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ABSTRACT

We consider a binary additive noise channel, where the
noise process is a stationary mixing Markov process. Ad-
ditive noise channels are symmetric in the sense that
equiprobable input vectors maximize their block mutual
information. We incorporate average power constraints on
the possible input sequences of the additive channel, thus
“destroying” its symmetry. We show that output feed-
back increases the capacity-cost function of this channel.
This is achieved by establishing a tight upper bound to
the capacity-cost function of the channel with no feedback
(Cnra(B)) and a lower bound to the capacity-cost func-
tion with feedback (Crg(f)). The lower bound to Cr5(f)
is then shown numerically to exceed the upper bound to
Cnra(f). An upper bound to Crp(f) is also obtained,
by proving the converse to the coding theorem.

I. Introduction

We consider a binary communication channel with addi-
tive noise. The noise process is a stationary mixing Markov
process. We assume that the channel is accompanied by a
noiseless, delayless feedback channel with large capacity.

Additive noise channels are symmetric channels; by this
we mean that the block mutual information between input
and output vectors of an additive channel is maximized for
equiprobable input blocks. In a previous related work [1],
we showed that the capacity of discrete additive channels
with feedback does not exceed their respective capacity
without feedback. Indeed, this result holds for the class of
discrete symmetric channels [4].

In achieving our result in [1], we did not introduce any
restriction on the possible input sequences of the chan-
nels. However, in many communication channels, not ev-
ery combination of the elements of the input alphabet can
be used for transmission; this is due to physical restric-
tions that may arise in the channels. We therefore incor-
porate average cost constraints on the input sequences of
the Markov additive channel and analyze its capacity-cost
function with and without feedback.

Since this additive channel with memory becomes non-
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symmetric under input constraints, closed form expressions
for its nonfeedback and feedback capacity-cost functions
do not exist. This lead us to establish bounds on the non-
feedback and feedback capacity-cost functions — denoted
by Cnrp(f) and Crp(f) respectively — in order to deter-
mine whether the introduction of output feedback brings
about any potential increase in the capacity-cost function
of the channel.

We first derive an upper bound to Cxrp () which holds
for all discrete channels with stationary mixing additive
noise. The bound is the counterpart of the Wyner-Ziv
lower bound to the rate-distortion function of stationary
ergodic sources; this illustrates the striking duality that ex-
ists between the rate-distortion function and the capacity-
cost function.

We then study the capacity-cost function of the channel
with feedback. An encoding feedback strategy is developed
for the case where the Markov noise process is assumed to
be generated by the finite-memory contagion urn scheme of
Polya [2]. It consists of adding at each instant of time, the
maximum a posteriori (MAP) estimate of the current noise
letter to the unencoded input letters representing the mes-
sage to be sent. This results in a lower bound to Crp(f).
An upper bound to Crp(f) is also derived, by proving the
converse to the coding theorem.

The lower bound to Crp(f) and the upper bound to
Cnrp(f) are compared numerically, using Blahut’s algo-
rithm for the computation of the capacity-cost function.
The results, computed assuming power cost constraints on
the input, demonstrate that the lower bound to Crgs(f)
ezceeds the upper bound to Cyrgr(f3). For certain param-
eters of the channel, the gain in the capacity-cost function
is > 35.62% if the average input cost is set at 3 = 0.05.

I1. Preliminaries: The Capacity-Cost Function

Consider a discrete channel with finite input alphabet X,
finite output alphabet Y and n-fold transition probability
W(")(y1,y2,...,yn|$1,x2,...,xn), T, € Xa Yyi € ya 1 =
1,2,...,n. In general, the use of the channel is not free;
we assoclate with each input letter  a nonnegative number
b(z), that we call the “cost” of . The function b(-) is called
the cost function. If we use the channel n consecutive
times, i.e., we send an input vector =" = (z1,22,...,2n),
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the cost associated with this input vector is defined as

n

b(x") = b(w).

=1

For an input process {X;}72; with block input distribution
PUY(X™ = 2™) the average cost for sending X™ is defined
by

ER(X™)] =Y PP (") b") =Y E[bB(X)].

Definition 1 An n-dimensional input random vector

X" =(X1,X2,...,Xn) that satisfies
1 n
—EBXT)] <8

is called a f-admissible input vector. We denote the set of
n-dimensional 3-admissible input distributions by m,(8):

(@) = { PO BB < 8

We recall that a discrete channel is stationary if for every
stationary input process {X;}{2,, the joint input-output
process {(X;, Y7)}{2, is stationary. Furthermore, a dis-
crete channel is ergodic if for every ergodic input process
{X;}22,, the joint input-output process {( X, ¥;)}72; is er-
godic [10].

