = 2/3. This can be achieved via numerically
choosing the value of ¢ such that the Huffman code produces an output sequence with
average codeword length close to 2/3. Due to the source memory, a Markov source is
harder to compress than a non-uniform i.i.d. source. In fact, using a 4"-order Huffman
code, to guarantee Ry = 2/3, we need to have ¢=0.881685. However, at this value of
q, the entropy of the symmetric Markov source is 0.524. To achieve higher efficiency
in compression, we adopt a 8-order Huffman code, which can achieve R,=0.666667

at ¢=0.848315, while the entropy of the Markov source is 0.614.

As in Section 5.6, the sequence length is L=12000, and at least 60000 blocks are

simulated to produce a reliable average performance in the error-floor region. An
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S-random interleaver with S=10 is adopted replacing the pseudo-random interleaver.
The number of iterations in the Turbo decoder is also 20. The detailed implementation

procedure is similar to that described in Section 5.6.

Figure 6.3 shows the performance comparison of our system with the two tandem
schemes over AWGN channels. We observe that although initially the tandem schemes
offer better water-fall performance, they soon lose the battle to our system due to
their high BER performance from medium to high SNRs. In the two tandem schemes,
the error-floor performance is significantly lowered (from the 102 down to the 107*
BER level) by using the (35, 23) code as constituent encoders. However, unless the
channel coding part is absolutely error-free, this high BER performance is inevitable in
tandem schemes due to the disastrous error-propagation problem in variable-length
source code decoders. On the other hand, although fixed-length source codes can
eliminate this error-propagation problem, they can hardly achieve near-optimal data
compression. Therefore, a tandem scheme consisting of a fixed-length source code
and a regular Turbo code is not optimal and therefore may not yield a satisfactory
overall performance. Our joint source-channel coding design, however, enjoys a lower
complexity since no source encoding and decoding are performed, and offers a superior

BER performance which is robust to channel errors.
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Figure 6.3: Performance comparison of our system (R, = 1, R, = 1/2) with that
of tandem schemes (R; = 2/3, R, = 1/3), binary symmetric Markov sources,

q=0.848315, L=12000, AWGN channel.
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Chapter 7

Conclusion and Future Work

7.1 Summary

This thesis addresses three joint source-channel coding issues via Turbo codes.

The first topic is to design a channel optimized vector quantization (COVQ) sys-
tem for Turbo-coded AWGN and Rayleigh fading channels with known channel state
information. To incorporate Turbo codes in the COVQ design, we propose modeling
the concatenation of Turbo code encoder, BPSK-modulator, AWGN or Rayleigh fad-
ing channel, Turbo code decoder, as well as a g-level soft-decision scalar quantizer, as
an expanded discrete channel. Two models are proposed via different approaches. The
first one is the discrete memoryless channel (DMC) model for Turbo-coded AWGN
channels, which is obtained based on the Gaussian approximation to the log-likelihood

ratio (LLR) soft output generated from the Turbo code decoder. The DMC model
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enjoys a closed form expression for its channel transition matrix. The second model
is obtained via direct estimation of the transition matrix for Turbo-coded AWGN and
Rayleigh fading channels. It is a more accurate method since it captures the mem-
ory within blocks; hence it is called the discrete block-memoryless channel (DBMC)
model. A COVQ system is then designed for these Turbo-coded channel models.
For a wide range of channel signal-to-noise ratio (CSNR) values, our Turbo-COVQ
system offers substantially better performance than that of the original COV(Q as
well as the tandem scheme. Furthermore, in comparison with a recent Turbo decod-
ing COVQ system proposed by Ho, in which the entire soft-decision LLR from the
Turbo decoder is utilized, our DMC-based system offers comparable performance,
while the DBMC-based design yields better performance. Our COVQ decoding can
be implemented by a table-lookup and thus enjoys lower decoding complexity than

Ho’s scheme, although the memory requirement might be higher.