A discrete channel with stationary mixing (or weakly
mixing) additive noise is stationary and ergodic [9, 12].
Furthermore, it has no anticipation and no input memory.
Recall that a channel is said to have no anticipation (i.e.,
causal) if for a given input and a given input-output his-
tory, its current output is independent of future inputs.
Furthermore, a channel is said to have no input memory
(i.e., historyless) if its current output is independent of pre-
vious inputs. Refer to [9, 10] for more rigorous definitions
of causal and historyless channels.

Definition 2 A channel block code of length n over X is
a subset C = {c(1y, cr2y, ..., cqany} of &A™ where each ¢y is
an n-tuple. The rate of the code is R = %log2 M. The
code is -admissible if b(c("i)) <nBfori=1,2,...,. M. If
the encoder wants to transmit message W where W is uni-
form over {1,2,..., M}, he sends the codeword ccw). At
the channel output, the decoder receives Y™ and chooses
as estimate of the message W = g(Y™), where ¢() is a
decoding rule. The probability of decoding error is then
PV = Pr{g(Y™) £ W}.

The capacity-cost function C() is the supremum of all
rates R for which there exist sequences of f-admissible
block codes with vanishing probability of error as n grows
to infinity (achievable codes). In other words, C'(3) is the
maximum amount of information that can be transmitted
reliably over the channel, if the channel must be used in
such a way that the average cost is < #. If b(z) = 0 for
every letter © € X, then C(#) is just the channel capacity
C as we know it.

It is known that for a discrete stationary ergodic channel
with no anticipation and no input memory, the formulas
of C(3) and C are respectively given by [9]:

C(8) = sup Cu(f) = lim Co(9) (1)

n n— 00

where Cy () is the n’th capacity-cost function given by

CoB) 2 max L I(XY™, 2)
Pr)(Xn)er,(8) T
and
C=sup C, = lim C, (3)
where
Cn 2 max 1 I(xXmym, (4)
Plr)(xmy T

where I(X™;Y™) is the block mutual information between
the input vector X™ and the output vector Y.

Indeed, the above formulas for capacity hold for a larger
class of channels, the class of information stable channels
[12, 14]. A general formula for the capacity of arbitrary
channels (not necessarily information stable) was recently
derived in [14].

Remark: Note that the maximization in (2) is taken over
all n-dimensional #-admissible input distributions. How-
ever, if the channel is a finite alphabet stationary channel
with no input memory and no anticipation (e.g., an ad-
ditive noise channel), then the maximization in (2) taken
with respect to vector distributions p(")(x") of all input
processes is equal to the maximization taken with respect
to vector distributions p(")(x") of stationary ergodic input
processes (Lemma 12.4.3 in [9]).

We now state the properties of C'(3) [11]. We first define
respectively Bmin and fmaz by Bmin = mingex b(z), and

Bmas = min { lim LE[B(X™)]: lim lJ(X";Y"):c}.

n—oo 1 n—oo 1

From the definition of (., above, we can see that
%E[b(X")] > PBmin and so C(B) is defined only for g >
6min~

Remark: For a discrete binary channel with additive noise
{Z,} and power cost constraints on the input —i.e. b(z) =
2?2 — we get that Bomin = 0, frmas = 1/2, C(Bmin) = 0 and
C(Bmaz) =C =1— H(Z) where H(Z) is entropy rate

of the noise.

Lemma 1 The capacity-cost function C(3) defined in (1)
is concave and strictly increasingin B for fmin < 8 < Bmaxz,
and 1s equal to C for f > fmaz.



III. Discrete Channels with Binary Additive
Markov Noise

We consider a discrete channel with memory, with com-
mon input, noise and output binary alphabet and de-
scribed by the following equation: Y, = X, § Z,, for
n=1,2,3,... where @ represents the addition operation
modulo 2; and X,, Z, and Y, are respectively the input,
noise and output symbols of the channel. We assume that
the input and noise sequences are independent from each
other. The noise process {Z,} is stationary and mixing.
We now turn to the analysis of the capacity-cost func-
tion (with no feedback) of this channel. We denote it by
Cnra(6).

A. An Upper Bound to Cnrp(f)

The channel is non-symmetric for 3 < fmaz = 1/2.
Thus the formula of Cxr5(f) given by (1) will not have a
closed form. We will then try to derive an upper bound to
Cnra(6).

In [15], Wyner and Ziv derived a lower bound to the rate-
distortion function (R(D)) of stationary ergodic sources:

R(D) > Ri(D) —
where

e Ri(D) is the rate-distortion function of an “associ-
ated” memoryless source with distribution equal to
the marginal distribution P (-) of the ergodic source.

o = H(X1)—h(X), is the amount of memory in the
source. H(X;) is the entropy of the associated mem-
oryless source with distribution P(l)(~) and h(X) is
the entropy rate of the original ergodic source.

This lower bound was later tightened by Berger [5]:

R(D) > Ru(D) = pn > R(D) — i (5)

where R, (D) is the n’th rate-distortion function of the
source, Ry(D) is as defined above and p, = %H(X") —
h(X ).

In light of the striking duality that exists between R(D)
and C(f), as remarked previously by Shannon [13], we
derive an equivalent upper bound to the nonfeedback
capacity-cost function of a discrete additive channel.

Proposition 1 Consider a discrete channel with additive
stationary mixing noise {Z,}. Let W((.) denote the n-
fold probability distribution function of the noise process.

Then
Cnre(B) < Cu(B)+ Mn < Ci(B)+ My (6)

where

o Cpn(B) is the n-fold capacity-cost function without
feedback of the channel as defined in (2).

o C1(f) is the capacity-cost function of the associated
discrete memoryless channel (DMC) with iid addi-
tive noise process whose distribution is equal to the
marginal distribution W) (.) of the mixing noise pro-
cess.

o M, = %H(Z") —h(Zs), and M1 = H(Z1) — h(Z).
The bound given above is asymptotically tight with n.

Proof 1 The proof uses a dual generalization of Wyner
and Ziv’s proof of the lower bound to the rate-distortion
function. For further details, refer to [3].

B. A Lower Bound and an Upper Bound to Crg(f3)

We now consider the binary additive channel with out-
put feedback. By this we mean that there exists a “return
channel” from the receiver to the transmitter; we assume
this return channel is noiseless, delayless, and has large ca-
pacity. The receiver uses the return channel to inform the
transmitter what letters were actually received; these let-
ters are received at the transmitter before the next letter
is transmitted, and therefore can be used in choosing the
next transmitted letter. We use the same definitions as
stated in [1, 7], for feedback channel block code, probabil-
ity of error, achievability and capacity-cost function with
feedback (supremum of all achievable (-admissible feed-
back code rates). We denote the capacity-cost function of
the channel with feedback by Crgr(8).

We look at a particular class of additive noise channels;
the class of channels with additive stationary mixing homo-
geneous Markov noise. We assume that the Markov noise
process is generated by the finite-memory contagion urn
scheme derived in [2]. Tt thus has a marginal distribution
given by W(l)(Zn =1)=p=1- W(l)(Zn = 0), and a

transition probability matrix given by

oté  _p
Q= [pi;] = (125 ﬁ) (7)

1+6 146

where p;; £ Pr(Zn, = j|Zn—1 = i) and 0 =1 — p. We
assume that p < 1/2 and § > 0. Note that if § = 0, the
noise process becomes #id.

The transition matrix of this Markov model is general; it
can represent any Markov chain with a positive! transition
matrix.

We propose the following feedback encoding strategy.
Since the encoder knows the previous noise samples, he
can find the MAP estimate of the current noise sample.
We obtain that if & > 1 — 2p, then the MAP estimate of
Ziis 4y = Zi_y. (If & <1 —2p, then Z: = 0, a case of
little interest. ) Thus the encoder can try to fight the
noise Z; in the channel by adding the MAP estimate Zl
to the unencoded input letters. That is if V(W) is a
n-tuple vector representing message W € {1,2,...,2"F},
then the encoder sends the feedback codeword X™(W) =
(X1, Xo,...,Xp,) where X; = Vi® Zi = Vi @ Zica; 0 =
1,2,...,n and Zo = 0 almost surely. The output of the
channel is then YV; = X; & Z; = V; & U; where U; = AR
Zi—1. Note that since the noise process {Z;} is stationary
mixing and U; is a time-invariant function of {Z;}, the
process {U;} is also stationary and mixing [12].

1A positive transition matrix is a matrix whose entries are
all strictly positive.



Realize that the encoder transmits the feedback code-
word X" and thus the 3-admissibility condition should be
satisfied by the components of X".

Define C'*(5) by

CP(B) =sup CF(B) = lim CYX(B) (8)
where
CPB)y=  max = I(VY™ )
PI(Vr)ErL(B) T
where
Fu(B) = {P(")(V") : % > BBV @ Zima)] < 5} (10)
i=1

and Y; = V; ® U; where the process {U;} is defined by
Ui=72:® Zi—a.