The second part of this thesis is devoted to designing Turbo codes for the trans-
mission of non-uniform i.i.d. sources. When systematic Turbo codes are used, via an
easy modification to the extrinsic information, the source redundancy in the form of
non-uniformity is exploited in the decoder. Furthermore, for a given source distri-
bution, the encoder structure is optimized. Despite the significant gains achieved,
the OPTA gaps remain relatively wide. An analysis reveals that the drawback lies
in the systematic structure. Under certain conditions and when the length of the

input source sequence tends to infinity, we proved that the encoder state distribution
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and the marginal distribution of the constituent recursive convolutional encoders out-
put become asymptotically uniform regardless of the degree of non-uniformity in the
source. These conditions are both necessary and sufficient. Based on empirical ob-
servations, we also conjecture that under certain conditions, recursive convolutional
encoders can produce asymptotically uniform higher-order distribution irrespective
of the source distribution. Consequently, these conditions serve as design criteria for
the choice of good encoder structures. As a result, the outputs of our selected non-
systematic Turbo codes are suitably matched to the channel input since a uniformly
distributed input maximizes the channel mutual information and hence may achieve
capacity. Simulation results show substantial gains by the non-systematic codes over
previously designed systematic Turbo codes; furthermore, their performance is within
0.74 to 1.17 dB from the Shannon limit. Finally, we compare our joint source-channel
coding system with two tandem schemes which employ a 4"-order Huffman code
(which performs near optimal data compression) and a Turbo code that either gives
excellent waterfall BER performance or a low error-floor performance. At the same
overall transmission rate, our system offers robust and superior performance at low

BER levels (below 107*), while its complexity is lower.

The third part of the thesis investigates the design of Turbo codes for stationary
ergodic Markov sources. In the first constituent decoder, the decoding algorithm is
modified to exploit the source redundancy in the form of memory. Due to interleaving,

the second constituent decoder is unable to adopt the same modifications. However,
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the extrinsic information from the second decoder is modified via a weighted correc-
tion term. When the source is asymmetric, the source redundancy is in the form of
both memory and non-uniformity. Although the second constituent decoder cannot
utilize the source memory, it can take advantage of the source non-uniform distri-
bution as shown in the second part of the thesis. When the source is a stationary
symmetric Markov source, it can be transformed into a non-uniform i.i.d. source via
a rate-1 convolutional encoder. Practical implementation issues for this approach are
discussed, while the limitations on our design are examined. In our simulations, sub-
stantial gains (from 1.29 up to 3.57 dB) over the original Turbo codes’ performance
are demonstrated. The OPTA gaps of our achieved performance are in the range
of 0.94-1.45 dB. Finally, performance comparisons are also made between our joint
source-channel coding system with two tandem schemes where a 8"-order Huffman
code is adopted to achieve near-optimal data compression, and two regular rate-1/3
Turbo codes are employed. We observe a similar phenomenon as in the scenario
of non-uniform i.i.d. sources — our system provides robust and substantially better

performance than that of the tandem schemes with a lower system complexity.

7.2 Future Work

The following directions are of great interest for future research.

e In Chapter 5, we gave a conjecture on the conditions when a recursive convo-

136



lutional encoder’s output has high-order asymptotically uniform distributions
regardless of the degree of non-uniformity in the source distribution. We were
able to prove it only for some special cases. However, for a general pair of F(D)
and G(D), the proof does not seem obvious. This is an interesting problem on

its own and deserves further investigation.

So far, only limited attention has been paid to designing Turbo codes for chan-
nels with memory, which are known to have higher capacity (if they are in-
formation stable [1]) than their equivalent memoryless channels obtained via
ideal channel interleaving. The only previous work on Turbo codes for channels
with memory is by Garcia-Frias et al., who consider the Gilbert-Elliot chan-
nel model [34, 36]. In [1], Alajaji and Fuja proposed the binary finite-memory
Polya contagion channel model, which has fewer parameters than that of the
Gilbert-Elliot channel, and enjoys a closed-form expression for its block channel
probability and capacity. Therefore, we propose designing Turbo codes for the
Polya contagion channel model, and investigating the performance in terms of
the corresponding Shannon limit. The source to be transmitted over the con-
tagion channel, can first be assumed to be uniform i.i.d.. Then, extensions for
non-uniform i.i.d. and Markov sources can be considered. This study can also
serve as a good model for the design of powerful coding systems for wireless

channels with correlated fading.
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e In this thesis, only BPSK modulation is considered. In [73], Takahara et al.
considered constellation mappings for two-dimensional modulation signaling of
non-uniform sources. We propose to investigate, for the case of non-uniform
i.i.d. sources, the design of systematic Turbo codes in conjunction with a two-
dimensional constellation mapping strategy for the systematic sequence. This
promises of establishing high-performing high-rate bandwidth efficient joint

source-channel trellis coded modulation (TCM) schemes based on Turbo codes.
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