Definition 3 ([7]) Let (V",Y"™) be jointly distributed
with distribution p(v™,y"™), where V" = (V1,V5,..., V)
and Y = (Y1, Ys,...,Yy). Let € > 0, then the set AU of
Jointly e-typical (V™,Y™) sequences is the set

1 1
{(v",y") eV x Y™ ‘_E logy p(v") = —H(V")| <,

1 n 1 n
‘_E log, p(y") — —H(Y™)

< €,

<6},

where p(v™) and p(y™) are the respective n-fold marginal
distributions derived from p(v™, y").

1 1
—2 moy™y — ZH(V Y
‘ — logy p(v”,y") = —H(V",Y™)

Proposition 2 (Lower Bound) Consider the binary
Markov additive-noise channel with feedback. Then for
R < C'™(f) there exists a sequence of f-admissible feed-
back codes with blocklength n and rate R such that

Pén)—>0asn—>oo.

Proof 2 The proof uses random coding.
Let V™(1),V™(2),...,V™(2™) be independent identically
distributed n-vectors, each drawn according to a distribu-
tion p(v™) that achieves C'°(53), where p(v™) is a n-fold
distribution of a stationary ergodic process.

Transmission: To send message W, where W is uni-
form over {1,2,..., 2™}, the transmitter sends X™(W) =
(X1, Xo,...,Xp,) where X; = Vi® Zi = Vi @ Zica; 0 =
1,2,...,n {Vi} L{Z} and thus {V;} L {U;}. We assume
that 6§ > 1 — 2p in order to have Zl = Z;_1. Note that the
feedback codewords X™ (W) are governed by a stationary
ergodic distribution since V(W) are selected according to
a stationary ergodic p(v™) (that achieves C'®(8)) and {Z;}
is stationary mixing [9].

Decoding: The receiver receives Y™ = (Y1,Y2,..., Y,
where YV, = X, 0 Z, = V0 Zi 1@ Zi = Vi Ui, ¢ =
1,2,...,n.

The receiver declares W € {1,2,...,2""} was sent if
(V"(W), Y") is the only jointly e-typical pair.

Error:  An error is made if there is no e-typical
(V"(W), Y") pair, more than one such pair, or W # W.
Furthermore, an error is made if the S-admissibility con-
straint is violated.

We investigate the probability of error Pén). We can
assume without loss of generality that W = 1 was sent.

We define the events Eo = {= > " b(X;(1)) > 8} and

Ei={(V"i),Y") e A"} i=12,... 2"

Let £ be the complement of F;. Then

PiM= Pr(W £1|W =1)
= Pr(BoUE{UEUE;U---UEmr|W =1)
2nR
Pr(Eo)+ Pr(Ef|W =1)+ Y Pr(E|W =1)
=2

=Pr(Eo) 4+ Pr(E{|W = 1) + 2" Pr(E:|W = 1) (11)

IA

Since the codewords are drawn according to a stationary
ergodic distribution that achieves C'®(3), then by the law
of large numbers we get that Pr(Ep) < e for n sufficiently
large. We now state the following lemma [8, 9].

denote the cardinal-

Lemma 2 (Joint AEP) Let ‘A@

ity of the set A(en).
Then

|A(€n)| S 2n[%H(V"yYﬂ)+e] (12)

Furthermore, if the joint process {(Vi,Yn)}nt: is sta-
tionary ergodic, then there exists ng, such that for all
n > ng,

Pr((vt,y") e AU) > 1 e (13)

Now, consider V7™(1) as defined above and Y™ =
(Y1,Y2,...,Y,) such that Y; = Vi(1) @ U;, where {V;} L
{U:;}, + = 1,2,...,n, and the additive noise process
{U;} is stationary mixing. Therefore the joint process
{(Va(1),Y™)} is stationary ergodic [9, 12]. By (13) in
the above lemma, we thus get that Pr(Ef|W = 1) =

Pr ((V"(l), Y™y & A(en)) < e for n sufficiently large. Now,

Pr(BW=1)= Y

(vnyyn)GAgn)

p(v")p(y"),

since by our code generation V"(1) and V"(i) are inde-
pendent for ¢ # 1; thus Y™ and V" (i) are independent,

i # 1.

Pr(E:lW =1) < Z o[ LH(V") =] g—n[LH(Y")={]

(’U",y")GAgn)



|A(€n)| 2n[—%H(V")—%H(Y")+2e]

2n[—%H(V")—%H(Y")+%H(V",Y")+35]

IA

g n[LH(Y ™M)= LH(Y " [V™)+ad]

< 2—n[Clb(ﬁ)+3€]

where the first inequality follows from Definition 3 and the
second inequality above follows from (12).
Therefore (11) yields

PM < 9¢ 4ol (B—REa] o g,
if n is sufficiently large and R < C*®(8); and thus C**(g8)

is achievable. [

Proposition 3 (Upper Bound) Any S-admissible se-
quence of feedback codes with blocklength n and rate R
such that P{™ — 0 as n — oo, must have R < C*(3),
where

C**(8) = lim max 1 (W, y™) (14)
n—oo P(M(X™)ETa(B) M

where the maximization is taken over all $-admissible
feedback codewords X™ of the form X; = X;(W, Y’_l)
for i = 1,2,...,n. W e {1,2,...,2""} is the message,
and the output is described by Y; = X;(W, Y’_l) @ Zi;

1=1,2,...,n.

Proof 3 The proof uses Fano’s inequality. For more de-
tails, refer to [3].

Observation: Note that since the channel is additive, we
can show that I(W,Y") = H(Y") — H(Z") [1]. By com-
paring Propositions 2 and 3, we can assert that Crp(f) =
C'(B) = C**(B) if it can be shown that the feedback en-
coding scheme we propose in Proposition 2 is indeed the
optimal encoding scheme; a task we do not address at the
present.

IV. Numerical Results

We are interested in determining whether feedback in-
creases the capacity-cost function of our channel. Elu-
cidating this statement would involve comparing Clb(ﬁ)
with Cy(8) + My. This is investigated numerically using
Blahut’s algorithm for the computation of the capacity-
cost function [6]. Using the algorithm of Theorem 10 in
[6], with b(z) = 22, we calculate CE(5) and Cy(5) for dif-
ferent values of the channel parameters § and p (such that
8 > 1 — 2p). Since the noise is a Markov process, M,
can be expressed analytically in terms of n, § and p; thus
Cs(f) + Ms is obtained.

Tighter results can be achieved for n > 8; however, the
tightness improves as 1/n while the computation complex-
ity increases exponentially. Some of the results, computed
to an accuracy of 1077 bits are plotted in Figures 1 and 2.

The Figures indicate to us that output feedback does
increase the capacity-cost function of our binary Markov
additive channel. We define

As = C5*(B) — (Cs(B) + Ms)

bits per channel use,

and

N Cs(fB) + Ms

We therefore obtain that feedback increases the capacity-
cost function by at least Ag bits per channel use, which
results in a gain of at least Gg %. Values of Ag and G are
computed in Table 1 for some values of 5, p and é. For
6 = 0.5, p =026 and 3 = 0.05, we get a feedback gain
of at least 0.026 bits, yielding an improvement > 35.62%.
For the same p and 6, at § = 0.1, Ag = 0.023 bits and
Gs = 19.00%. For § = 0.7, p = 0.16 and 8 = 0.1, Ag =
0.025 and Gg = 11.47%.

Gs x 100.

V. Conclusion

In this paper, we analyzed a binary channel with ad-
ditive stationary mixing Markov noise. We introduced
average cost constraints on the input sequences of the
additive channel, rendering it non-symmetric. The ef-
fect of output feedback on the capacity-cost function of
the channel was examined. A tight upper bound to the
capacity-cost function of the channel with no feedback
(CnrB(B)) was established. Furthermore, a lower bound
to the capacity-cost function with feedback (Crg(f8)) was
obtained. The converse to the coding theorem for the chan-
nel with feedback was proven; thus providing an upper
bound to Crp(f3). With the help of Blahut’s algorithm for
the computation of the capacity-cost function, we showed
that CFB(ﬁ) > CNFB(ﬁ).

In [3], we generalize these results for the case of binary
channels with additive stationary mixing Markov noise of
order M, where M is a positive constant. Further stud-
ies may involve the investigation of the capacity of non-
symmetric channels with feedback, like the binary multi-
plicative channel (the “AND” channel) or the real adder
channel. It is conjectured that feedback does cause an in-
crease in capacity for such channels.
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Figure 1. Markov binary channel with § = 0.5 and p = 0.26.
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Table 1. Numerical results of feedback lower bound Cs(f)
and non-feedback upper bound Cs(3) + Ms for the Markov
binary channel.
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Figure 2. Markov binary channel with § = 0.7 and p = 0.16.



